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1 IntrodutionWe determine the optimal exploitation time-paths of two energy resoures, one being de-pletable and arbon-based, i.e. polluting with regard to limate hange, namely a fossilfuel (oal, oil or gas), the other being renewable, lean and non-biologial1 (e.g. solar en-ergy diretly onverted via photovoltai ells, or indiretly onverted as in the ase of windenergy). These optimal paths are onsidered along with the two following features. First,the umulative atmospheri pollution stok is set not to exeed some ritial threshold,above whih the indued environmental damage ost would be unbearable. Seond, thepollutant emissions produed by the use of fossil fuel use an be redued at soure, andstokpiled in a natural reservoir, referred to here as a arbon sink2.In its latest report (IPCC, 2005), the IPCC reommends reourse to the apture andsequestration of arbon (CCS) to redue anthropogeni CO2 emissions to the atmosphere.CCS onsists in �ltering the CO2 �uxes at the soure of emission, that is, in fossil energy-fuelled power plants, by means of srubbers installed on top of himney staks. Carbonmay be sequestered in geologial reservoirs, among whih are disussed oal mines, depletedoil and gas reservoirs3, as well as deep saline aquifers, and even the oean itself (IPCC,2005). The respetive potential apaities of these arbon sinks as well as their e�ienyare still under assessment4.To our knowledge, there are no analytial studies that learly demonstrate the trade-o�s between the management of an exhaustible fossil resoure, the aumulation of therelated pollution and sequestration of limited apaity. Nonetheless, the possibility ofsequestering some fration of the pollution has motivated a number of empirial studies, viaomplex integrated assessment models (see M-Farland et al. 2003; Edmonds et al. 2004;Kurosawa 2004; Gitz et al. 2005). These studies generally stress that the implementationof sequestration leads to a substantial derease in the ost of environmental externality,whih thus favor the early introdution of suh measures.1See Chakravorty et al. (2005a) for the spei�ities of the substitutions between fossil and bio-energies.2A arbon sink sometimes refers to biologial sequestration, that is, arbon aptured by photosynthesisof trees or plants. This is not the fous of the present paper.3Carbon sequestration in partially or totally depleted oil deposits has been arried out in the NorthSea sine 1996 by the Norwegian ompany Statoil. The enhaned oil reovery onsists in injeting gas intothe oil well, thus inreasing pressure and improving the extration produtivity.4Oeani storage, despite its enormous potential as a sink, omprises several limitations inluding theissue of sequestration permanene and problems of aeptability sine it may also lead to toxiity risks dueto water aidi�ation and threats to marine eosystems (See Herzog et al., 2003).2



Suh a generi abatement option an take several forms: sequestration by forests,pollution redution at soure, et. In this study, we are only onerned with the aptureand diret disposal of arbon, while taking into onsideration the size and aess ost ofthe reservoir.We introdue four features into the standard Hotelling model of exhaustion. The �rst isthe possibility of providing the eonomy with a leaner bakstop in the form of an abundantenergy �ow. Following an optimal path in suh an eonomy, the resoure prie has twoomponents: its marginal extration ost and the Hotelling rent, whih neessarily growsat a rate equal to the interest rate and whih drives the pries up over time. When thisprie reahes the marginal ost of the bakstop, whih is assumed to be onstant, only therenewable soure is used. Thus, the two energy soures are used one after the other andthe bakstop is only introdued when the fossil resoure has been exhausted.The seond feature is the eiling plaed on umulative arbon emissions from the on-sumption of a fossil energy resoure. The hanges in its onsumption drive the dynamisof pollution aumulation as well as the ultimate transition to a leaner tehnology, sineeah extration trajetory generates a umulative emission trajetory. This eiling on-straint adds a third omponent to the expression of the fossil fuel prie: the externalityost assoiated with the aumulation of pollution in the atmosphere. In this ontext, it isruial that there should be a ertain amount of natural regeneration reduing the level ofpollution, thus allowing some use of the fossil fuel to ontinue whilst at the eiling. We thenshow that the optimal onsumption path onsists of four phases. Firstly, only the fossilfuel resoure supplies the eonomy. During this phase, the sarity rent of the resoure andthe shadow ost of arbon emissions are both inreasing. Hene, the energy prie inreasesand the fossil fuel onsumption (and hene the emission �ow) dereases, assuming thatthe demand funtion is stationary over time5. However, the amount of pollutants in theatmosphere inreases beause the emission �ow is larger than the regenerated �ow. Onethe eiling is attained, the fossil fuel onsumption is limited by the natural regenerationproess. When the pollution stok is at its eiling level � as indued by natural regen-eration �ow � it is just in balane with the emission �ow. Fossil fuel onsumption andenergy prie both remain onstant. Beause of the inreasing Hotelling rent (in urrentvalue), the shadow ost of the onstraint on arbon emissions must derease during this5For the muh more omplex ase of non-stationary demand funtions, see Chakravorty et al. (2005b).3



phase at the eiling. This seond phase ends when the shadow ost �nally drops to zero.During the third phase, the prie inreases one again, driven only by the inrease in thesarity rent, rising until it is equal to the marginal ost of the bakstop and the fossilfuel beomes exhausted. Meanwhile, emissions are dereasing, the eiling onstraint is nolonger limiting and the path reverts to the benhmark Hotelling level. Lastly, during thefourth phase, the bakstop supplies the whole demand. This sheme holds as long as theenergy prie, de�ned at the eiling when only fossil fuel is used, is higher than the marginalost of the lean substitute. If this marginal ost is lower and the lean resoure is abun-dant, the lean energy would be substituted for the fossil fuel at the preise time whenthe eiling is attained. At that time, its full marginal ost (i.e. the sum of the marginalextration ost, the Hotelling rent and the shadow ost of the arbon onstraint) must beequal to the marginal ost of the lean tehnology. At the eiling, emissions are balanedby the regeneration proess, some part of the supply is provided by the renewable resoureand the energy prie is equal to the marginal ost of the renewable resoure as shown inChakravorty et al. (2004). Both resoures have to be exploited simultaneously beause,at this prie, even if the renewable is ompetitive, the fossil resoure remains less ostly(exluding the ost of externality) and thus has to be used jointly. At the eiling, the fossilfuel supply is indiretly restrited by the regeneration �ow. During this phase, the inreaseof the Hotelling rent is ompensated by the derease of the (positive) shadow ost of thearbon eiling, so that the energy prie is onstant and equal to the marginal ost of therenewable energy. On omplete exhaustion of the fossil fuel, the shadow ost of arbonbeomes nil and the renewable resoure supplies the entire demand. In this ase of low-ost substitute, there is no longer any pure Hotelling phase.The third feature orresponds to the apture and storage of some fration of the arbonemissions. This arbon sequestration ould leave room for the ontinued intensive use offossil fuels by alleviating the environmental onsequenes of their ombustion, whih areespeially impliated in the limate hange proess. Suh a mitigation option would alsolead to less stringent Kyoto-type onstraints on greenhouse gases emissions, even if, asdisussed below, the optimal poliy may not be onsistent with the type of poliy laiddown by the Protool.However, the alleviation option is not available free of harge. To sequester arboninurs some additional osts depending on the harateristis of the sink, espeially its4



size. Chakravorty et al. (2005b) evoke a generi abatement ativity in whih arbon sinksare of unlimited apaity. This simply implies that an emission proessing ost omponentshould be onsidered when determining the resoure prie. More interesting is the asewhere the apaity of the arbon sink is limited. The marginal ost of onsuming one unitof fossil fuel ompatible with some environmental preservation objetive is thus four-fold:it inludes the monetary ost of exploiting the resoure, the ost of arbon proessing,the sarity rent of the resoure and the rent assoiated with the limited apaity of thearbon sink, both rents being endogenous. This overall ost needs to be ompared with thesupply ost of the renewable energy, this ost being generally higher than the exploitationost of the fossil fuel alone. If the ost of the renewable energy is higher than the sumof the ost of fossil resoure exploitation and the ost of arbon sequestration, then it isbetter to exploit the depletable resoure before the renewable one. We then show howthe appliation of a apture option at the soure of pollution emission leads to earlierompetitiveness of the lean substitute. Carbon sequestration thus relaxes the onstraintson fossil fuel onsumption. An immediate impliation is that the non-renewable resoureis exhausted earlier, and the renewable one kiks in earlier. Finally, the optimal pathis shown to onsist of �ve phases. As long as the eiling is not reahed, only the fossilresoure is used and the pollution stok ontinues to inrease. One the eiling is attained,arbon sequestration takes plae until omplete �lling of the sink. The next phase oursat the eiling without sequestration. The two following phases are idential to the threelast phases that our in the ase of a pollution stok eiling without any sequestration.Let us assume that the lean renewable substitute is sare, meaning that, at a prieequal to its marginal ost, the market demand is greater than the available �ow. Inthis ase, even without any pollution onstraint, the resoures are no longer exploitedsequentially. One the fossil fuel prie (i.e. the sum of the extration ost and the Hotellingrent) is equal to the marginal ost of the renewable substitute, renewable energy beomesompetitive and has to be exploited. But sine the available �ow annot satisfy the wholedemand, in order to lear the market, the residual demand must be supplied by the fossilresoure. During this phase of simultaneous use of both resoures, pries should varyaording to the same rule as in the �rst phase beause the sarity rent of the fossil isstill growing at the interest rate. Thus, the disrepany between the energy prie and themarginal ost of the renewable resoure inreases at a rate higher than the interest rate.5



This is a onsequene of the non-storability of the resoure, exluding any intertemporalarbitrage, whih allows the rent of the renewable resoure to grow faster than the rise ininterest rate. The share of onsumption supplied by the fossil fuel dereases ontinuouslyuntil omplete exhaustion of the resoure. The bakstop �nally supplies the whole demand.When a ap is set on arbon aumulation, the use of the lean renewable substitute beginsbefore the pollution eiling is reahed provided the energy prie at that time is higher thanthe marginal ost of the substitute. By the same token, use of the substitute will beginafter pollution reahes the eiling if the energy prie is lower than the marginal ost of thesubstitute. Furthermore, if there is an opportunity for sequestration, whether it is appliedbefore or after using the renewable resoure depends upon their respetive osts.The paper has the following struture. In setion 2, we present the general formulationof the model. We then desribe in setion 3 the harateristis of the solution when arbonsequestration is not an option. In setion 4, we provide a simple test to hek the optimalityof the sequestration option, and then determine the optimal sequestration poliy dependingon whether the size of the reservoir is large or small, this property being endogenous in thesense de�ned in this study. In setion 5, we analyze the impliations of a limited availabilityof the renewable resoure, whih may be alternatively expensive or heap in relation tothe prie of energy ompatible with maintaining a pollution eiling. We onlude brie�yin setion 6.2 The model2.1 Assumptions and notationsWe onsider an eonomy in whih the instantaneous gross surplus or utility, measured inmonetary units and generated by an instantaneous energy onsumption qt
6, is given bythe following standard funtion u.Assumption A.1 : u : IR++ → IR+ is a funtion of lass C2 stritly inreasing and stritlyonave satisfying the Inada ondition, i.e. limq↓0 u′(q) = +∞, where u′(q) = du/dq.6Stritly speaking, qt is a power, so assuming that qt is di�erentiable, the energy onsumed over a timeinterval [t, t + dt] is equal to (qt + q̇t) dt, where q̇t = dqt/dt.
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We sometimes use p to denote the marginal surplus u′ as well as (by a slight misuse offormal notation) the marginal surplus funtion: p(q) = u′(q). The diret demand funtion
d(p) is merely the reiproal of p(q), as usually de�ned.Energy needs may be supplied by two resoures, either a dirty non-renewable resoure,suh as oal, or a lean renewable resoure, suh as solar energy. If X0 represents theinitial oal stok of the soiety, Xt the stok of oal available at time t (X0 = X0) and xtthe instantaneous oal onsumption, we an write:

Ẋt = −xt. (1)We assume that the average ost of transforming oal into energy diretly usable bythe �nal users is onstant and equal to cx, hene cx is also the onstant marginal ost.This ost should be regarded as the sum of the extration ost sensu strito, the ost ofindustrial proessing of the extration output and the ost of transportation, all of whihmust be borne so the energy supply an math the demand by end users.Let x̃ denote the �ow of non-renewable resoure to be onsumed, assuming an in�niteavailable stok of the non-renewable resoure X0, so that no rent would have to be harged.Thus, x̃ is the solution of u′(x) = cx, that is, x̃ = d(cx).Using oal potentially generates a pollutant �ow. Let ζ be the unitary arbon ontentof oal so that, without any abatement poliy, the instantaneous arbon �ow releasedinto the atmosphere would be equal to ζxt. However, let us assume that some arbonsequestration devie is available. Let st be the part of the potential arbon emission �owthat is sequestered, so that the e�etive �ow, denoted by zt, amounts to:
zt = ζxt − st with st ≥ 0 and ζxt − st ≥ 0. (2)We assume that the unit sequestration ost is onstant (hene also the marginal ost) andequal to cs, so that the total monetary ost of sequestration is given by csst. S̄ denotesthe apaity of the so-alled arbon sink, S0 the initial stok of arbon ontained in thesink and St the stok at time t (S0 = S0), we an write:

Ṡt = st and S̄ − St ≥ 0. (3)Without any loss of generality, we postulate that S0 = 0.7



Let Z0 be the stok of arbon in the atmosphere at the beginning of the planningperiod, Zt the stok at time t (Z0 = Z0) and α (> 0) the instantaneous proportional rateof natural regeneration, assumed to be onstant for sake of simpliity (see Kolstad andKrautkraemer, 1993)7 so that:
Żt = zt − αZt. (4)Self regeneration is merely a sheme for natural sequestration into a sink of su�ientlylarge apaity. By that, we mean that, whatever the quantity of arbon needing to besequestered, it still an still be buried in the so-alled sink.We assume that this stok of arbon annot be larger than some threshold Z̄:

Z̄ − Zt ≥ 0 and Z̄ − Z0 ≥ 0. (5)This onstraint should be onsidered as some kind of damage funtion. The damagegenerated at eah point of time by the stok of atmospheri arbon is equal to 0, providedthat Z < Z̄, but jumps to in�nity when Z = Z̄ 8.In the following, x̄ denotes the �ow of non-renewable resoure that ould be used atthe eiling, without any sequestration sheme, that is, the solution of Żt = ζxt − st − αZtfor st = 0 and Zt = Z̄, hene x̄ = αZ̄/ζ. We use p̄x to denote the orresponding prie,
p̄x = u′(x̄). Clearly, if p̄x were lower than cx, there would be no eiling problem sine, evenif the resoure rent would be nil, the optimal onsumption of the polluting resoure wouldremain below x̄. Thus, we assume:Assumption A.2 : p̄x > cx, whih is equivalent to x̃ > x̄.However, if sequestration needs to be used, we must onsider an even stronger assump-tion: the total marginal ost of a lean onsumption of oal, cx + csζ, must be lower than
p̄x. If not, it would always be better to stay onstrained at x̄ rather than relaxing theonstraint by sequestering some part of the emission �ow.Assumption A.3 : p̄x > cx + csζ.7It is essential for the results that the natural regeneration �ow should be some inreasing funtion fof the pollution stok. The spei�ation f(Z) = αZ is assumed for the sake of analytial tratability. Fora disussion of the problems raised by non-inreasing funtions, see Tahvonen and Salo (1996), Tahvonenand Withagen (1996) and Toman and Withagen (1996).8For standard results on optimal mining with a smooth damage funtion, see Tahvonen (1997).8



As disussed in setion 4 (subsetion 4.1), Assumption A.3 is a neessary but not asu�ient ondition.The other resoure is a renewable resoure that an be made available to the end usersat a onstant average ost cy (hene the same onstant marginal ost). The ost of therenewable resoure is the total ost of supplying the good to the �nal users, so that thenon-renewable and the renewable resoures are perfet substitutes for the users. Let usassume that ȳ is the onstant instantaneous �ow of renewable resoure available at eahpoint of time, and that this resoure is non-storable in the long term, exept at a prohibitivestorage ost. Let yt be the part of the available �ow onsumed at time t, so the part ȳ− ytof the �ow that is not immediately onsumed is de�nitely lost.Conerning the monetary osts alone, i.e. those not involving any sarity rents, weassume that the ost of the non-renewable resoure is lower than the ost of the renewableresoure. In the present ase, this orresponds to the main renewable energies9 and themain non-renewable energies.Assumption A.4 : cx < cy.Let ỹ be the �ow of renewable resoure soiety would have to onsume one the non-renewable resoure is exhausted, provided that ȳ is su�iently large. ỹ is the solution of
u′(y) = cy : ỹ = d(cy). Chakravorty et al. (2004) showed that, for ȳ < ỹ and withoutany sequestration opportunity, we may have many di�erent optimal paths sine a renthas to be harged for the use of the renewable resoure even before the exhaustion of thenon-renewable resoure. For the sake of simpliity, we �rst assume in setions 3 and 4 thatthe renewable resoure is abundant. By abundant, we mean that, at the marginal ost cy,the quantity to be supplied is, at the very most, equal to ȳ. We also assume that cy > p̄xso that, when the oal onsumption is bounded at the eiling, the renewable resoure isnot ompetitive.Assumption A.5 : ȳ > ỹ and cy > p̄x.Under A.4 and A.5, the phase of ative sequestration always preedes the phase ofrenewable resoure use as shown in setion 4. To obtain a phase of ative sequestration9An important exeption is hydroeletriity. 9



ombined with the use of renewable energy, we must assume not only that ȳ < ỹ, but alsothat cy < p̄xy where p̄xy = u′(x̄ + ȳ) < p̄x. Hene, when the stok of pollution is at theeiling, the renewable energy is ompetitive sine cy < p̄xy, and, moreover, both resoureshave to be used. In this ase, the non-renewable resoure is limited at x̄ by the pollutionstok onstraint and the renewable resoure is onstrained at ȳ by the available supply.Thus, by using p̄y to denote the marginal gross surplus at ȳ, we an assume alternatively:Assumption A.6 : ȳ < ỹ and ȳ < x̄, or equivalently p̄xy > cy and p̄y > p̄xy. Furthermore,
p̄xy > cx + csζ.Under A.6, we must add another onstraint: the renewable energy onsumption annotbe higher than ȳ:

ȳ − yt ≥ 0. (6)Let us assume that the instantaneous soial rate of disount, ρ > 0, is onstant and theobjetive of the soial planner is to hoose the resoure and abatement trajetories thatmaximize the sum of the disounted instantaneous net surplus.2.2 Problem formulationThe soial planner problem an be expressed as follows (P ):
(P ) max

{(st,xt,yt),t≥0}

∫ ∞

0
[u(xt + yt) − csst − cxxt − cyyt] e

−ρtdts.t. (1) to (6), X0 = X0, Z0 = Z0 < Z̄, S0 = 0, st ≥ 0, xt ≥ 0 and yt ≥ 0.Let L be the urrent value Lagrangian for the problem (P ):
L = u(xt + yt) − csst − cxxt − cyyt − λtxt + ηtst + νSt

[

S̄ − St

]

+µt [ζxt − st − αZt] + νZt

[

Z̄ − Zt

]

+ γ̄st [ζxt − st] + γstst

+γxtxt + γ̄yt [ȳ − yt] + γytyt.

10



The �rst-order onditions (FOCs) and omplementary slakness onditions are:
∂L/∂st = 0 ⇔ cs = ηt − µt − γ̄st + γst (7)
∂L/∂xt = 0 ⇔ u′(xt + yt) = cx + λt − µtζ − γ̄stζ − γxt (8)
∂L/∂yt = 0 ⇔ u′(xt + yt) = cy + γ̄yt − γyt (9)

γ̄st ≥ 0 and γ̄st [ζxt − st] = 0 (10)
γst ≥ 0 and γstst = 0 (11)
γxt ≥ 0 and γxtxt = 0 (12)
γ̄yt ≥ 0 and γ̄yt[ȳ − yt] = 0 (13)
γyt ≥ 0 and γytyt = 0. (14)Note that, under the assumption A.1, A.4 and A.5, the ondition (9) implies that xt+ytis at least equal to ỹ and that yt is at most equal to ỹ < ȳ 10. Thus, γ̄yt must be equal to0, t ≥ 0.The dynamis of the ostate variables must satisfy:

λ̇t = ρλt − ∂L/∂X ⇔ λ̇t = ρλt (15)
η̇t = ρηt − ∂L/∂S ⇔ η̇t = ρηt + νSt (16)
µ̇t = ρµt − ∂L/∂Z ⇔ µ̇t = (α + ρ)µt + νZt (17)with the following assoiated omplementary slakness onditions:

νSt ≥ 0 and νSt

[

S̄ − St

]

= 0 (18)
νZt ≥ 0 and νZt

[

Z̄ − Zt

]

= 0. (19)Note that (15) implies that λt = λ0e
ρt. Hene, the transversality ondition for Xt takesthe following form:

lim
t↑∞

e−ρtλtXt = λ0 lim
t↑∞

Xt = 0. (20)The other transversality onditions are:
lim
t↑∞

e−ρtηtSt = 0 (21)
lim
t↑∞

e−ρtµtZt = 0. (22)10If yt > 0 then γyt = 0, thus u′(xt + yt) = cy + γ̄yt. Sine u′ is dereasing, the highest value of ytsolution of (9) is obtained for xt = 0 and for γ̄yt = 0, whih is possible under the abundane assumptionA.5. Thus, in this ase, yt is preisely equal to ỹ. 11



Clearly the ostate variables ηt and µt are non-positive. Furthermore, given that St isnon-dereasing and starting from S0 = S0 = 0, there must exist some time interval [0, t̄ )during whih St < S̄, hene νSt = 0, so that integrating (16) we get:
ηt = η0e

ρt , t ∈ [0, t̄ ). (23)By the same type of argument, we get for any time interval [t0, t1) during whih Zt < Z̄,we obtain:
µt = µt0e

(α+ρ)(t−t0) , t ∈ [t0, t1). (24)Sine Z0 < Z̄, there must exist some initial interval with t0 = 0 and t1 > 0, so that
µt = µ0e

(α+ρ)t, t ∈ [0, t1). Note also that, sine X0 is �nite, there must be some time t2from whih Zt < Z̄, t ≥ t2, so that µt = 0, t ≥ t2.3 Hotelling and optimal paths without any arbon sink3.1 Pure Hotelling pathsWithout any eiling onstraint and under A.5, the FOCs (8) and (9) would be:
u′(xt + yt) = cx + λ0e

ρt − γxt (25)
u′(xt + yt) = cy − γyt, (26)together with the omplementary slakness onditions (12)-(14). Thus, if both xt and ytwere stritly positive over some non-degenerated time interval, we would have u′(xt +yt) =

cx + λ0e
ρt = cy over the interval, whih is learly impossible. Hene, the resoures haveto be exploited sequentially; �rst, the less ostly one, i.e. the non-renewable resoure, andnext, the more ostly one, i.e. the renewable resoure. Moreover, the initial value of theoal rent λ0, is at most equal to cy − cx.For any λ0 ∈ (0, cy − cx), let tH(λ0) be that time at whih cx + λ0e

ρt = cy, and let
dH

t (λ0) = d(cx + λ0e
ρt), t ∈

[

0, tH(λ0)
). The optimal value of λ0, λH

0 , is given as theunique solution of the umulative demand-initial endowment balane equation:
∫ tH(λ0)

0
dt(λ0)dt = X0.The optimal onsumption would then be the standard Hotelling solution:

xt =

{

dH
t

(

λH
0

)

, t < tH(λH
0 )

0 , tH(λH
0 ) ≤ t

and yt =

{

0 , t < tH(λH
0 )

ỹ , tH(λH
0 ) ≤ t

. (27)12



All the optimality onditions are satis�ed by the following values of γxt and γyt:
γxt =

{

0 , t < tH(λH
0 )

cx + λ0e
ρt − cy , tH(λH

0 ) ≤ t
and γyt =

{

cy − cx − λ0e
ρt , t < tH(λH

0 )

0 , tH(λH
0 ) ≤ t

.As a funtion of X0, λH
0 stritly dereases with 11:

lim
X0↓0

λH
0 = cy − cx and lim

X0↑∞
λH

0 = 0.Let ZH
t (λ0) be the trajetory of the arbon stok generated by the oal onsumption�ow dH

t (λ0). ZH
t (λ0) is the solution of:

Żt = ζdH
t (λ0) − αZt, t ∈

[

0, tH(λ0)
)

,together with the initial ondition Z0 = Z0. Here, we de�ne ZH
m (λ0) as the maximumquantity of atmospheri arbon over the interval [

0, tH(λ0)
) 12:

ZH
m (λ0) = sup

{

ZH
t (λ0), t ∈

[

0, tH(λ0)
)}

.Under A.2, when λ0 is su�iently low (that is, X0 is su�iently high), then ZH
m (λ0) >

Z̄13. Let X̄0 be the value of X0 for whih ZH
m

(

λ0(X
0)

)

= Z̄. Taking into aount theeiling onstraint, it an be easily seen that, for X0 lower than X̄0, the onstraint wouldnever be tight and the optimal onsumption path would be above the standard Hotellingpath as given by (27). In the following, we assume that the eiling onstraint would beviolated along the pure Hotelling path.Assumption A.7 : X0 > X̄0.3.2 Optimal paths with no ative abatement opportunityLet us assume that there is no abatement opportunity apart from the natural regenerationproess. It has been shown by Chakravorty et al. (2004) that, under A.1, A.2, A.4 andA.5, the optimal onsumption path is a four phases path as illustrated in Figure 1 below.11Firstly, tH(λ0) is a stritly dereasing funtion of λ0 with limλ0↓0 tH = ∞ and limλ0↑(cy−cx) tH = 0,and seondly, for any t ≥ 0, limλ0↓0 dH
t = x̃ and limλ0↑(cy−cx) dH

t = 0.12After tH(λ0), the use of oal is nil, hene Zt is dereasing.13For λ0 = 0, dH
t (0) = x̃, t ≥ 0, hene Żt = ζx̃ − αZt, Z0 = Z0, yielding the solution Zt = ζx̃/α +�

Z0
− ζx̃/α

�
e−αt, so that limt↑∞Zt ≡ Z̃ = ζx̃/α. Under A.2, x̃ > x̄, hene Z̃ > Z̄.13



During the �rst phase [0, t1), the onstraint is slak and only oal has to be used:
qt = xt = d

(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
), with λ0 and |µ0| su�iently low so that xt > x̄.Sine xt > x̄ and Zt < Z̄, then Zt is inreasing beause ζxt > αZt: the emission rate ishigher than the natural regeneration �ow. At t1, the arbon eiling is reahed and the fullmarginal ost of oal, cx + λ0e

ρt − µ0e
(α+ρ)tζ, is equal to p̄x.The seond phase [t1, t2) ours at the eiling, when the oal onsumption � the onlyenergy being used � is onstrained to x̄. Thus, the energy prie is onstant and equal to

p̄x. Sine pt = p̄x = cx +λ0e
ρt−µ0e

(α+ρ)tζ, then |µt| must be dereasing during this phase.At t2, µt = 0 and the eiling onstraint will no longer be ative from t2 onwards.The third phase [t2, t3) is a pure Hotelling phase during whih only oal is used: pt =

cx + λ0e
ρt and qt = xt = d(pt). Thus, the oal onsumption dereases, as seen duringthe �rst phase, and the stok is exhausted at the end of the phase. Then, the prie mustbeome equal to the marginal ost of the renewable resoure cy.During the last phase [t3,∞), only the renewable resoure is used, qt = yt = ỹ and theprie is onstant at cy.Both prie and quantity paths are illustrated in Figure 1. The hathed surfae underthe xt urve must be equal to X0. Figure 1 hereWe need to determine the optimal values λns

0 , µns
0 , tns

1 , tns
2 and tns

3 (ns stands for nosequestration, whih is fored here) of the �ve fundamental variables λ0, µ0, t1, t2 and t3that solve the following system of �ve equations:
− The umulative oal onsumption-initial stok balane equation:

∫ t1

0
d

(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
)

dt + [t2 − t1]x̄ +

∫ t3

t2

d
(

cx + λ0e
ρt

)

dt = X0.

− The prie ontinuity equation at t1:
cx + λ0e

ρt1 − µ0e
(α+ρ)t1ζ = p̄x.14



− The pollution stok ontinuity equation at t1:
Zt1(λ0, µ0) = Z̄,where Zt(λ0, µ0) is the solution of:

Żt = ζd
(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
)

− αZt , Z0 = Z0.

− The prie ontinuity equations at t2 and t3:
cx + λ0e

ρt2 = p̄x and cx + λ0e
ρt3 = cy.Chakravorty et al. (2004) demonstrated that, solving the above system of equationsfor for λns

0 , µns
0 , tns

1 , tns
2 and tns

3 provides values of the other multipliers that satisfy all theoptimality onditions.4 The ase of an abundant renewable substituteAlthough the oal onsumption is onstrained over a ertain time interval [t1, t2) underassumption A.6, as shown in subsetion 3.2 and illustrated in Figure 1, it is not leara priori whether it is worth relaxing this onstraint by sequestering the arbon beausesequestration is ostly. We �rst show that there is a very simple test of the optimality ofsequestration for relaxing the eiling onstraint. Assuming that it is optimal to sequester,we next determine the optimal poliy aording to whether the sink or reservoir apaity
S̄ is large (in subsetion 4.2) or small (in subsetion 4.3). Large and small apaities areendogenous harateristis of the sink that depend upon all the other fundamentals of themodel.4.1 Testing the optimality of the sequestration opportunityLet us onsider the optimal paths determined in subsetion 3.2 under a fored onditionof no sequestration, and assume two hypothetial values c′s and c′′s (where c′s < c′′s) of themarginal ost of sequestration. We assume c′s is so low at tns

1 that cx +λns
0 eρt + c′sζ is lowerthan p̄x, while c′′s is so high at tns

1 that cx + λns
0 eρt + c′′sζ is higher than p̄x, as illustratedin Figure 1. 15



In the �rst ase, where cx + λns
0 eρtns

1 + c′sζ < p̄x, there is a ertain time interval
[tns

1 , tns
1 + δ(c′s)), δ(c′s) > 0, during whih cx + λns

0 eρt + c′sζ is lower than p̄x while Zt = Z̄.Thus, over this interval, the instantaneous marginal gross surplus generated by x̄, that is
p̄x, is higher than the full marginal ost of supplying a �lean� oal to the �nal users (thatis cx + λns

0 eρt + c′sζ) provided that the shadow ost harged to the use of the sink is nil.Whatever the apaity of the sink, this apaity will not be saturated if the sequestrationrate is su�iently low. Hene, slightly augmenting the oal onsumption within the intervalwould still allow the net soial welfare to inrease even if oal onsumption would haveto be redued later. For example, inreasing the oal onsumption by dxt > 0 at time
t within the interval and dereasing it by the same amount at some date t′ within theinterval (tns

2 , tns
3 ), results in a net bene�t equal to [

(p̄x − (cx + c′sζ)) e−ρt − λns
0

]

dxt > 0(in value at time 0).In the seond ase, the marginal ost of lean oal onsumption, cx + λns
0 eρt + c′′sζ, isalways higher than the marginal gross surplus of the energy onsumption. Thus, resortingto a sequestration sheme annot inrease the optimized value of the objetive funtion ofproblem (P ).Clearly, there exists some ritial value of the sequestration marginal ost, denoted by

c̄s, below whih relaxation of the eiling onstraint must be used, and above whih it mustbe abandoned. This threshold value is the solution of cx + λns
0 eρtns

1 + csζ = p̄x, that is:
c̄s =

[

p̄x −
(

cx + λns
0 eρtns

1
)]

/ζ.Assumption A.8 : cs < c̄s.In the following, we assume that A.8 applies.4.2 The large reservoir aseIn this ase, even if no rent is harged for the use of the sink apaity, the reservoir apaityonstraint S̄ − St is never ative, hene ηt = 0, t ≥ 0. We note that for ηt = 0 and for
st > 0 implying that γst = 0, then the optimality ondition (7) beomes:

−µt = cs + γ̄st.16



Next, substituting the above value of −µt into the optimality ondition (8), bearing inmind st > 0 implies that xt > 0, hene γxt = 0. We thus obtain:
u′(xt) = cx + csζ + λ0e

ρt, (28)whih, in turn, implies that:
xt = d

(

cx + csζ + λ0e
ρt

)

.However, only part of the emission �ow, represented by ζ
[

d
(

cx + csζ + λ0e
ρt

)

− x̄
], hasto be sequestrated. When the eiling onstraint is binding, the instantaneous marginal fullost of a lean unit of oal is denoted by cm:

cm =

{

cx + λ0e
ρt , xt < x̄

cx + λ0e
ρt + csζ , xt > x̄

. (29)For x < x̄, the regeneration rate αZ̄ is higher than the emission rate, whereas theopposite holds for x > x̄ so that soiety has to sequestrate the emission at the margin.The determination of xt during the sequestration phase is illustrated in Figure 2. Notethat, as time passes, cx + λ0e
ρt and cx + csζ + λ0e

ρt are shifted vertially and upwards.Hene, the sequestration phase is neessarily followed by a phase during whih cx +λ0e
ρt <

u′(x̄) < cx + csζ + λ0e
ρt so that it beomes optimal to onsume x̄. Although the eiling isonstraining the oal onsumption, it is no longer optimal to sequester arbon emissions.This phase at the eiling is itself followed by a pure Hotelling phase during whih xt < x̄,one t is su�iently high so that the u′(x) urve intersets the horizontal line cx + λ0e

ρtbefore x̄. Figure 2 hereThus, the optimal path onsists of �ve phases as illustrated in Figure 3.Figure 3 hereDuring the �rst phase [0, t1), whih takes plae below the eiling, pt = cx + λ0e
ρt −

µ0e
(α+ρ)tζ < cx + λ0e

ρt + csζ < p̄x, and qt = xt = d(pt) > x̄, so the pollution stok isinreasing. At the end of the phase, pt = cx + λ0e
ρt + csζ and the eiling is attained.17



The seond phase [t1, t2) is a phase at the eiling: pt = cx + λ0e
ρt + csζ < p̄x and

qt = xt = d(pt) > x̄. A part ζ [d(pt) − x̄] of the potential emission �ow is sequestered sothat the pollution �ow is equal to ζx̄. At the end of the phase, pt = p̄x.The third phase [t2, t3) is at the eiling, but without sequestration: pt = p̄x and
qt = xt = x̄, during whih |µt| is dereasing. At the end of the phase, µt = 0.The fourth phase [t3, t4) is a pure Hotelling phase: pt = cx +λ0e

ρt and qt = xt = d(pt).At the end of this phase, the prie of energy is just equal to the marginal ost of therenewable resoure cy and the oal is exhausted.The last phase [t4,∞) is a phase during whih the only renewable resoure is used.We now need to determine the values of the six variables λ0, µ0, t1, t2, t3 and t4. Theyare provided by solving the following system of six equations:
− The umulative demand-supply balane equation, whih is written here as:

∫ t1

0
d

(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
)

dt +

∫ t2

t1

d
(

cx + λ0e
ρt + csζ

)

dt

+[t3 − t2]x̄ +

∫ t4

t3

d
(

cx + λ0e
ρt

)

dt = X0.

− The prie ontinuity equation at t1:
cx + λ0e

ρt1 − µ0e
(α+ρ)t1ζ = cx + λ0e

ρt1 + csζ.

− The pollution stok ontinuity equation at t1:
Zt1(λ0, µ0) = Z̄.

− The prie ontinuity equations at t2, t3 and t4:
cx + λ0e

ρt2 + csζ = p̄x

cx + λ0e
ρt3 = p̄x

cx + λ0e
ρt4 = cy.Let λlr

0 , µlr
0 and tlr1 to tlr4 (lr stands for large reservoir) represent the values obtained bysolving the above system of equations. In the Appendix, we show that, for these values of

λ0, µ0, t1 to t4, the other multipliers have values satisfying all the optimality onditions.18



We an now give a preise de�nition of a large reservoir. A reservoir or a sink is said tobe large if it allows for the arbon to be e�etively sequestered as presribed by the abovepoliy, that is:
S̄ ≥

∫ tlr2

tlr1

[

d
(

cx + λlr
0 eρt + csζ

)

− x̄
]

dt.The reservoir will be said small if suh a arbon mass annot be sequestered.4.3 The small reservoir aseIf the reservoir is small, its shadow ost ηt annot be nil. We know that, as long asthe reservoir is not saturated, the absolute value of ηt is inreasing at the soial rate ofdisount14: ηt = η0e
ρt. Thus, the full marginal ost of lean oal is given by cx + λ0e

ρt +
(

cs − η0e
ρt

)

ζ.As in the ase of a large reservoir, the optimal path onsists of �ve phases. The onlydi�erene is that pt = cx +λ0e
ρt +

(

cs − η0e
ρt

)

ζ during the seond phase [t1, t2), when it isoptimal to sequester part of the potential emission �ow represented by ζ [d(pt) − x̄]. Alsoat t2, the arbon reservoir apaity S̄ must be saturated, i.e. St2 = S̄ and St < S̄, t < t2.We now have to determine the values of the seven variables λ0, µ0, η0 and t1 to t4.They are obtained by solving the system of seven equations below:
− The umulative demand-supply balane equations:

∫ t1

0
d

(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
)

dt +

∫ t2

t1

d
(

cx + λ0e
ρt +

(

cs − η0e
ρt

)

ζ
)

dt

+[t3 − t2]x̄ +

∫ t4

t3

d
(

cx + λ0e
ρt

)

dt = X0.

− The prie ontinuity equation at t1:
cx + λ0e

ρt1 − µ0e
(α+ρ)t1ζ = cx + λ0e

ρt1 +
(

cs − η0e
ρt1

)

ζ.

− The pollution stok ontinuity equation at t1:
Zt1(λ0, µ0) = Z̄.This equation is the same as in the previous ase of a large reservoir.14Remember that ηt < 0. 19



− The prie ontinuity equation at t2:
cx + λ0e

ρt2 +
(

cs − η0e
ρt2

)

ζ = p̄x.

− The reservoir apaity saturation equation at t2:
ζ

∫ t2

t1

[

d
(

cx + λ0e
ρt +

(

cs − η0e
ρt

)

ζ
)

− x̄
]

dt = S̄.

− The prie ontinuity equations at t3 and t4:
cx + λ0e

ρt3 = p̄x and cx + λ0e
ρt4 = cy,These ontinuity equations are the same as in the ase of a large reservoir.As in the previous ase, for these values of λ0, µ0, η0 and t1 to t4, we show that theother multipliers have values satisfying all the optimality onditions (see Appendix). Themain onlusion of the analysis is that, if sequestration needs to be implemented underA.5, it must our before using the renewable resoure. As disussed in the next setion,the optimal poliy may be di�erent when solar energy � although relatively inexpensive �is not abundant.5 The ase of a rare renewable substituteLet us assume that the renewable energy is not abundant and that A.6 is valid. In that ase,without any sequestration opportunity, it would be optimal to use the renewable resoureat the eiling. We �rst show how to modify the optimality test of the sequestration option.Given that the test is positive, indiating it is optimal to sequester, we next show thatthere are two types of optimal poliy, aording to whether the sequestration phase shouldbegin before starting use of the renewable lean substitute. Otherwise, the opposite mustapply.5.1 Testing the optimality of the sequestration opportunityTo test the optimality of the sequestration opportunity in the present ase, we �rst haveto determine the optimal poliy in the absene of an opportunity. In the ase of a rarerenewable substitute, as well as with an abundant substitute, the deision to sequester ornot is endogenously determined. 20



The �rst point to be notied is that, sine ȳ < ỹ, although the renewable resoure isompetitive at a prie pe > cy, it annot supply the entire market, at least for pries nottoo far from cy. To determine the optimal poliy, let us de�ne dn(pe) as the part of theenergy needs that has to be supplied by the non-renewable resoure. The other part, ifany, is represented by d(pe) − dn(pe) and has to be supplied by the renewable resoure:
dn(pe) =















d(pe) , pe < cy

d(pe) − ȳ , cy ≤ pe < p̄y

0 , p̄y ≤ pe

.Under A.6, p̄xy > cy, whih means we an have two types of optimal paths aordingto the value of Z0. Along the �rst type of path (see Figure 4), whih would appear onlyfor su�iently low values of Z0, the initial prie p0 is lower than cy. Hene, the initialperiod during whih pt = cx + λ0e
ρt − µ0e

(α+ρ)t and Zt < Z̄ an be split into two phases.During the �rst phase [0, t1), when pt < cy, oal must be the only energy soure, and
qt = xt = dn(pt) = d(pt). On the other hand, during the seond phase [t1, t2), both oaland solar energy must be used, with xt = dn(pt) and yt = ȳ. The phase at the eiling
[t2, t3) begins at t2, when pt = p̄xy; throughout this phase, pt = p̄xy and qt = x̄ + ȳ, while,at the end, µt = 0. This phase is followed by a pure Hotelling phase [t3, t4) as far as priesare onerned: pt = cx + λ0e

ρt, xt = dn(pt) and yt = ȳ. At t4, pt = p̄y, xt = 0 and oal isexhausted. During the last phase [t4,∞), only the renewable resoure is available, so that
pt = p̄y and qt = yt = ȳ.The values of the six endogenous variables haraterizing this type of path are deter-mined by solving the following six-equation system.

− The umulative oal onsumption-initial stok balane equation, written here as:
∫ t2

0
dn

(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
)

dt + x̄[t3 − t2] +

∫ t4

t3

dn

(

cx + λ0e
ρt

)

dt = X0.

− The pollution stok ontinuity equation at t2:
Zn

t2
(λ0, µ0) = Z̄,where Zn

t2
(λ0, µ0) is the solution of the di�erential equation15:15Sine dn(pe) is disontinuous at pe = cy, then tehnially Zn

t is obtained by solving �rst: Żt =

ζd
�
cx + λ0e

ρt
− µ0e

(α+ρ)tζ
�
− αZt, Z0 = Z0. Let Z

(1)
t be the solution of this di�erential equation and21



Żt = ζdn

(

cx + λ0e
ρt − µ0e

(α+ρ)tζ
)

− αZt, Z0 = Z0.

− The four prie-ontinuity equations:
cx + λ0e

ρt1 − µ0e
(α+ρ)t1ζ = cy , cx + λ0e

ρt2 − µ0e
(α+ρ)t2ζ = p̄xy

cx + λ0e
ρt3 = p̄xy and cx + λ0e

ρt4 = p̄y.The orresponding optimal paths are illustrated in Figure 4, where the hathed surfaeunder the urve xt is equal to X0. Figure 4 hereNow, let us assume that {(pt, xt, yt), t ≥ 0} is an optimal path for initial values X0 and
Z0 of the state variables, and Xt and Zt represent, respetively, the remaining oal stokand the pollution stok generated by xt. We also onsider a given date t′ > 0 and theproblem (P ) with initial onditions Xt′ and Zt′ . Let {(p′t, x′

t, y
′
t), t ≥ 0} be the solution ofthis new problem. Then, this solution orresponds simply to p′t = pt′+t, x′

t = xt′+t and
y′t = yt′+t. Bearing this in mind, we an see that there is a seond type of optimal pathstarting with p0 > cy, in whih the renewable resoure has to be used from the beginning.These paths have only four distint phases, sine there is no longer any �rst phase asde�ned in the previous �ve-phase optimal path model. Clearly, the seond type of path isoptimal under A.6 when Z0 is su�iently high but nevertheless lower than Z̄.Let t̄xy denote the time at whih pt = p̄xy. Along paths of the �rst type, t̄xy = t2 atthe end of the seond phase, whereas, along paths of the seond type, t̄xy = t1, sine p̄xyis reahed at the end of the �rst phase [0, t1). The optimality test of the sequestrationoption is the same as for an abundant renewable substitute, exept that p̄xy must be takenhere as the referene prie instead of p̄x. The orresponding urve cx + λ0e

ρt + csζ mustbe loated at t = t̄xy, as illustrated in Figure 4.
Z

(1)
t1

be the value of Z
(1)
t at time t1 at whih cx + λ0e

ρt
− µ0e

(α+ρ)tζ = cy. Next, by solving: Żt =

ζ
h
d
�
cx + λ0e

ρt
− µ0e

(α+ρ)tζ
�
− x̄

i
− αZt, Zt1 = Z

(1)
t1

, we obtain Z
(2)
t1

as the solution of this equation.Then, we an write:
Zn

t =

8<: Z
(1)
t1

, 0 ≤ t ≤ t1

Z
(2)
t1

, t1 ≤ t < t2
.
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The threshold value c̄s represents the average sequestration ost below whih it isoptimal to sequester and above whih it is not. In this ase, is here equal to:
c̄s =

[

p̄xy −
(

cx + λns
0 eρt̄xy

)]

/ζ,where λns
0 is the optimal value of λ0 under a fored no-sequestration poliy.Assumption A.9 : cs < c̄s.In the following, we assume that A.9 is valid.5.2 Optimal paths for beginning sequestration before using the renew-able substituteUnder A.6, when sequestration is not applied, use of the renewable resoure must alwaysbegin before reahing the eiling as shown in the preeding setion. However, when se-questration has to be used, it may happen that � one at the eiling � sequestration anbe the �rst sheme required to relax the eiling onstraint. Then, sequestration and therenewable substitute are used jointly, and, �nally, only the renewable resoure on its own.This ase is illustrated in Figure 5, whih assumes a small reservoir.Figure 5 hereIn Figure 5, the prie path, the demand funtions d(pe) and dn(pe), and the resoureonsumption paths are drawn in the North-East, the North-West and the South-Eastquadrants, respetively. The South-West quadrant is a purely tehnial devie to showhow the quantities are derived from the prie at the same time.The optimal path onsists of six phases.The �rst phase [0, t1) is the usual phase of oal onsumption under the eiling: pt =

cx + λ0e
ρt − µ0e

(α+ρ)tζ < cx + λ0e
ρt +

(

cs − η0e
ρt

)

ζ. At the end of this phase, the eilingis reahed and pt1 = cx + λ0e
ρt1 +

(

cs − η0e
ρt1

)

ζ.The seond phase [t1, t2) takes plae at the eiling, during whih only oal is onsumed,with some part of the potential emissions being sequestered: pt = cx+λ0e
ρt+

(

cs − η0e
ρt

)

ζ,23



xt = dn(pt) = d(pt) and st = [dn(pt) − x̄] /ζ. At the end of this phase, pt2 = cy and therenewable energy beomes ompetitive.During the third phase [t2, t3), the onstraint is relaxed by the joint use of sequestrationand solar energy onsumption: pt = cx + λ0e
ρt +

(

cs − η0e
ρt

)

ζ, as in the previous phase.But beause some part of the energy demand is satis�ed by the solar energy, the proportionof the emission �ow that has to be sequestered is lower: xt = dn(pt) = d(pt) − x̄, st =

[dn(pt) − x̄] /ζ and yt = ȳ. At the end of the phase, pt3 = p̄xy and the apaity of the sinkis saturated, St3 = S̄, so sequestration is no longer of any help.The fourth phase [t3, t4) is at the eiling with both oal and solar energy, but withoutsequestration: pt = p̄xy, xt = x̄ and yt = ȳ. At the end of this phase, µt4 = 0.During the �fth phase, the prie path is a pure Hotelling path, pt = cx+λ0e
ρt, but withpart ȳ of the energy onsumption supplied by the renewable resoure. The ontributionfrom non-renewable energy dn(pt) dereases to zero at the end of the phase, so the prie

pt5 is equal to p̄y. At this time, oal is exhausted.The last phase [t5,∞) is the usual phase of renewable energy onsumption: pt = p̄y,
xt = 0 and yt = ȳ.Note that now a rent has to be borne by the user of the renewable energy, startingfrom 0 at t = t2 and inreasing up to p̄xy − cy at t = t3, onstant at this value during thefourth phase [t3, t4), inreasing again up to p̄y − cy during the �fth phase [t4, t5), and thenafterwards remaining onstant at this level.Suh a path is haraterized by values of the eight variables λ0, µ0, η0 and t1 to t5,obtained by solving a system of eight equations similar to the preeding systems.5.3 Optimal paths for beginning use of the renewable substitute beforesequestrationFigure 6 illustrates the ase in whih implementation of the renewable resoure must beginbefore resorting to sequestration, assuming that the reservoir is small.Figure 6 here24



As in the preeding ase, the optimal path onsists of six phases. During the �rst phase
[0, t1), only oal is used and pt = cx + λ0e

ρt − µ0e
(α+ρ)tζ, qt = xt = dn(pt) = d(pt). Atthe end of the phase, pt = cy so the renewable substitute beomes ompetitive while theeiling is slakened, Zt1(λ0, µ0) < Z̄.During the seond phase [0, t1), both oal and solar energy are being used, while theexpression of the prie remains the same beause the pollution stok Zt lies below Z̄, butnow with xt = dn(pt) < d(pt) and yt = ȳ. At the end of this phase, the pollution onstraintbeomes binding and cx +λ0e

ρt2 −µ0e
(α+ρ)t2ζ = cx +λ0e

ρt2 +(cs − η0e
ρt2)ζ. The last fourphases are similar to the last four of the preeding ase.It is possible to have paths that involve using the renewable resoure immediately attime t = 0. These would orrespond to optimal paths where the initial values X0 and Z0of the state variables Xt and Zt would be equal to their values at t′ ∈ [t1, t2) following thepath illustrated in Figure 6. The argument for this senario is based on the same oneptof time onsisteny developed in sub-setion 5.1.6 ConlusionWe stress the potential role of arbon sequestration in allowing an environmental poliyto maintain the atmospheri arbon onentration below some threshold level. We showthat, whatever the sink apaity, sequestration should be implemented one the pollutioneiling is reahed. In addition, our analysis suggests that the polluting fossil fuel willbe exhausted in a �nite time, after whih the market will be supplied by the renewablesubstitute16, whether or not its apaity is onstrained. However, in ontrast with the otherases, when the apaity of the renewable resoure �ow is onstrained, and is initially verya�ordable, the renewable resoure must be used before the eiling is reahed. In this lattersenario, the renewable resoure ould be regarded as a mid-term option for alleviatingpollution, while sequestration allows for further emission redutions on the longer term.But, more generally, the lak of sequestration before the eiling is reahed should not beseen as weakening the preventive short-term role of sequestration usually advoated as an16This resoure exploitation and sequestration sheme, obtained with onstant average osts, is robustto alternative spei�ations for the ost funtions. As far as the sequestration or extration osts areonerned (see La�orgue et al., 2005, who also studied the ase of multiple sequestration sinks), thesespei�ations may depend upon the umulative sequestered arbon or the umulative extrated fossilresoure, respetively, as in Heal (1976). 25



option for suh a limate-hange mitigation. Indeed, whether or not the renewable resoureis sare, the optimal environmental poliy a�ets the extration of the exhaustible resoureanyway, with extration dereasing until the pollution eiling is reahed. This redution inonsumption should be attributed to the opportunity ost of emitting one unit of arbonbefore the eiling, as well as the opportunity ost of sequestering one unit one at theeiling, these osts being added to the overall exploitation ost of the resoure.Finally, it is noteworthy that our model does not onsider the possibility of arbonleakage, sine geologial or even oeani sinks may only represent temporary storage options(f. Herzog et al., 2003; Paala, 2003). This leakage phenomenon, if ontinuous over time,would have no short-term inidene on the optimal solution. The phase with sequestrationon its own would then be extended to the entire pollution eiling phase: one the storageapaity has been �lled, sequestration would simply allow for ompensating the leakage ateah moment of time.
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AppendixLet pH
t = cx + λ0e

ρt be the Hotelling prie path, p̂t = pH
t − µ0e

(α+ρ)tζ the optimal priepath preeding the eiling and p̃t = pH
t +

(

cs − η0e
ρt

)

ζ, the optimal prie path followedwithin the sequestration phase. In the small reservoir ase, the omplete solution of (P )is17:
xt =























d (p̂t) , t ∈ [0, t1)
d (p̃t) , t ∈ [t1, t2)
x̄ , t ∈ [t2, t3)
d

(

pH
t

)

, t ∈ [t3, t4)
0 , t ∈ [t4,∞)

, yt =

{

0 , t ∈ [0, t4)
ỹ , t ∈ [t4,∞)

, st =

{

0 , t /∈ [t1, t2)
ζ [d (p̃t) − x̄] , t ∈ [t1, t2)

.(30)Assoiated Lagrange multipliers are:
γst =















cs + µ0e
(α+ρ)t − η0e

ρt , t ∈ [0, t1)
0 , t ∈ [t1, t2)
cs + (pH

t − p̄x)/ζ , t ∈ [t2, t3)
cs , t ∈ [t3,∞)

, γ̄st = 0, t ≥ 0 (31)
γxt =

{

0 , t ∈ [0, t4)
pH

t − cy , t ∈ [t4,∞)
(32)

γyt =























cy − p̂t , t ∈ [0, t1)
cy − p̃t , t ∈ [t1, t2)
cy − p̄x , t ∈ [t2, t3)
cy − pH

t , t ∈ [t3, t4)
0 , t ∈ [t4,∞)

(33)
ηt =

{

η0e
ρt , t ∈ [0, t2)

0 , t ∈ [t2,∞)
, νSt = 0, t ≥ 0 (34)

µt =















µ0e
(α+ρ)t , t ∈ [0, t1)

η0e
ρt − cs , t ∈ [t1, t2)

(pH
t − p̄x)/ζ , t ∈ [t2, t3)

0 , t ∈ [t3,∞)

(35)
νZt =















0 , t ∈ [0, t1)
(α + ρ)cs − αη0e

ρt , t ∈ [t1, t2)
[

ṗH
t − (α + ρ)(pH

t − p̄x)
]

/ζ , t ∈ [t2, t3)
0 , t ∈ [t3,∞)

. (36)Given (30), it is easy to hek that if λ0, µ0, η0, t1, t2, t3 and t4 satisfy the system17For the large reservoir ase, just set η0 = 0. 27



of seven equations desribed in setion 4 (subsetion 4.3), then the Lagrange multipliersde�ned by (31)-(36) are suh that onditions (7)-(19) hold. In other respets, sine thenon-renewable resoure stok Xt is exhausted at t4, the transversality ondition (20) issatis�ed. In the same way, sine ηt = 0 and St = S̄ for t ≥ t2 on the one hand, µt = 0 and
Zt < Z̄ for t ≥ t4 on the other hand, then onditions (21) and (22) are valid.
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Figure 1: Optimal paths without any sequestration opportunity31



Figure 2: Determination of the optimal onsumption rate of oal during the sequestrationphase
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Figure 3: Optimal paths − The large reservoir ase
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