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Abstract

This paper analyses the incentives of the equityholders of a leveraged company
to shut it down in a continuous time, stochastic environment. Keeping the firm
as an ongoing concern has an option value but equity and debt holders value it
differently. Equityholders’ decisions exhibit excessive continuation and reduce firm’s
value. Using a compound exchange option approach, we characterise the resulting
agency costs of debt, derive the “price” of these costs and analyse their dynamics.
We also show how agency costs can be reduced by the design of debt and the
possibility of renegotiation.

Jel Classification: G30, G13, L10.



1 Introduction

This paper aims at integrating the study of dynamic agency costs in an option pricing mod-
el. The objectives are, on the one hand to derive new theoretical insights on the dynamics
of agency relationships -most of the corporate finance literature concerned with incentive
problems remains static- and, on the other hand, to characterise the consequences of these
conflicts on the pricing of financial securities -most of the pricing literature supposes the

Modigliani-Miller dichotomy between real and financial decisions.

We limit ourselves to a particular sort of agency conflict: the reluctance of equityhold-
ers to shut down the activities of a leveraged company. The shareholders of an indebted
firm may keep the company as an ongoing concern in the hope that its situation may
improve, even though shutting down the firm is more valuable in expected terms. The
possibility of excessive continuation stems from the conflict of interest existing between
equityholders and debtholders: limited liability shifts the cost of losses to the latter and
allows equityholders to benefit from significant upturns. Our focus is motivated by em-
pirical considerations!, by the important static corporate finance literature devoted to it
(starting with Jensen and Meckling (1976)) and also by the extent to which the problem
naturally fits an option framework. In fact, our work can also be viewed as an attempt

to blend a model of financial option with a real option problem.

It is worth emphasizing that we do not attempt at deriving an optimal capital struc-
ture: we only focus on a cost of debt. One could introduce other elements justifying that
debt financing may be desirable in the first place but our objective is to derive a lower

bound for any possible expected benefit of debt to make this form of financing desirable.

Our model is designed to be the simplest one capturing the possibility of excessive con-
tinuation, in a continuous time environment. The analysis requires the use of a compound

exchange option methodology. The results are obtained by extending the variational ap-

IThe relevance of excessive continuation problems, which can be viewed as a consequence of the asset
substitution effect and can sometimes take the more radical form of a “gamble for resurrection” when the
firm is in financial distress, is supported by many stylised facts (see for instance Grinblatt and Titman
(1998)). However, to the best of our knowledge there is no econometric study specifically devoted to this
problem.



proach to option pricing developed by Décamps and Rochet (1997) to this setting.

With respect to our “pricing” objective, we characterise the agency costs associated
with any possible capital structures. We derive a closed-form formula for the magnitude
of these costs in the case of straight debt. We also perform some comparative static
exercises and we show the value of the firm monotonically decreases with total leverage.
Regarding the insights on the dynamics of agency costs, we derive a condition ensuring
that the closer the firm gets to the debt maturity, the higher the agency costs. These costs
can nonetheless be reduced by a dynamic renegotiation process and we characterise the
optimal sequence of renegotiation offers in an ideal world where renegotiation between
equity and debt holders is frictionless. We also investigate the optimal allocation of
coupons. Keeping total leverage constant, the allocation of coupons modifies the value
of the firm because these coupons affect the “risk of a gamble”. We show that issuing

coupon debt dominates zero coupon debt, keeping total leverage constant.

The relation to the literature is discussed once the model is introduced which is the
object of section 2. Section 3 is devoted to the case of zero coupon debt financing while
section 4 shows how the agency costs of debt financing can be reduced by renegotiation

and coupon design. Finally, a short section concludes.

2 The General Framework
2.1 A Simple Model of the Firm.

We start by presenting a very stylised model of the firm. A firm is characterised by the
existence at an initial date (hereafter date 0) of both an entrepreneur and a project. This
project necessitates some initial investment -5, denotes its cost-, and has a finite maturity
T. Namely, we will assume that if completed, the project will generate some stochastic
cash flows at a date 7. V(T') denotes the value of these cash flows at date 7". In a risk
neutral world, V'(¢) will then represent the discounted expectation of these final returns,
at date t. For simplifying the terminology, we will refer to V'(¢) as the current value of the

firm’s assets. One can interpreted it as the value of these assets when the entrepreneur



uses them to produce some goods and services which are then sold in the product market.

The managers of the firm have the option to shut it down before final completion of the
project. This decision is irreversible: once the company is shut down, its activity cannot
be restarted. If so, the different claimholders have to share the residual value (we will also
call it the “scrap value”) of the physical assets. If they decide to abandon the productive
activity of the firm at date ¢;, they receive an amount of cash S(¢;) at that date. This
residual value may differ from the current value (which again is the expected value of
the cash flows at the terminal date) for several reasons. For instance, S represents the
resale value of the assets in the second-hand market while V' is the expected profit that
these assets, in conjunction with the human capital of the managers/equityholders, can
generate. The presence of some specific human capital may explain why the resale price
of the physical assets is less than V. The difference can also come from a reputation effect
(negative or positive) embodied in the current value of a company but not in the value of
its physical assets. This may include as well a factor reflecting the competitive position
of the company. More generally, the difference V' — S will represent any sort of intangible
asset? likely to affect the profitability of the company. To put it differently, assuming
there were a market for these intangible assets, their price plus the cost of acquiring the
physical assets will be equal, in equilibrium, to the current value of the firm V. Whenever
these intangible assets have a positive value, V' will be higher than S but we may as
well consider the case where this difference is negative (firms with a bad reputation for
instance, or in a poor competitive position). In general, the empirical fact that Tobin’s

Qs tend to differ from one provides some support to our assumption that V' — S # 0.

Given our single project firm, the value of the company will be determined by the
expected value of the future cash-flows -should the project be completed-, the residual
value of the assets -if not- and the possibility to shut down the firm. Consequently,

characterising the exercise policy of such a real option will be central to our analysis.

It is important to emphasis that this shut down decision is not independent of the

2This interpretation also supports our assumption that a shut down is irreversible: even if the physical
assets can be bought in the market, reputation or market position are idiosyncratic to firms. One cannot
easily buy these characteristics which needs to be developed over time.



firm’s capital structure. Our focus is on the (dynamic) agency conflicts that may arise
between equityholders and debtholders. Indeed, the parties entitled to the control rights
will exercise these rights in a way which maximises the value of their income rights. In
our model, the shut down decision will not be mechanically determined by a bankruptcy
rule. Bankruptcy may be declared when a debt repayment cannot be met and default can
trigger a change of control: debtholders will now be entitled to exercise the shut down
option but, a priori, they may be willing to continue the firm’s activity if such a strategy
increases their payoffs®. It is also important to distinguish this decision from a pure
liquidation process. In both cases, the activity is stopped and the firm leaves the output
market. But the stopping decision refers to the decision taken by the agents in control
of the firm (whoever they are), potentially independently of any state of default. For
instance, an unlevered firm cannot be liquidated even though its activity will be stopped

when such a strategy maximises the wealth of its equityholders.

Before characterising the different (endogenous) exercise policies of this real option,
we need to specify the stochastic structure of our model. We consider a continuous time
economy where time ¢ belongs to a bounded interval [0, T]. Capital markets are frictionless
and free of informational asymetries. The agents are risk neutral* and can borrow and lend
freely at a constant riskless interest rate r. Uncertainty is defined by a probability space
(Q,F, Q). The flow of information accruing to the agents is represented by the continuous
filtration (ft)te[o,T] associated to a two dimensional ) Brownian motion (Wy, Ws). Fy is

trivial and Fr is equal to F.

The productive value V' and the scrap value S of the firm’s assets are assumed to obey

the lognormal diffusion processes:

d
o rdt + oydW,(t)

v (1)
Vo >0

3Continuation under debtholders’ control can refer to a form of reorganisation made possible by the
bankruptcy code, like for instance as it is the case in the US with Chapters 7 and 11.

4The risk neutrality assumption represents little loss of generality. If agents were risk averse, the
analysis could be conducted using risk neutral probabilities rather than actual probabilities (see Harrison
and Kreps (1979)).




% = §dt 4 ogdW,(t)
(2)
So >0
where 0 is a real constant, the volatilities oy and og are positive constants. Vj is the
initial productive value of the firm’s assets, Sy is the initial scrap value of the firm’s assets
(which is also the investment cost). The two standard Brownian motions W; and W, are
assumed to be correlated. Typically, one may suspect a positive correlation, reflecting

that the residual value of an asset is likely to be higher when the productive value is itself

higher.

We suppose the current value of the firm’s assets V is a traded asset®. Under the risk
neutrality assumption the instantaneous rate in equation (1) is thus equal to the riskless
interest rate r. In contrast, we consider that the scrap value of the physical asset is not a
traded asset, (as a consequence, the instantaneous rate of return § in equation (2) can be
different from 7). Our justification is that, as long as the firm is in activity, this residual
value does not correspond to any real process. It is only once the shut down decision has
been taken that an amount of cash S is available to claimholders. The dynamics of this

cash-flow are given by equation (2).

In order to use the option pricing methodology, we classically assume that stochastic
changes in S are spanned with existing assets. In other words, markets are sufficiently
complete and it is possible to find an asset or to construct a dynamic portfolio of assets

the price of which is perfectly correlated with S.

Finally, we assume that the scrapping decision can be taken at a finite number of
dates, 0 < t; <ty < ... < t, < T 5 This modelling can be motivated by the remark that
the shut down decision can only be taken during a meeting of the board of directors or
necessitates some form of communication between leading shareholders and management.
These communications can only happen at fixed time intervals. We nevertheless also

investigate in the sequel the case where the shut down decision is made in continuous

5The results we derive thereafter can also be obtained without making this standard assumption.
Ericsson and Reneby (1997) proposes a detailed discussion of the different assumptions about the trading
of assets and firm’s values.

6The case t, = T will also be discussed. ¢, < T introduces a second element of irreversibility in the
continuation decision: after date t,, the shut down option is definitely lost.



time.

2.2 Relation with the Literature.

Since the pioneering work of Mello and Parsons (1992), some recent articles have incor-

porated agency problems into an option pricing framework.

Ericsson (1997) and Leland (1998) investigate the asset substitution problem where
a firm can modify the volatility of its value.” Considering a leveraged company, these
authors compare the choice of two possible levels for the volatility parameter of the firm
and show that the one which is optimal ex ante is usually not the one chosen after debt
has been issued. Two theoretical problems limit their analysis. First, one should explain
why the volatility parameter choice is restricted to a particular subset of values. Indeed,
without such a restriction, equityholders will benefit from infinite volatility choices as
their claim is a convex function of the underlying asset®. Second, the welfare efficiency of
the policy chosen should be assessed against a benchmark case. The standard benchmark
is typically defined by the policy maximising the value of an unlevered firm. In these
articles, the value of an unlevered firm at the initial date is independent of the volatility
choice: from a normative point of view, one cannot say that a particular volatility level

is more efficient than another one.

Mella-Barral and Perraudin (1997) characterise the consequences of the capital struc-
ture on an abandonment decision. They exhibit an underinvestment (too much aban-
donment) result. This comes from the fact that equityholders have to inject new cash in
the firm to keep it as an ongoing concern. To some extent, their continuation decision
can be reinterpreted as an investment decision. Similarly, Mauer and Ott (1998) consid-
er the investment in a growth option by equityholders of a leveraged company and also
exhibit an underinvestment result for exactly the same reason. These papers thus offer

a continuous time version of the sort of problems first examined in Myers (1977): the

"Leland (1994) and Leland and Toft (1996) also touch on asset substitution, but are mainly concerned
with the optimal capital structure which balances the tax benefits and the bankruptcy costs coming with
debt.

8This is still true for a large range of parameter values even if bankruptcy costs are introduced as in
Leland (1998).



injection of new cash by equityholders has a positive externality on debtholders’ claims
and the continuation (or expansion) decision is less than optimal because equityholders
do not internalise this effect. Anderson and Sundaresan (1996) and Mella-Barral (1999)
more specifically study the renegotiation game which may result between equityholders

and debtholders and also allow for the possibility of strategic default.

We study here the complementary case where continuing the current activity does not
require new funds but, along the lines of the literature pioneered by Jensen and Meck-
ling (1976), where risk taking behaviour is the crucial ingredient of the agency conflict.
Keeping the firm alive is a risky strategy while stopping it yields, at that date, a certain
amount of cash to the different claimholders. From an empirical point of view, excessive
continuation problems are well documented even in their extreme form of the “gamble for
resurrection”, from the evidence concerning the banking industry” to some high profile
bankruptcy cases'®. Parrino and Weisbach (1999) also provide some simulations show-
ing that the gamble for resurrection is likely to be much more of a problem in realistic
industry conditions. The static corporate finance literature has also extensively consid-
ered excessive continuation problems, either motivated by risk-loving attitudes or by the

existence of private benefits of control!!.

Our paper is also related to the real option literature'? as the possibility to scrap down
the firm is a real option whose value has been characterised for instance by McDonald and
Siegel (1985) or Dixit and Pyndick (1994) in the context of an all-equity firm (financial
decisions are not considered). In our setting, with discrete scrapping dates, compound
exchange options play a crucial role. MacDonald and Siegel (1985) derive the analogue of

the Margrabe (1978)’s formula for exchange options in the case of non traded assets. Using

90One should of course take into account the role played by the deposit insurance systems in this case.
Notice however that the consequences of such a system with respect to our problem are essentially to
shift the cost of excessive risk taking from depositors to the insurance system. One may argue that
the insurance system exacerbates the gambling problem as rational depositors would anticipate banks’
behaviour and charge a risk premium. Nonetheless, removing the deposit insurance system would not
eliminate the gambling problem: banks would like to commit ez ante to adopt safer strategies but ez
post (once they have obtained the funds), their incentives to take on risks are exactly the same as with
deposit insurance.

10Gee Grinblatt and Titman (1998) for some detailed examples.

HUsee the survey by Harris and Raviv (1991).

12For a survey of this literature, see for instance Sick (1995).



standard arbitrage derivations, Carr (1988) obtains the price of a compound exchange
option and discusses the application of his formula to investment decision problem. Using
the variational approach developed by Décamps and Rochet (1997), we revisit Carr’s
(1988) formula: The compound exchange option price is now obtained as the value of
an optimization problem. This allows us in particular to propose in section 3 a generic
formula for the magnitude of the agency costs. This formula is written as the difference

between two identical compound exchange options with different exercise policies.

Finally, to the best of our knowledge, our paper also differs from the rest of the liter-
ature by not assuming some form of stationarity. Most of the aforementioned papers in
continuous time consider perpetual coupon debt'®. By construction, these papers cannot
address the questions of the dynamics of agency costs, of the allocation of coupons over
time and of the evolution of renegotiation offers as the firm gets closer to the maturity.
Although agency problems are by now well understood in various static environments, not
much work has been done for analysing their dynamics. Our work aims to be a step in
this direction and we try to develop a dynamic model as close as possible to the existing
analysis of, for instance, Dewatripont and Tirole (1994) or Hart and Moore (1989, 1994,
1996). A dynamic extension of these models requires a non stationary environment. The
paper closest to ours from this literature is Hart and Moore (1994). Our paper is different
and complementary to theirs. In a deterministic environment, they focus on the bargain-
ing game between an entrepreneur who has borrowed some funds and an external creditor,
given that the entrepreneur can strategically run away from the company. The value of
the company is supposed to differ whether the entrepreneur or the creditor is managing
it. Hart and Moore (1994) are concerned with the optimal allocation of residual rights of
control and characterize how debt can implement the optimal mechanism. We simplify,
and most of the time ignore, the renegotiation game and the optimal allocation of control
by assuming that there is no intermediate cash flows if the firm is kept as an ongoing
concern (however, we will characterize how coupon debt can transfer decision rights in
the debtholders hands and the resulting consequences on the continuation decisions). We

are essentially concerned with how the split of income rights induced by debt in a dynamic

13A noticeable exception is Leland and Toft (1996) which considers a finite maturity debt but this debt
is rolled over continously.



and stochastic environment leads equity and debt holders to value differently the option
of not liquidating the firm. The agency conflict comes from this difference and is not
assumed to exist in the first place because of some intrinsic differences between what the
entrepreneur and the creditor can do. Although we do not derive the optimal financial
contract and take debt as given, our framework also allows us to consider some problem-
s related to its design, to the allocation of coupons over time and to the possibility of
renegotiation at different dates. Even in the absence of stationarity, we will obtain quasi

closed form solutions for the firm’s value and the agency costs of debt in the various cases.

2.3 Preliminary Analysis: a Compound Exchange Approach

This paragraph presents some technical results which will prove useful in the sequel. They
extend the variational approach developed by Décamps and Rochet (1997) to the context

of compound exchange options.

Let X (¢) denote the price at date ¢ of a traded asset!*. Let C,(X(t),S(t),t) denote
the price at date ¢, (t < t; < ... < t,), of the compound exchange option which gives
the right to exchange at date t,, the scrap value of the firm’s assets S(t,) for X(¢,) and
to exchange at dates t,_; (1 < i < n —1), S(tp_y) = (1 — e TV niti=tni))§(t, ;)
for Cy(X (t,—:),S(tn i), tn_;) where C1(X (¢, 1),S(tn_1),t,_1) denotes the value at date
tn—1 of the option to exchange at date ¢, S(t,) for X(¢,). The subscript i under C
refers to the fact, that, at date t,_;, there are ¢ future exercise dates pending. Let
@, (X(t),S(t),t; Ay, A, - - -, A,) denote the price at date ¢ for an arbitrary exercise policy
A, Ag, -+ -, A, of the compound option described previously. Under these notations the

following holds.

14 As it will be clear, the traded assets X which naturally appear in our analysis are (i) the traded
asset associated to the productive value of the firm (whose price at ¢ is V(t)), (ii) the portfolio composed
of the traded asset associated to the productive value of the firm and of the put option written on this
asset with exercise price the face value of the debt M and exercise date the expiring date of the debt
T (whose price at date t is V(t) + P(V (), M,T — t)). Hence, in the sequel X (¢) will be either V (¢) ot
V(t)+ P(V(t), M, T —t)



Lemma 1
O, (X (), S(t),t; Ay, -+, Ay) = IE[e ™D (X (t,) — S(tn)) La,nna,]

n—1

—ZEt[ —r(ti tg( )ﬂAlﬁ---ﬁAi]-

=1

Proof: By induction on n. For n = 1 the formula is tautological. Suppose it is true for

n — 1, for t < t; we have

O, (X(1),S(1), 8 AL+, An) = Fyle "0 0(®, 1 (X (1), S(t1), 1) — S(t1)) fa,]
= Efe "By [e "t )(X (t,) — S(ta)) Lagnna, — Ze (ti=t) g ti) L ayneena, | La, }

— B e DS (4)) 1a,]

- Et [e_r(tn_t) (X(tn) - S(tn))ﬂAlﬁﬁAn Z Et S )ﬂAlﬁ...ﬁAi]-

Lemma 2
Cn(X(t),S(t),t) = max P®(X(t),S(t),t; A1, A, -+, Ap).

A1E€F,

An Eftn

Proof: By induction on n. For n = 1, consider 0 < t < t;, we have
Ci(X(1),S(1),1) = Eyfe "™ (X () - S(tr))"]
= max,er, Fle ™" (X () — S(t1)) 4]

= mMaXs er, (I)I(X (t)a S(t)a t)'

10



Suppose now the property true for n — 1 then
Cu(X (1), S(t),1) = IBle™=0(C 1(X (11), S(t1),1a) = S(t1))7]

T AR Ele " (Co 1 (X (1), S(t), 1) — S(th)) 1a,]

— —r(t1—1) . e - S
Anax IE[e (AIZHEan; 1 (X (1), S(th), 115 Az, -, An) — S(t1)) L4, ]

An e]'-tn

= max ]Et[e”"(t“t)(@nA(X(h), S(th), ti; Ay - -+, Ay) — g(tl))”fh]
AZE]:t;

-An e]'-tn

= max ®,(X(¢),S(t), ;A1 -+, Ap).

A1E€F,

-An e]'-tn

Remark that the optimal exercise policies at date t,,t,_1,---,t; are defined by the

sets

(X (1) > S(ta)} andforall 1<i<n—1 {Ci(X(tni)sStai)stns) > S(tai)}.

Lemma 3

Vi<i<n-—1 Ci( X (tn-i)y S(tn—i)s tn_i)) > X (tn_;) — e T Onmiti=ta-id g3,

Proof:

Consider A; = Ay =---= A, = Q and apply Lemma 1 and Lemma, 2.

3 Capital Structure and Exercise Policies of a Mul-
tidate Scrapping Option.

We make the assumption throughout the analysis that there is no conflict of interest
between the managers of the company and itsequityholders. Consequently, managers
always choose the policy maximising the value of equuityholders’ claims. As a proper
benchmark case, we start by characterising the optimal scrapping policy of an unlevered

company. We will then move to the case of a levered company.

11



3.1 The first best rule

Let us denote by v,(V (), S(t),t; A1, As, - - -, Ay) the value at date ¢ < t; of the firm if
the equityholders choose at dates t; < --- < t,, the continuation policy A;, As,---, A,.
The subscript n under v refers to the fact, that, at date ¢, there are n operating decisions

to be taken by equityholders. Using the previous lemmata, we prove:

Proposition 1 The value at date 0, v*(0), of the all equity benchmark firm is given by

the relation

'U*(O) = max Un(V(O),S(O),O,Al,AZ,,An)

A1EF
AneF,
= Spe (Tt 4 Arlneafzfl ®,(V(0),5(0),0; Ay, - -, A,)
Anéftn

= Soe” "0 4 €, (V(0), 5(0),0).
The optimal continuation policy is defined by the relations:

Af = {V(t,) > S(t)} and )

Proof: see appendix.

The policy maximising the value of the firm can easily be understood when adopting a
backward reasoning. At the last possible scrapping date t,,, the optimal decision is clearly
to scrap the company if and only if S(¢,) > V(¢,). However, this simple comparison
is only optimal at the last date. For any date ¢,_;, deciding to stop whenever S(t,_;)
exceeds V(t, ;) is suboptimal as this rule ignores the option value of continuation. To
illustrate this point, consider the decision to be taken at date ¢, ;. Two effects govern the
scrapping decision at that date. To disentangle these effects, consider the hypothetical
scenario where the equityholders are sure that a shut down decision will be taken at date
tn, should this date be reached. If instead closure occurs at date t, 1, equityholders
obtain S(t,—1) that they compare (in this scenario) with the discounted expected value
of S(t,), i.e. S(t,_1)e~"=0tn=tn-1)  Conditionally on scrapping tomorrow, equityholders

should scrap the firm immediately if S(¢,_1) > S(t,_1)e=)n=t-1) Therefore, S(t,_;)

12



represents the net gain of scrapping the firm now where net means in comparison with
the payoff obtained by scrapping the firm at the next possible date. Notice that whenever
r < ¢ this net effect is negative and scrapping should not occur until possibly the last
scrapping date t,. There is a second effect due to the fact that the firm may not be
scrapped at the next date: equityholders could choose to get V'(t,) instead of S(¢,). Given
that C1(V (t,-1), S(tn_1),tn_1) denotes the value at date t, 1 of the option to exchange
at date t,, S(t,) for V(t,), equityholders of an unlevered firm should definitely decide
to continue at date t,_ if Cy(V (tp_1),S(tn_1),tn_1) > S(tp_1). To summarize, keeping
the firm alive gives a) the possibility to scrap it latter as opposed to now and b) the

(exchange) option to keep it alive latter as opposed to closing it latter.

The same two effects can be distinguished when moving to date ¢, 5. The sec-
ond effect is modified though, as continuing gives the option to exchange S(t,_;) for
Ci(V(tp-1),S(tn1),t,1) at the next date, that is to say at ¢, ;. The value of such an
option is Co(V (t, _2), S(tn_2),t, 2) and our formula obtains. Similar arguments apply for

dates t,,_;.

This proposition allows us to derive a simple characterisation of the agency costs

associated with any possible continuation policy.

Corollary 1 Assume that the choice of the equityholders for a given financial structure
is characterized by the continuation policy Ay, ---, A,. (A; € Fi,). Then, such a financial

structure induces some positive agency costs

£n(0) = Cn(V(0), 5(0),0) — @,(V(0), 5(0), 0; A1, Ag, - -+, Ap) = 0.

Indeed, as the variational approach shows that C,,(V(0), S(0),0) is a maximum, agency
costs are necessarily non negative. We now have to endogenise these exercise policies

A1, -+, A, as a function of the existing capital structure.

3.2 The Agency Costs of a Zero Coupon Debt.

This section studies the case of a levered firm financed with a zero coupon debt. Again,

our objective is to characterise the agency costs associated with such a financial structure

13



and we deliberately ignore the question of the optimality of this capital structure: given
that we only focus on a cost of debt, the optimal amount of debt in our model will
tautologically be zero. Our objective is to be able to derive an order of magnitude for
this cost of debt which could then be compared with some possible benefits of debt.
For instance, one can show that introducing some tax shields would make some strictly

positive debt levels desirable.

Assume the firm is financed with a zero-coupon bond maturing at date 7" with face
value M. We suppose that if the firm is scrapped then the debt becomes immediately due
(with the face value being correspondly discounted) or, equivalently that the proceeds of
the residual value are invested in the riskless asset until date 7 is reached. The only thing
we rule out here is the possibility that equityholders could scrap the firm and run away
with the residual value. This is in the spirit of the analysis first developed by Hart and

Moore (1989) where the liquidation proceeds cannot be diverted by entrepreneurs.

The value of equity satisfies:

Lemma 4

(i) At date t,, conditionally on the firm still being operated as an ongoing concern at

that date, the value of the equity is C(V (t,), M, T —t,).

(ii) For all 1 < i < n—1, conditionally on the firm still being operated as an ongoing

concern at date t,,_;, the value of the equities is

C; (V(tnfi)"i_P(V(tnfi)a M, Tt ), St i), tnﬂ.) e T tnini—tn) (¢, ) NI 0,

Proof: see appendix

The first part of this lemma simply restates the well-known result that, without any
operating decision considerations (after date ¢,, there is no pending scrapping dates), the
value of equity in a levered firm is the value of a call option on the firm with an exercise

price equal to the debt obligation. At an earlier date, equityholders also have the option
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to scrap the company before date 7. Our expression obtains by rearranging terms and
using the put-call parity formula. The intuition can be illustrated in the example of a
2 scrapping dates model: t; and t,. The value of equity at date ¢, (the last scrapping
date) conditionally on continuing at date ¢, is simply C(V(ty), M, T — t3). Notice that
equityholders will continue at date to if C'(V (ty), M, T —t5) > (S(ts) — Me "T*))* and
in particular, continuation will always takes place whenever S(t) < Me "(T=%) as the
value of a call is positive. The value of equity at date ¢; conditionally on continuing at

date t; is:
I, {e_r(tﬁl) ((C(V(tz), M, T —t5) — S(t2) + Me""(T‘h))Jr 4 S(ty) — Me""(T—h)ﬂ
which rewrites as (using the put-call parity formula):
C(P(V(t1),M, T —t,) +V(t1),S(t1), t1) + IEy, [6fr(t2*t1) (S(tQ) _ Mefr(TftQ))}

the formula given in the lemma. If they continue at date ¢;, equityholders know that
they will get at least S(ty) — Me"T=%)_ Indeed, if this is negative they will not scrap
at date ty and wait for V(7T) to realise as things can only get better from their point
of view. If this expression is positive, they can always obtain this payoff by scrapping

T*tQ)

at date t,. But they can sometimes do better by exchanging S(ty) — Me " against

IE,[(V(T) — M)*]. Hence, the value of equity if there is no scrapping at date t; is the
expected value of S(ty) — Me™""=%) plus the expected value of the exchange option which
allows equityholders to swap S(ty) — Me"T=%) for IE,[(V(T) — M)*] at date ¢,. The

first term of the formula represents the value of this exchange option.

,From this lemma and the assumption that the management team chooses the oper-

ating policy maximising the equity value, we are now in position to prove:

Proposition 2

(i) Assume the firm is financed with a zero-coupon bond maturing at date T with face

value M, then the value of the firm at date 0 is defined by the relation

v (V(0), 8(0),0: &1, -+, &) = Soe T8 4 &, (V(0), S(0),0: 1, -+ -, En)
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where

En ={P(V(t,), M, T —t,) + V(t,) > S(tn)}
and V1 <i<n-—1

Eni = {Ci(V(tn—i) + P(V(tn—i), M, T —t,_;), S(tn—s)), tn—i) > S(ta_i)}.

(ii) At each date t, ;, (for all 0 < i < n — 1), equityholders “too often continue” the

activity of the firm with respect to the first best rule.

Proof: see appendix.

Some comments are in order to illustrate the operating decisions of the equityholders
of a levered company. At the last scrapping date, equityholders simply compare the
value of their claim when the firm is closed, (S(t,) — Me ""=*))* with the value under
continuation. The value under continuation is the value of a call option on V with an
exercise price of M, as in Merton (1974). The expression for &, comes from the put-call
parity formula. Notice again that if the scrap value is insufficient to meet the discounted
debt obligation, (S(t,) < Me "(T=t))  then necessarily equityholders will prefer to keep
the option alive and therefore continue the firm’s activities. The exercise policy of the
equityholders of a levered firm at date n — 1 can be understood with the same sort of
thought experiment than the one we did in the unlevered case. Suppose that equityholders
were sure to scrap the firm at date t,,. Under this assumption, their expected payoff if
they continue at date ¢,_; is IF,,_ [(S(t,) — Me "T~))*]. From our previous remark,
this scenario is only possible under the hypothesis that equityholders consider as certain
that S(t,) > Mem(T=tr) otherwise closure will not occur at date t,. If they think so,
should they close the firm right now instead of waiting until the next possible date?
In a fashion similar to what happened for the all-equity firm, the net gain of an earlier
closure relative to a shut down at the next date remains equal to S(t, 1). This is again the
difference between S(t,_;)— Me™"("=t-1) and the discounted value of S(t,) — Me"(T—tn),
i.e. S(ty_q)e r=tn—tam1) _ Nfe=r(T—ta-1) Indeed, the present value of the debt obligation
is invariant to the date at which debt is repaid as it is simply the face value discounted at a

rate r. The second effect governing the scrapping decision is different from the one in the
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first best case because now the equityholders’ option is not to exchange S(t,) for V(t,)
but (S(t,) — Me"T=t)* for IE, [(V(T) — M)™*]. For instance, using the illustration of
Lemma 4 of a two scrapping dates case, equityholders continue at date ¢; if the expected
value of S(ty) — Me 7T plus the expected value of the exchange option which allows
equityholders to swap S(ty) — Me"T=%) to IE, [(V(T)— M)*] exceeds S(t;) — Me"(T—4),
Rearranging terms, using the definition of C; and the put-call parity formula, we obtain

&>. Same arguments can be used to illustrate the derivation of &,_;.

How do these operating decisions compare with the first best policy? At the last
scrapping date t,, the excessive risk taking behaviour of equityholders is easy to charac-
terise. In particular, as we have already mentioned, they will continue when the scrap
value is less than the present value of debt, regardless of the difference V' — S: in such
a case, stopping will force them to default while continuing keeps alive the chance that
they will be able to repay their debt and collect whatever is left. This is a very inefficient
decision rule if at the same time the current value V' (¢,) is much smaller than the residual
value. Such a case corresponds to an extreme form of gamble for resurrection. In fact, this
form of gamble will occur at any date ¢, ; when S(¢, ;) < Me"(T=tn;) 15 Byt even in
the alternative case, equityholders’ behaviour will exhibit excessive continuation (at least
weakly) compared to the first best policy, at every date ¢, ;. In addition to the effect on
the firm’s value, the operating policy also affects the expected cost for equityholders of the
debt repayment. If they close the firm when the scrap value exceeds the debt obligation,
equityholders fully bear the cost of repaying their debt (the probability of default under
such a scenario is zero). Keeping the firm alive allows them to decrease the cost the debt
repayment as a state of default may occur latter. Compared to the first best policy which
is only concerned with firm’s value maximisation, this effect tilts the optimal decision
towards more continuation. An important implication of this reasoning is that the debt
capacity is less than in the case where the operating policy would be the first best one.
As the firm’s value is higher with the first best policy while the equity value is higher
with the second best policy and as the sum of the debt and equity value equals the firm’s

value, necessarily the debt value is reduced. Hence, that implies that yield spreads are

15This is easily deduced from Lemma, 3.
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higher than what one would obtain when ignoring the agency conflict, i.e. assuming a

first best operating policy.

3.3 Comparative Statics

We now investigate how agency costs vary with leverage, time and the number of possible

scrapping dates.

How does the face value of debt affect the equityholders’ incentives to engage in ex-

cessive continuation? We deduce from proposition 2:

Corollary 2 The value of the agency costs associated with a zero coupon debt increases

with the face value of debt, M.

Proof: see appendix.

Comparing the first and second best operating sets, one observes that they only coincide
when M goes to zero and that the difference between the two increases with the leverage.
First a higher leverage makes it more likely that the discounted face value of debt exceeds
the scrapping value which leads equityholders to continue independently of the value of
productive assets. But even in the opposite case where the debt can be entirely repaid
if the firm is scrapped do we observe more excessive continuation when M gets larger.
Following the previous intuition according to which continuing is a way to reduce the
expected cost of repaying the debt, a higher leverage makes it even more valuable for
equityholders to continue as this motive is more important. Alternatively, one can say
that equityholders are more prone to take on risks as only substantial upturns are needed
for them to get some returns out of the company when M is larger. Hence, the model
predicts that agency costs and consequently yield spreads to be higher for firms with

higher levels of leverage.

Another question of interest concerns the evolution of agency costs over time. In
particular, it is often argued that risk-taking behaviour is more of a problem when the

firm gets closer to the debt maturity. Equityholders can have a better idea of the likelihood
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that they will be able to repay the debt and, in case the financial situation looks rather
difficult, may be more willing to engage in excessive risk taking. Note that in the case
0 > r, the answer to the question is very simple: at any date different from the last one,
we have seen that the firm’s operations are continued in the first best but this is also
true in the second best as S(t;) < 0. It is always optimal to wait until the last possible
scrapping date for making a decision. Indeed, there is no cost to keep the option to scrap
the firm alive until this last date'®. Not scrapping today for possibly scrapping the firm
at the last date can be viewed as an investment which yields an expected return of 4.
This is better than scrapping now and investing the proceeds in the riskless asset at a
rate 7. Whatever the number of scrapping dates, the only one which is relevant is the
last one and so agency costs are fully determined by the deviation of the operating policy
due to debt at this last date. Using optimal stopping representation, one can prove this
property still holds if the scrapping decision can be taken in continuous time. This result
can be seen as the symmetric of the one derived for instance in Dixit and Pindyck (1994)
page 148: under a risk neutrality assumption, if the riskless rate of return is less than
the instantaneous expected return of a project, the firm will be better off waiting and
will never invest. Of course, considering a continuous scrapping decision means that we
are concerned with the valuation of an American type exchange option. Explicit pricing
formula only exist for infinite maturity'”. Carr (1988) proposes to use the methodology
of Geske and Johnson (1984) applied to compound exchange options to approximate the
value of an American type exchange option with finite maturity. We simply note here that
the variational methodology we develop imply potential improvements of this numerical
procedure. If the operating policies coincide at n — 1 dates, there is however at the last
date excessive continuation. We can thus conclude that in this somehow degenerated
case, excessive continuation is possibly a problem only when the firm gets very close to

the maturity.

In the case 0 < r, simplifying slightly the model by assuming that the scrap value is

16The fact that ¢, < T introduces a cost of not scrapping at the last possible date: this option is then
irremediably lost. If ¢, = T, this cost also disappears and whatever the capital structure, the decision
taken at T is efficient.

7see for instance Gerber and Shiu (1996).
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deterministic, we can also show the following corollary of Proposition 2:

Corollary 3 The continuation policy chosen by equityholders of a leveraged company
(continue iff w; € &, ;) departs more and more from the first best policy (continue iff

w; € A*,_;) if and only if:
P(VSB M, T —ty_;_1) < PV M, T —t,_;)

where, ‘A/HSB s implicitly defined for all 0 <1 < mn — 1 by the relation:

—1

Ci(VIB L P(VSB M, T =ty ), S(ta—i)s tn_i) — S(ta_i)) = 0. (3)

Proof: see appendix

When only the current value is stochastic, both the first best and the second best
policies reduce to a simple threshold rule: continue at date ¢; whenever the current value
V'(t;) is high enough. Equation (3) characterizes the threshold of the current value of the
firm’s assets beyond which equityholders of a leveraged company choose to continue the
activity of the firm at date ¢,,_;. The proof of corollary 3 developped in appendix shows
that (i) the threshold chosen by the equityholders of a leveraged company is higher than
the one which would prevail in the absence of debt, (this clearly illustrates the excessive
continuation problem) and that (ii) the difference between these two thresholds, (that is
the evolution of agency costs), is simply governed by the evolution of the value of a put
option. Remark that since the value of a put is not a monotonic function of its maturity,

the evolution of agency costs is not fully explicit.

The next proposition characterises (in the general case) how the difference between
the first best decision rule and the second best one evolves with the number of possible

scrapping dates, n.

Proposition 3

(i) If the riskless interest rate is lower than the instantaneous return of the scrap value
of the firm’s assets (r < &) then the agency costs of debt are independent of n, the

number of possible scrapping dates.
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(i1) If the riskless interest rate is higher than the instantaneous return of the scrap value

of the firm’s assets (r > 0) then the agency costs of debt increase with n.

Proof: see appendix.

When 6 > r, we have seen that it is always optimal to wait until the last possible
scrapping date for making a decision. The number of scrapping pending dates is thus
irrelevant. When § < r, the second best as well as the first best may call for an early
closure. We know that the magnitude of the agency costs is given by the difference

between two compound options:
£,(0) = C,(V(0),5(0),0) — @,(1(0),S5(0),0; Ay, As, ..., Ay,). (4)

Adding a new scrapping date induces a new composition of the “initial” compound option-
s. Thus, both term of the difference (4) decrease when n increases. Our proposition says
that the second term of (4) decreases relatively more than the first term. The intuition
is simple: adding a new scrapping date does not introduce any new inefficiency in the
policy of the first best firm (by definition) while it does so in the second best. Moreover
these additional distortions cannot compensate for each other as they all go in the same

direction, i.e. excessive continuation.

We now investigate some possibilities to reduce these distortions.

4 Limiting Excessive Continuation.

4.1 The Role of Renegotiation.

In presence of inefficiencies, we may expect rational economic agents to renegotiate con-
tracts in a Pareto improving way. The contract theory literature has indeed emphasized
the importance of renegotiation when predicting the consequences of different contractual
arrangements. In a continuous time model with some exogenous bankruptcy costs, the
papers of Leland (1994), Leland and Toft (1996), Anderson and Sundaresan (1996), or
Mella-Barral (1999) have introduced the possibility that following a default, debtholders

and equityholders renegotiate the debt contract to limit these costs. These papers have
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shown how such a possibility creates a scope for strategic default and how it modifies for
instance the spread associated with defaultable bonds. However, the existence of signif-
icant direct bankruptcy costs, essential for these results, seems to be challenged by the
empirical evidence which typically concludes to an order of magnitude in the range of

3-5% of the firm value for these costs.

In our model, there is a role for renegotiation even when assuming that direct bankrupt-
cy costs are null. Indeed, renegotiation may occur to eliminate the (endogenous) agency
costs of debt. We start by studying the benchmark case where renegotiation takes place

without friction and at zero cost.

Suppose that at every date, the debtholders can get together and collectively offer
to pay an amount R; to the equityholders if they accept to close the firm at the next
scrapping date. The scenario in which they pay the equityholders for continuing is irrele-
vant because the previous section has shown that equityholders never engage in excessive

8

liquidation®®. What does the sequence of renegotiation offers look like and are agency

costs fully eliminated?
The minimum R; that equityholders will accept has to be such that their payoff when
closure occurs plus this extra transfer is equal to their payoff under continuation. Deriving

this amount and examining the conditions under which debtholders make such an offer

allows us to show:

Proposition 4

(i) Renegotiation occurs anytime the realisation of S and V' are such that the first best
policy calls for a shut-down while equityholders would continue without renegotiation.

Hence, excessive continuation is eliminated.

(ii) Compared to a world without agency conflicts, debt capacity is reduced.

Proof: see appendix

18We also need that debtholders never want too continue more often than equityholders would like
to. One can check that debtholders would choose an operating regime characterised by excessive closure
compared to the first best.
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The possibility of costless renegotiation eliminates the inefficiencies but is not equiv-
alent to a situation where agency conflicts would be inexistent. For a given face value of
debt, debtholders have to give up some payoffs if they want to renegotiate. Hence, the
existence of a potential conflict over the operating policy reduces the debt capacity. The
proof in the appendix assumes that debtholders give a transfer R, as small as possible. Of
course, if equityholders have the bargaining power they may force debtholders to greater
concessions which would reduce the debt capacity even more. Therefore, the results do

not depend on the respective bargaining powers.

The dynamics of the renegotiation offers are very simple: whenever the value of V' and
S are such that the first best would call for a closure at that date and that equityholders
are better off under continuation, renegotiation takes place. The renegotiation offer always
takes the same form: debtholders propose to stop the activity and accept to pay a transfer
to the equityholders for taking this decision. Therefore, a renegotiation strategy where
debtholders accept some excessive continuation at the beginning, knowing that they will
renegotiate latter on, is dominated. The first best is restored because renegotiation takes
place under symmetric information: as it is standard in contract theory, the absence of

asymmetric information guarantees that renegotiation reaches a Pareto efficient outcome.

As we said, the previous result should be considered as a benchmark, i.e. the outcome
in a world where renegotiation takes place at no cost whenever some inefficient decisions
are about to be taken. In practice, these conditions are unlikely to be fulfilled and one may
ask what sort of mechanisms could help implement this form of renegotiation. Assuming
that debtholders could be able to solve any coordination and free-riding problems when
making offers (i.e. supposing some sort of representative debtholders is delegated the
task to bargain with the equityholders), one practical mechanism would be to promise a
debt discount to equityholders as a reward for early closure. For instance, debtholders
could decrease the face value M to M such that equityholders have a proper incentive to
shut the firm down. Such a solution would require debt concessions which are both time

dependent and conditional on the current state of the world defined by V (¢,_;), S(t,—)-

This dependence on time and states of the world rules out the possibility to implement
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the first best by a contract which would specify a schedule of anticipated debt repayments
(equal to what the representative debtholder would offer to equityholders). Moreover,
one cannot design a debt contract which would induce an efficient shift of control, i.e.
a transfer of control to the party more likely to take a decision in conformity with the
first best rule. This is in contrast with the results obtained by Dewatripont and Tirole
(1993) who show that a debt contract can be optimally designed to induce the choice of
an appropriate abandonment decision. The difference lies in the dynamic and stochastic
structure of the models. The optimal arrangement in one state at one particular date is
typically not optimal at another date. Given the structure of the model, the contract will
have to be fine-tuned to have a chance to implement the first best. A simple debt contract
fails to achieve that because debt repayments cannot be contingent on the difference

between the current and the residual value of the firm’s assets.

When renegotiation is difficult to implement, different contractual arrangements can
help trigger it and can reduce inefficiencies. The design of debt covenants, the time profile
of coupons or the maturity structure are some key elements in that respect. The next
sections will analyse in more detail the last two possibilities but we briefly discuss here

the role of covenants.

The ideal covenant would specify that the firm should be closed whenever the first
best rule calls for a shut down. For instance, at date t,, this covenant should say that
the firm is closed if and only if S(#,) < V(¢,). As this example highlights, this sort of
covenant would require that a court of justice be able to verify both the value of V' and
S. When the residual value of the assets is difficult to determine without closing the
firm, the court may be unable to enforce such covenants. A common class of covenants
specifies some minimum net worth requirement. In our model, this would imply that
whenever v(t), the value of the firm at date ¢, is lower than a threshold v, bankruptcy is
triggered. Again, we cannot expect to implement the first best as such a cut-off rule is not
contingent on the difference V' (t) — S(t). Moreover, once they are in control, debtholders
do not choose an operating rule corresponding to the first best. The operating decision
which maximises the value of their claim typically exhibits too much conservatism. For

instance, they will immediately shut the firm down when S(t;) > Me™"("=%) | regardless
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of V(t;). Whether or not this type of covenant can increase the firm’s value depends on
the relative inefficiency of the equityholders’ operating regime compared to the one that

debtholders would choose.

4.2 The Role of Coupons

So far, we have limited our analysis to the case of a zero coupon. The objective of this
section is to remove this assumption and to analyse the consequences of the existence
of coupons on the agency costs. This is a question which can only be addressed in a
non-stationary model: can debt payments be allocated over time in a way which reduces

agency costs?

For tractability reason, we assume that there are two possible scrapping dates (¢; and
to) and that a coupon M; is paid at a date ¢; + 7 between t; and to (0 < 7 < ty — t;).
The rest of the debt M, is repaid at date T.

We suppose that to repay the first coupon, new equity is issued!?. Bankruptcy is
modelled as in Geske (1977)%: whenever new equity cannot be raised to repay the coupon,
the ownership of the company is transfered to debtholders. This implies that they are
now entitled both to the income rights and the control rights. In particular, they are in

charge of the operating decisions at any pending scrapping date.

We consider the case where total indebtedness is held constant, i.e. M;e" ™47 4
M, = M and we vary M; and M,. For instance, if M; = 0 or My = 0 we are back to a

zero coupon case. We can then show:

Proposition 5

An increase in My while keeping the total indebtedness Mye"T=t=7) L M, = M con-

stant, reduces the agency costs and increases the firm’s value.

Proof: see appendix.

19Tn that case, old and new equityholders are treated in the same way.
20gee also for instance Leland (1994)
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The introduction of a coupon affects the gamble for resurrection and the agency costs
in a non trivial way. Equityholders take different decisions at date ¢; and at date t,
and both are affected when M; increases. Moreover, the probability that debtholders, as

opposed to equityholders, are in control at date %, is also modified.

The somehow degenerated case 6 > r is useful for starting to illustrate the intuition
behind this last proposition. In that case, both decision rules, first and second best, call for
no scrapping at date 1. Consequently, equityholders always take the efficient decision at
date t;. The only concern is to reduce the agency costs coming from the operating decision
taken at date 2. Whether or not equityholders stay in control does not modify the effect.
Suppose they do: a higher coupon implies a lower M, and from corollary 2, a less distorted
continuation set. If now, bankruptcy is triggered at date t; + 7, debtholders are fully
residual claimants and continue at date ¢, if and only if it is efficient to do so. Notice that
one would like to increase the probability of bankruptcy in this scenario: equityholders,
contrary to debtholders, adopt a suboptimal operating strategy at date ¢, are less likely
to be in charge when M increases. Optimally, the debt should be a zero coupon bond
with a short maturity. In fact, this comes from the fact that bankruptcy reunifies the
different claims and put them in only one hand. The multiplicity of claimholders is the
root of excessive continuation: like an externality problem, equityholders do not take
into account the consequences of the continuation decision on debtholders’ claim value.

Following bankruptcy, this externality is internalised.

The case where 0 < r is more complicated but the previous conclusion is even stronger.
The first thing to remark is that again the operating policy at date ¢y is closer to the
first best one when M increases for the same reasons as the one just discussed. More
surprisingly, an increase in M; also reduces the departure in the operating policy from
the first best one at date ¢;. The reason is that an increase in M; at total indebtedness
constant reduces the value of equity conditional on continuation at date ¢;. There are
two effects to distinguish: first, if the operating decision at date ¢, was exogenously given,
paying a coupon decreases the value of equity under continuation at ¢; because it increases
the risk of default at ¢;+7: keeping M constant, increasing the coupon makes it more likely

that the firm will go bankrupt as in Geske (1979). But there is a second effect which is
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that the operating policy at date ¢, will also be modified. As emphasized in the discussion
of Lemma 4, the value of equity at date t; is composed not only by the scrap value net
of the debt repayments but also by the exchange option which allows equityholders to
swap at date to, (S(t2) — Mae "T=2))* for C(V (t3), My, T — t5). The value of this option
increases with Ms. An increase in M; with M constant implies a decrease in M, and
hence a reduction of this option value. This effect thus reinforces the effect due to default
risk to reduce even further the value of equity at date t¢; conditionally on not scrapping
at that date. However, the value of equity if scrapping occurs at that date is independent
of the allocation of coupons: the whole debt (with some proper discounting) becomes
due. As a consequence, the introduction of a coupon makes equityholders less willing to
continue at date £;. As there is excessive continuation compared to the first best, this is

a benefit of designing a debt contract with a coupon.

This reduction of the gamble incentives at date ¢; is however insufficient to fully
eliminate the excessive continuation problem. The reason is still that although the debt
becomes fully due if they stop at date ¢{, equityholders will repay it after having continued
at date ¢, only if the firm’s value if high enough. Hence, if they continue they reduce the
expected cost of repaying the debt, which compared with the first best tilts their decision

toward more continuation.

.JFrom the previous proposition, we deduce the following corollary about the debt

capacity:

Corollary 4 An increase in M, while keeping the total indebtedness Mye™ ™1 =7) 4 M, =

M constant, increases the debt capacity.

For a given operating policy, an increase in M; with M constant reduces the value of
equity (more precisely, it reduces the equity value if continuation takes place at ¢; and
leaves it unchanged otherwise). The previous proposition has shown that the firm’s value
increases, so for these two reasons the market value of the debt at date 0 is increased.
This result has some implications for the evolution of yields on defaultable bonds. Not
only the payment of coupons modifies the default risk but it also affects the “gambling

risk”. The reduction in agency costs impact positively on the debt capacity and hence
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reduces the spread with risk-free yields, compared to a model which ignores agency costs.

5 Conclusion

This paper has characterised the agency costs of debt due to excessive continuation by
equityholders in a continuous time environment. As such, it offers a dynamic extension
of so far mainly static models in corporate finance. The paper makes a step toward an
analysis of the magnitude of these costs by deriving a quasi-closed form for agency costs.
At a conceptual level, we have analysed how leverage distorts the operating decisions
taken by equityholders, given that the continuation decision has some option value in the
stochastic environment considered. We have also analysed the evolution of these agency
conflicts as time passes. Adopting a non stationary model has allowed us to address
questions like the optimal allocation of coupons over time and to investigate the sequence
of renegotiation offers made in equilibrium. We have shown that the agency costs can
be fully eliminated with renegotiation taking place anytime the second best policy differs
from the first best although compared to this first best world, the debt capacity is reduced.
The introduction of coupons also proved to be effective to limit excessive continuation.

Coupons now affect not only the default risk but also the “gambling risk”.
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Appendix

Proof of Proposition 1

Under risk neutrality, for a given continuation policy A;,---,A,, the value,
vn(V(0), 5(0),0; Ay, - -+, Ay,), of the firm at date 0 is
Un(V(O), S(O)a 0; Ala T An) = E[e_rtls(tl)(l - ][Al)]
+ Z E[eirtis(ti)(l - ZIAi)ZIAl U ZIAi—l]
=2
+E[6_rt”V(tn)1[Al - ﬂAn]-
This can be re-written under the form

v (V(0),S(0),0; Ay, -+, An) = e~ =018y {IEe~" (V(t) — S(tn)) Tasnna,

n—1

+ 3 Ee T S () g na -

=1

The proposition is then a direct consequence of lemma 1 and lemma 2.

Proof of Lemma 4

(i) is obvious

(ii) is proved by induction on i. For i = 1, under the continuation decision, the value
of the equities at date ¢,,_; is

I, [emtn=tn=1) max{(S(t,) — Me "T=tN* C(V(t,), M,T — t,)}]

= IE, _ [e" - max{S(t,) — Me"T=t) OV (t,), M,T — t,)}]

=B, [e" &t max{S(t,),V(t,) + P(V(t,), M, T —t,)}] — Me"(I'~tn-1)
= I, [e "t max{V(t,) + P(V(tn), M,T —t,) — S(t,),0}]

+S(tn_1)g*(7‘*5)(tn*tn—1) _ Mefr(T—tn_l)

= O (V(ty 1)+ P(V(ty_1), M,T —t, 1), S(tn_1),tn_1) + S(t,_1)e = tn=tas) _ Nfe=r(T=tn-1),
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where the first equality comes from the positivity of the price of a call option and the

second equality comes from the put-call parity formula.

Using the induction property and similar calculations as in the first part of the proof,
it is easy to see that the value fo the equities at date ¢,,_;,_; under the continuation policy
verifies the equality :

B, e im0 max{ (S(t,_) — Me~rT=tm) %,

Ci(V(tn—i) + P(V(tn—i), M, T —tn_;), S(tn—i), tn—s)
_|_6—(7"—5)(tn—i+1—tn—i)s(tnﬂ.) — Me—T(T—tn—i)}]

= Ci1(V(tn—izt) + P(V(tn—ic1), M,T —tp_i-1), S(tn—i—1)stn—i—1)

te =0 tni—tnic) (1, i 1) — Me (T —tniz1),

Proof of Proposition 2

For the first part of the proposition, we just have to prove that
Vi<i<n-—l1,
Eni = {Ci(V(tnei) + P(V(tpei), M,T — ty_y), S(tn—i), tni) > S(tas)}.
;From lemma 3 and lemma 4, equityholders decide to continue at date t,, ; (V1 < i < n—1)

if and only if

Ci(V(tni) + P(V(tni), M, T —ty, ), S(tn_i), tn—i)

e it G(¢, ) — Me "T 1) > S(t, ;) — Me Tt
or equivalently

Ci(V(tn_i) + P(V(tn_i), M,T —t,_), S(tn_i),tu_i) > S(tn_s).

The second part of the proposition can be proved by remarking that forall 0 < i < n—1
A . C &,_, as the value of a put is non negative. The property is obvious for i = 0.
For 1 < ¢ < n — 1, the inclusion is easily verified by induction on ¢z and by comparing at

each exercise date the payoff of the two compound exchange options which define the sets

A cand &, ;.
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This ends the proof.

Proof of Corollary 2

Corollary 2 is a consequence of the following lemma

Lemma 5 Let A; and Al two sequences of F;, measurable subsets for i = 1,n. Assume

Af C A, C Aj then
P,(V(0),5(0),0, A4y, ..., 4,) > ®,(V(0),5(0),0, 4], ..., A)).
Proof of Lemma 5
By induction on n: For n =1, since (A} — A;) N A} = 0, we have
®,(V(0), 5(0),0,.4}) — @, (V(0),5(0),0,4) = Ele "™ (V(t;) — S(t1)) Ly ] <0.

Suppose now the lemma true for n — 1.

®,(V(0),S(0),0, A1,y Ay) = e (@,_,(V(0), S(0),0 AQ,...,An)—S’(tl))]lAl]
> Ele " (®n1(V(0),5(0),0, A, .., AL) = S(t)) 14,
> Ele "™ (2,-1(V(0), S(0),0 ,A;)—S(tl))l&l]
+IE[e " (@, 1(V(0), 5(0),0, A5, ..., A7) = S(t1)) Lar, 4]
= Bl (®,-1(V(0),5(0),0 o AL) = S(th)) L]

= (I)n(V() ()70,A’17 v'A,n)

The first inequality comes from the induction assumption. For the second inequality,

simply remark that A"y — A; N A} = 0 and thus

(®n71(v(0)75(0)707~’4,2 . Al) ( ))ZTA’ A < 0a.s

Corollary 2 is then a direct consequence of assertion (ii) of proposition 2.

Proof of Corollary 3
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Assume the scrap value S being deterministic, using comparative statics results on
compound exchange option?' we verify that the continuation sets for the first best rule

and for the second best rule can now be re-written:

Af = {V(t,es) > VFBY, Y0O<i<n-—1,

Eni= (Vtn ) 2V28}, VO<i<n—1.
where, VB (resp. V5B) is implicitly defined for all 0 < i < n — 1 by the relation:

o PV =0,
where ©FB(V) = Ci(V,S(tni)s tnei) — S(tn—i). (resp. @ B(VSB) = 0, where
ePB(V) = Ci(V+P(V,M,T — ty_), S(tai), tn—i) — S(tns)).
With 6 < 7, we have:
0<VB <VIB  wo<i<n-—1.
We want to prove
VEB _VSB < VFB_ySE o p(VSB M T —t, ;) < P(VSB M, T —t, ;).

Using again monotonicity properties of the functions ¢!'? and 75:
VIR =V < V-
Pl BV =V + V) <0

)

VnF—B;—l - VnS—B'—l < P(VnS—Biv Ma T - tn—i)

)

)

PRV + POV M T — ) > 0

S O

P(‘?S—lz—la M: T — tn*ifl) < P(VnS—Bza M: T — tnfz')-

n

The second equivalence comes from the relation

i/ FB 17SB i7SB Q SB i7SB
Ci(vn—i—l_vn—i—1+vn—i7 S(tn*i% tn*i) < S(tnfl) = Cl(vn—z+P(Vn—z7 M7T_tn*i)7 S(tn*i% tn*i)'
' Throughout this proof we use the increasness of the price of a compound exchange option
Cn(X(t),S(t),t) with respect to the underlying price X (¢). Carr (1988) first proves this result for a

composition of two exchange options. A calculus based on our lemma 2 and on the envelop theorem
allows us to generalize the Carr’s result to the case of a composition of n exchange options.
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The last equivalence comes from the relation

@fﬁ(vns—lgq +P(‘7n53_1,M,T - tn—i—l)) = wfﬁ(vnsﬁ_l) = 0.

Proof of Proposition 3

(i) Simply remark that, from propositions 1 and 2, if r < ¢ then A*_, = &,_; = Q for all
1<i<n—-1.
(77) From lemma 1, corollary 1, propositions 1 and 2, we have
£n(0) = —IEle " (V (t,) — S(tn))ﬂ{sl m...msn}—{A;n..nA;}]
n—1 _
+ ; E[e_rtis(ti)ll{& m...mgi}—{Ajm...mAj}]-

We want to prove &,(0) — &,-1(0) > 0.

Remark that

() (E1N...NE)—(AN...NA) =A;N...NA, where A, 9e,— A vi<i<n

(11) ﬂAzﬂ...ﬂAi - IIAQQ...QAZ' = _1 v 2 S Z S n.

We deduce

&n(0) = &1 (0) = BBle™" (V(tn) — S(tn)) (Ta,n.na,-a,)]

n—1

- Z E[e_rtig(ti)(IIAQQ...QAZ'—AZ)] + E[e_rtl g(tj)llAl].

1=2

Now, let us introduce the measure Q" (resp. Q°) defined by its Radon-Nikodym

derivative with respect to the measure Q:

Q" V(T)

dQ — E(V(T))
(resp.

QS

dQ  E°(S(T))”
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A direct computation yields then :
fn(()) - §n_1(0) = %EQVI:‘Z[AQQ...QATL—AZ]

S
+Soe™ = E M pyn na, —a;, — Tasn.na,—a,]
n—2 S s
+ .22 Soe” O B (M aynnai—a, — Lasn.nan -4,
1=
—|—S()67(T76)t1 EQS[ZIAI] — S() ef(Tfa)tQ EQS[ZIAI + ZIAQ,AI].

To obtain the result, simply remark that:

(1) ﬂAQﬁ...ﬁAi*AI - ﬂ‘AQﬁ...Ai+1*A1 Z 0 a.s vg S 7/ S n— 1

(ii) e 0 > ==t and [F2° (5, > E? [fla, + La,_n,] = E2 [La,04,].

Proof of Proposition 4

Proof of part (i)

By backward induction on the scrapping dates t, ; we prove, for ¢ = 0,n — 1, that

renegotiation occurs at date ¢,_; iff the first best rule is not respected i.e:

Ci(V (tn-i), S(tn-i)stn—s) < S(tns)-
The proof is non technical and for seek of concision we only give the detail of the argu-

mentation for the renegotiation game at date ¢,,_;_;.

Thus, let us assume date ¢,, ; | is reached. When deciding whether or not they should
make a renegotiation offer, debtholders take into consideration the possibility that rene-
gotiation could occur at date ¢, ;, and so do equityholders when deciding upon accepting
an offer. Three events may happens at date ¢,,_;:

A,_; = { equityholders decide to stop the firm at date date t,,_; without renegotiation },
B, _; = { equityholders decide to stop the firm at date date ¢, ; following a

renegotiation },
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Cn—i = { equityholders decide to continue the activity of the firm at date date ¢,,_; without

renegotiation }.

More formally, using the induction assumption:

A, i = {C;(V(tn i)+ P(V(tni), M,T —t5, ), S(tn_i),tni) < S(tn_i)},

Bui= {Ci(V(tni)+ P(V(tn-i), M, T = tn_), S(tn—i), tn—i) > 5(tn-s)
and Ci(V(tn—i), S(tn—i), tn—i) < S(tn—i)},

Cosi= {Ci(V(tn-i),S(tn i), tn-i) > S(tai)}-
Suppose debtholders offer R,,_;_; to the equityholders against immediate closure. Eq-
uityholders and debtholders compare their payoff under renegotiation and their payoff
without renegotiation. Using lemma 4, a direct analysis shows that equityholders will
accept the offer iff:
IE, [e Ui tnait)(Cy(V (tn—) + P(V(tn—i), M, T — ), S(tn—i), tn—i)

n—i—1
et 0§ 1, ) — MDY (1 = Mg} + (S(ta ) = Me 000, )

<max{S(ty_i_1) — Me ™" T=tn—i=1) 0} + R, _;_,.
The best offer from the point of vue of the debtholders is of course the lowest R,,_; 1 =
R, _, , satisfying this equation. That is:

Ry i =1, e tnimtni0(Cy(V(ty i) + P(V(tni), M,T =ty ), S(tn—i), tns)

e D 0-D5 (1, ) = M=) (1= Ly, ) + (S(tai) = MeT00) 1)

—max{S(t,_i_1) — Me "T=tn—i=1) 0},
Debtholders compare their payoff under renegotiation and their payoff without renegoti-

ation. We deduce thus renegotiation happens iff:
min(S(ty—j—1), Me "=y — R,y > By, e i) (Me T T Iy

+(S(tni) = Ci(V(tn_i) + P(V(tni), M, T —tn_i), Sty i), tn_s) — e T tn—iti=tai) G (1, )
+MemT=tn=i)) 5

HCi(V(tn=i), S(tn—i)s tni) — Ci(V(tn—i) + P(V(tnoi), M, T — t5_3), S(tn—i), tn—i)

—e i) S (1, ) 4 Me T )
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Rearranging the terms of this last equation yields debtholders will renegotiate in the way

describe above if and only if:

S(tnic1) > By, [e"tn=i=tnim)(Cy(V (tps), S(tni)s tuei) — S(tni)) Lo, + S(tni)]

<~ g(tnfifl) > Cia(V(tn—iz1), S(tn—iz1), th—i—1)-

Proof of part ii)

We have to compare the expected payoff of the debtholders with what they would
get in the absence of any agency conflict. In both cases, the operating policy is given by
the first best rule, as shown in part (i). But, to induce the equityholders to choose the
efficient decision, debtholders have to pay R,_,_; when renegotiation occurs. Assume for

instance, at date t¢,,_; the event

{Ci(V(tni) + P(V(tnei), M, T —t_), S(tn_i), tn_i) > S(tn_s)

and Cz(v(tn—w S(tn—z)a tn—z) < S’(tn—z)}
occurs?? then the value of the debt at date t,,_; in presence of agency conflicts and interim
renegotiation is

S(tni) — Ci(V(tni) + P(V(tn_is M, T —t, ), S(tn_i),tn:)

—e~ =0 tn—iti=tn-i) S (¢, ;) + Me " (tnmtni),
In a world without agency conflicts, where a benevolent party would choose the operating
decision maximizing the total value of the claims, the payoff of a zero coupon if the same
event occurs would be min{S(t,_;), Me " Tt~} Using our lemma 3 and the put call

parity formula it is easy to see that
S(tn-i) = Ci(V(tn=i) + P(V(tn—i, M, T —tn_i), S(tn—i), tn—i)
—e~ =0 bn—iti=tn-i) S (¢, ) + Me " tn=tn=i) < min{S(t,_;), Me 7T —tn=i)},
We can check in all other state of natures at date ¢,_;, the expected payoffs of the

debtholders are the same in both cases (the conflict case and the one with agency conflicts

and interim renegotiation). Same arguments apply for other dates. This ends the proof.

22This event is exactly the event “ equityholders want to continue and this decision is inefficient.”
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B = {CV(ti+71) + PVt +7), My, T —t; —7), S(ty +7), ta —t, —7) >

Mefr(TftlfT) . S(tl + T)ef(rfé)(tzftlf'r)}'

where
C(V(tl + T) + P(V(tl + T), MQ,T — tl - T), S(tl + T), tz - tl — T)
denotes the price at date t; + 7 of the option to exchange at date to S(t3) for V(ts) +

P(V(ts), Mo, T — 1),

We now turn to the derivation of the continuation set £;. Using risk neutral valuation

we obtain:

£ = {Byle (BT (V(T) — Ma) Iy

+ eI (S (1) — Mae ™ TT2)F (1 — L)) — M) L)

’
2

> S(ty) — Me "Tt0Y,

£ = {Bule (B rle 7OV k), M, T — t5) = S(ts) + Mae ™" T1)) 1]

— My — Moe "I 4 S(ty)e T ] > S(ty) — Me T}

& = {Bule (B rle "D (P(V(t), My, T — 1) + V(b)) — S(t)) 1]

— Me7T=0T) 4 S(ty)e BT ] > S(ty) — MeTTTTY,

& = {B,[e(C(V(ti+7)+P(V(ti+7), My, T =ty =7), S(t1 +7), ts =t — 7)
— MeTrT=0=1) 4 §(ty)e @Y > §(4) — M-},
where
C(V(tl + 7_) + P(V(tl + 7_)7 M27T - tl - 7_)7 S(tl + 7_)7 Z52 - Z51 - 7_)

denotes the price at date t; + 7 of the option to exchange at date to, S(t2) for V(t3) +
P(V(ty), My, T — t3).

Now remark that, as the total indebtness M is held constant, the event 81 only depends
on M; € [0, Me "™~t1=7)] through the relation My = M — M;e" "=~ Comparative
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statics results give then the decreasness of the continuation decision set & in M;. More-

over, for M; = 0, one gets from lemma 3 and the put-call parity formula:
(C(V(ti+7)+P(V(ti+7), M, T—t,—7), S(t1+7), ta—t1—7) — Me 7T 177 4 S(t,)e 72y *
= (C(V(L+T)+P(V (ti+7), M, T—t,—7), S(t,+7), ty—t,—7) — Me"T=177) 1 G(t,)e7"(l2=0=7))
We then obtain:

E = {Ci(V(t)) + P(V(ty), M, T —t,),S(t1),t1) > S(t1)} = &i.

On the other hand, for M; = Me"T=") we have M, = 0 and thus P(V (t,), Ms, T —t,) =
0 which leads to
T = {C(V(h), S(t), 1) > S(t)} C €.

To see this last inclusion remark that:
A = {G(V(0),S(t), 1) > S(t)}

= {C1(V(t1),S(tr), t) — Me " T~ 4 S(t;)e =D=t) > g(p) — Me T}

= {E,[e " (C(V(t,+7), S(tL +7), ty —t; —7) — Me "T=1"7) 4 G(t,)e mll2=1=7))]

> S(t)) — Me "I}
C {E, e (CV({t+7), S(ty+7), tg —t; —7) — MeT" T80T 4 G(t,)e " 271=7))¥]

> S(t)) — Me~"(T=t},

Assertion (ii) is thus proved.

Following the notations of proposition 2, let define wy(V(0), S(0), 0; &, &, B), the firm
value at date 0 associated to the capital structure described in section 4.2. Let us denote

by B¢ the event “the firm is in bankruptcy at date ¢; + 77. A direct calculus shows

Lemma 7 The following holds

(i)
wy(V(0), 5(0),0;&,,€,, B)
= D,(V(0),5(0),0;&1, &) — Ble ™ (V(t2) — S(t2)) Iy e Ly _ 4]
= Dy(V(0),5(0),0; &, A3) + Bl (V(ts) = S(t2)) Lgr (1 — L) Lgr _ y.]-
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(ii) Let consider two sets B and B in Fy, ., satisfying B C B then:

wy(V(0), 5(0),0; &1, £, B) < wy(V(0),S(0),0; &, &, B)

We are now in a position to conclude the proof of proposition 5: Let M, M; two

coupons satisfying 0 < M, < M; < Me™"T=1=7) Let denote £ (M,), £,(M,), B(M,)
(resp: &, (M), &(M,), B(M,)) the “continuation sets” and the “no bankruptcy set”
associated to the capital structure described in section 4.2 where M, has to be paid at
date t; + 7 and M — M ,e"™4=7) has to be paid at date T (resp: where M has to be
paid at date t; + 7 and M — Me""=%~7) has to be paid at date T'). Clearly from lemma

6 we have:

(i) A7 C & (M) C (M) C &
(i) A5 C E(M,) C E(M,) C &,.

(iii) B(M,) C B(M,).

We then deduce

! ’

wz(V(0), 5(0),0; &, (M), &,(M1), B(M 1)) — wa(V(0), 5(0), 0. (M), Ex(M,), B(M,))

’ ’

> w2(v(0)75(0)70;gi(Ml)v‘gQ(Ml)aB(Ml)) - wZ(V(O)v5(0)70;gi(Ml)v‘gQ(Ml)aB(Ml))

= IEle7"(V(t2) — S(t2))(1 — Tieqr ) (gt w7 Lot 7y y—as — Loty et ary)— )]

+ @5(V(0), 5(0), 0; &, (M), A3) — D2(V(0), S(0),0; £, (M), A3) > 0.

Where the first inequality comes from part (ii) of lemma 7. Part (i) of lemma 7 gives
the equality. For the last inequality, simply remark that the relations & (M) C & (M,)

and A5 C (M) C (M) imply
e (V(t2) — S(t2))(1 = fseur ) (Lgr a7, Lt 37,y a3 — Legar,) Legar,)-a5)] = 0,

2

and that, from lemma 5, the difference
5(V(0), 5(0), 05 €;(M1), A3) — D2(V(0), S(0),0; (M), A3)
is also positive. The proof of proposition 5 is complete.
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