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Abstract

We examine a two-sided market where intermediaries compete to attract advertising from
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from consumers. In this way the intermediary fully internalizes the externalities between buyers
and sellers, which produces an efficient outcome. By contrast, when the market for information
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Efficiency can only be restored if consumers multi-home surely and intermediaries entry costs
are sufficiently low.
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1 Introduction

This paper presents an analysis of information intermediation in a two-sided market. Two-sided
markets are characterized by the existence of two groups of agents which derive gains from con-
ducting transactions with each other, like for example tenants and landlords, and the existence of
intermediaries which facilitate these transactions, like real state agents. Besides the housing market,
videogame platforms, internet portals or dating services are other examples of two-sided markets.
An important characteristic of two-sided markets is that the functioning of the market depends not
only on the total level of transaction costs jointly faced by the two groups of participants (price
level) but also on the particular allocation of those costs between them (price structure) (Rochet
and Tirole, 2004). The way rivalry in the market for information intermediation affects market
competitiveness and social welfare has recently attracted considerable interest (see e.g. Armstrong
(2004), Armstrong and Wright (2004), Caillaud and Jullien (2001, 2003), Gabszewicz and Wauthy
(2004) and Rochet and Tirole (2003, 2004)). This paper contributes to this line of inquiry by
examining a two-sided market where a single agent monopolizes the market for information and by
comparing it with the case of strategic intermediation. An important aspect of our paper is the
explicit modelling of the interaction between the two groups of participants in the market, which
enables us to better understand the implications of changes in the price level and in the price

structure. The details of our model are as follows.

There are three types of agents in the economy: intermediaries, firms and consumers. Intermedi-
aries, who own information platforms without which firms and consumers cannot find each other,
compete to attract firm advertising and consumer audience. Firms market a homogeneous product
and must advertise their prices in the intermediary platforms to reach consumers. Likewise, buyers
must subscribe to the intermediaries to access price information. The interaction between these
three types of agents is modelled via the following two-stage game. In the first stage, intermedi-
aries simultaneously choose their advertising fees for the firms and their subscription charges for
the consumers to maximize their profits. In the second stage, firms simultaneously choose where to
place their advertisements and which price to charge, while consumers decide which intermediary
to subscribe to. The market clears when each intermediary releases the price information it has

obtained from firm advertising to its subscribing consumers and transactions take place.

We first examine the case of monopolistic intermediation. For any given pair of (strictly positive)

!See Armstrong (2004), Evans (2003) and Rochet and Tirole (2003) for an extensive set of examples.



advertising and subscription fees, there are two equilibria in the continuation game. One involves
full consumer participation and the other only partial consumer participation; in both cases firms
do not participate fully and equilibrium prices are dispersed. In the equilibrium with partial
consumer participation, firms advertise more frequently as the fraction of subscribing consumers
increases; likewise, consumers’ expected utility is larger the more frequently the firms advertise
their prices in the intermediary. We find that partial consumer participation cannot be part of a
subgame perfect equilibrium (SPE). This is because otherwise consumer elasticity of participation is
positive, i.e., the fraction of subscribing consumers is increasing in the subscription charge. This is
due to the existing (indirect) network externalities between buyers and sellers. If consumers do not
participate fully, they must be indifferent between participating and not participating. An increase
in the consumer subscription charge, ceteris paribus, makes buyer participation less profitable;
to reestablish equilibrium firms must advertise more frequently, which can only occur if buyers
participate more often. In the unique SPE outcome of the game, the monopoly intermediary offers
free advertising space to the firms and extracts rents from consumers. In this way the intermediary
fully internalizes the network externalities present in the market, which yields an efficient outcome.
In spite of the monopoly power of the intermediary, and in spite of the market power of the firms,
the equilibrium is efficient because it entails full firm and full consumer participation as well as

marginal cost pricing.

We then turn to study the case of competing intermediation. In particular we start by examining a
market for intermediation services operated by two intermediaries where firms and consumers can
only use single-homing strategies. Our first finding is that there are continuation game equilibria
entailing full firm and full consumer participation. This implies that, for some advertising and
subscription fees, both groups of participants, firms and consumers, obtain positive surplus. This
differs from the monopoly case where firms do not participate fully and we now explain why this
happens. In the monopoly case firm competition is so intense that if firms did participate in the
market with probability one they would not cover their advertising costs. When the market for
information in controlled by rival intermediaries, firms can mitigate competition by randomizing
their advertising strategies in such a way that, even if they participate in the market with probability

one, the chance that they compete for the same consumers is relatively low.?

2See Galeotti and Moraga-Gonzélez (2003) for a model of strategic targeted advertising which delivers this kind

of result.



Our second finding is that a unique symmetric outcome where both intermediaries are active in
the market for information can be sustained as a SPE. The price level is lower than in the case of
monopolistic intermediation, and the price structure is different. In particular, both sides of the
market are equally treated and face identical positive fees. In equilibrium firms randomize between
advertising in intermediary A and in intermediary B and so do consumers with respect to their
subscription strategies. The market equilibrium exhibits price dispersion and firms and consumers
are left with no surplus. In spite of full firm and full consumer participation, the equilibrium is not

efficient due to a coordination friction.

Our final set of results concern strategic intermediation when firms and consumers can use multi-
homing strategies. We find that firm multi-homing alone cannot restore efficiency. The reason
is as follows. For an efficient outcome to be sustained in equilibrium, firms must multi-home
surely and consumers must participate fully. This is strategically viable only if advertising fees
are zero because otherwise firms would not be willing to multi-home with probability one. As a
result, competing intermediaries would make the bulk of their profits from consumers. This implies
that intermediaries would compete for subscribers in a Bertrand fashion, which cannot lead to
an equilibrium. Our second result here is that efficiency requires consumers to multi-home surely
and the intermediaries’ entry costs to be low enough. Seen together, the results on monopoly and
duopoly intermediation indicate that, often, there are excessive incentives to enter the market for

intermediation services.

Our paper is a contribution to the literature on two-sided markets. As mentioned above, these
are markets where two or more groups of agents conduct transactions which are facilitated by
intermediaries. In the classical literature on intermediation, intermediaries “make the market”
by choosing input bid-prices and output ask-prices to maximize their profits (see Spulber (1999)
and the references therein). Some authors have analyzed how intermediated exchange can arise
in search markets (see e.g. Gehrig (1993) and Yavas (1994,1996)). More recent papers include
Armstrong (2004), Armstrong and Wright (2004), Caillaud and Jullien (2001, 2003), Gabszewicz
and Wauthy (2004) and Rochet and Tirole (2003, 2004).3 These papers examine various kinds of
market structures in two-sided markets, including monopolistic intermediation as well as competing

intermediation, with single-homing and with multi-homing strategies. A common feature of these

3See also Nocke, Peitz and Stahl (2004) for a study of how different ownership structures of a monopolistic platform

affect its platform size.



papers is that agents on one side of the market meet agents on the other side of the market accord-
ing to an exogenously specified matching process. This formulation assumes away the conflicting
interests agents on one side of the market typically have to attract agents on the other side of
the market; in this sense, such formulation is inadequate for markets where one group of agents
supplies rival goods to the other side of the market, like in housing and labor markets. Our paper
models this interaction explicitly in a homogeneous product setting and this allows us to better
understand how intermediation affects the competitiveness of the product market. For example,
while Armstrong (2004) and Rochet and Tirole (2003) obtain the outcome of monopolistic inter-
mediation to be inefficient, we find that a monopolist can efficiently internalize the externalities
between buyers and sellers. Further, while Armstrong and Wright (2004) competing intermediaries
offer free subscription to buyers and get the bulk of their profits from sellers under single-homing,

our intermediaries treat the two sides of the market equally.

The paper most closely related to ours is by Baye and Morgan (2001).* This paper examines
the decisions of a monopolist gatekeeper to attract consumer subscriptions and advertising from
homogeneous product firms. An important difference with our paper is that in their model con-
sumers and firms are located in segmented markets, with one firm per location, so in the absence
of the intermediary firms and buyers can transact on their own. They show that the profit of the
monopolist intermediary is maximized when there is full consumer participation but only partial
firm participation. As a result, some transactions are not least-costly and the market outcome
is inefficient. Their result differs from ours and the reason is that in their model consumers can
buy locally at a price that is equal to the price the local firm advertises in the monopolist’s plat-
form. Indeed, if there were full firm participation, the local firm would charge a price equal to the
marginal cost and then consumers would prefer to buy locally rather than to pay subscription fees.
A second important difference is that while their paper focuses on monopolistic intermediation,
we also examine here how intermediary competition affects the competitiveness of homogeneous

product markets.

Our paper is also related to a recent literature on advertising in commercial media markets. In these
papers consumers derive utility from media consumption and the media bridge the gap between
sellers and buyers. Anderson and Coate (2003) analyze private and social provision of programming

and advertising in a market where sellers offer new products. In a related paper Dukes (2003) studies

“See also Baye and Morgan (2000).



private and social provision of advertising when sellers offer differentiated products. Gabszewicz,
Laussel and Sonnac (2001) and Gal-Or and Dukes (2003) present spatial models of broadcasting
competition and study the extent to which media providers differentiate their services between
them. Finally, Rysman (2004) structurally estimates network effects in a model where yellow page

directories compete to attract advertisements and readers.

The remainder of the paper is organized as follows. Section 2 presents the model we examine.
Section 3.1 studies the case of monopolistic intermediation. Section 3.2 examines a market with
two intermediaries when firms and consumers single-home. Section 4 focuses on multi-homing.
Section 5 concludes by summarizing our main findings. Some of the proofs have been relegated to

an appendix to ease the reading of the paper.

2 The model

We examine a two-sided market where intermediaries compete to attract advertising from firms and
audience from buyers. As an example, consider the case of newspapers or magazines as information
intermediaries. Sellers can reach consumers by placing advertisements in different newspapers so a
newspaper’ readership is a valuable good that intermediaries offer to firms. Likewise, consumers get
information about goods and their prices via the newspapers so advertising by firms is a valuable
good that intermediaries offer to consumers. As a result, newspapers compete in advertising fees
to attract firm advertisements and in subscription fees to attract readers. The real state market is

another example where our model fits well. We now present the model formally.

Consider a market for information services operated by two competing intermediaries, labelled A
and B. The two intermediaries compete to sell advertising space for firms by setting their advertising
fees ¢, j = A, B. Likewise, they compete to attract consumers by setting subscription fees &;,
j = A, B. This pricing scheme involving lump-sum fees is reasonable in situations where monitoring
transactions is quite costly.” An intermediary pure strategy is then a pair {¢;,x;}, j = A, B. We
assume that intermediaries incur fixed costs of processing information, denoted & > 0. This cost
can also be interpreted as an entry cost into the market for intermediation services. Let II; denote

the payoff to intermediary j, j = A, B.

"We follow Baye and Morgan (2001) in our formulation. See Armstrong (2004) and Rochet and Tirole (2003) for

a discussion of different pricing mechanisms.



On the supply side of the market there are (N >)2 firms producing a homogeneous product and
competing in prices to sell their products to the consumers.® Sellers produce the good at constant
returns to scale and their identical unit production cost is normalized to zero. We assume that
firms cannot sell their goods in the absence of a market for information so they have to advertise
their prices to be able to sell. Everything else equal, firms prefer to advertise their prices in the
intermediary with a larger audience. In one part of the paper we assume that firms cannot advertise
their products in both platforms, i.e., we restrict the analysis to the case known in the literature as
single-homing. In that case, a firm ¢ may thus decide to advertise her price either in intermediary
A, or in intermediary B, or, finally, not to advertise at all and stay out of the market. We shall
represent this set of pure advertising-strategies as E; = {O, A, B}, where O indicates the decision
staying out of the market. In Section 4 we allow for firm multi-homing strategies. In that case
the set of pure advertising-strategies becomes E; = {O, A, B, M }, where M indicates the decision
to advertise in both intermediaries A and B. A firm i’s advertising strategy is then a probability
function over the set E;. We will refer to )\3- as the probability with which a firm ¢ chooses action
j € E;. A firm ¢’s pricing strategy is denoted by a distribution of prices F;(p) accompanying
advertising decision j € E;. Let aé denote the support of F;(p) and let ﬁé- and Q;. denote the
maximum and the minimum price in a;-, respectively. A strategy for firm ¢ is thus denoted by a

collection of pairs {)\;-, F;}jeEi, i =1,2. Let Em; denote the (expected) payoff to a firm i, i = 1, 2.

On the demand side of the market, there is a unit mass of consumers. All consumers are identical
and are willing to pay v > 0 for one unit of the good. We assume that consumers initially ignore
the existence and the price of the goods so they cannot buy unless they get information from the
intermediaries. Everything else equal, consumers prefer to be members of the intermediary who
attracts more advertising. In the part of the paper where we only allow for single-homing strategies,
a consumer may thus decide to subscribe to intermediary A, or to intermediary B, or, finally, decide
to stay out of the market altogether. We shall represent this set of strategies as R = {O, A, B};
when allowing for multi-homing this set becomes R = {O, A, B, M}. A consumer subscription
strategy is a probability function over the set R. We will refer to pi as the probability with which

a consumer chooses action k € R. Let Eu denote the (expected) utility a consumer obtains.

Intermediaries, firms and consumers play the following two-stage game. In the first stage, inter-

mediaries simultaneously choose their advertising fees and their subscription charges to maximize

SFor simplicity, we will set N = 2 in our computations but no result really depends on this (see also footnote 15).



their profits. In the second stage, after observing intermediaries’ fees, firms simultaneously choose
where to place their ads and which price to charge while consumers decide which intermediary
to subscribe to. The market clears when intermediaries release the price information they obtain
from advertisers to their subscribing buyers and transactions take place. Our interest lies on the

characterization of subgame perfect equilibria (SPE). To solve for a SPE, we proceed backwards.

It is known that the existence of network externalities often leads to multiple equilibria. In this
connection, some important observations are in line. One, there are trivial continuation game
equilibria that we ignore in the remainder of the paper: in these equilibria firms and consumers
exit the market after observing any profile of advertising and subscription fees. Two, there are
strategies that can virtually sustain any outcome as a SPE; for example, to sustain a pair {d;, R}
as a symmetric SPE one can propose a continuation game strategy profile where a deviation from
{gﬁ, R} triggers the exit of firms and consumers from the market. This type of strategies are not
very interesting for several reasons: (i) they require quite a bit of coordination between agents with
conflicting interests, (ii) they can be ruled out using standard trembling-hand (perfectness) type of
arguments and (iii) they can be ruled out if intermediaries have already positive firm and consumer

bases. These type of outcomes are also ignored in the sequel.

3 Analysis

Our objective is to analyze the effects of intermediary competition in two-sided markets. The
analysis will also clarify the role played by information intermediaries in the competitiveness of
homogeneous product markets. We start by examining the benchmark case of a market for infor-
mation services operated by a monopolist. We show that, in spite of the monopoly power of the
intermediary, and in spite of the market power of the product sellers, the unique SPE of the game is
efficient. In equilibrium the intermediary subsidizes the firms to attract advertising and to increase
competition between sellers; this gives consumers large incentives to subscribe to the intermediary,

who in turn expropriates them by charging large subscription fees.

3.1 Monopoly intermediation

As a benchmark case, we examine here a setting where the market for information is operated by a

monopolist intermediary, denoted M. In this situation firms can either advertise in the monopoly



platform or stay out of the market, i.e., F; = {M, O}, i = 1,2. Likewise, consumers can decide to

subscribe to the intermediary or not at all, i.e., R = {M, O}.

Continuation game equilibria. We start by describing the market outcomes in the second stage

of the game. Let {¢, k} denote the monopoly intermediary strategy, 0 < ¢ < v, 0 < k < v. Then:

Proposition 1 There are two symmetric equilibria: one with full consumer participation and the
other with partial consumer participation. (i) The full consumer participation equilibrium takes
the following form: with probability Ay = (v — @) /v, firms advertise in the monopoly platform

a price p randomly chosen from the set oy = [p,v] according to the price distribution Fyr (p) =

_ _¢ v—p.
1 v—¢ p

with the remaining probability Ao = 1 — Ayg, firms stay out of the market. Consumers
subscribe to the intermediary with probability 1. (ii) The partial consumer participation equilibrium
takes the following form: with probability Aay = (upv — @)/ parv, firms advertise in the monopoly

platform a price p randomly chosen from the set oy = [#%,v] according to the price distribution

Fy(p)=1-— uﬂ4if¢>%; with the remaining probability \o = 1 — Apg, firms stay out of the market.
)

v(1—4/k/v)

Consumers subscribe to the intermediary with probability py = . These equilibria exist

for all ¢ and k satisfying 0 < ¢ <v and 0 < k < (v — @)% /v.

Proof. The proof is in the Appendix.

This Proposition shows that equilibria in the continuation game are characterized by partial firm
participation and either full consumer participation or partial consumer participation. In the
first case, consumers obtain positive utility while in the second case they are indifferent between
subscribing to the intermediary and exiting the market. An interesting feature of these equilibria is
that they exhibit random advertising and random pricing: for any ¢ > 0, firms advertise their prices
with probability less than 1 because otherwise competition would drive prices down to marginal
costs and they would not be able to pay the advertising fee. As a result, a firm is alone in the
market with strictly positive probability, which implies that a pure strategy pricing equilibrium does
not exist. The product market thus exhibits price dispersion. In equilibrium a firm is indifferent

between advertising and not advertising at all so it obtains zero profits.

It is interesting to pay some attention to the (indirect) network externalities that arise in this
setting. The (expected) payoff to an advertising firm equals Em = (1 — Aps)puarv — ¢, while the
(expected) utility a subscribing consumer obtains is Eu = )\?\41) — K (see the proof of Proposition

1 in the Appendix). Thus, everything else equal, firm profits increase as the fraction of consumers



who subscribe to the monopolist intermediary rises; likewise, everything else equal, the utility a
consumer obtains from subscribing to the intermediary rises as firms advertise more frequently.

These two implications are typically imposed by assumption in the literature on two-sided markets.

Our analysis explicitly models market interaction and this leads to a different result. In particular,
firms always obtain zero profits in the continuation game equilibrium so an increase in the number
of subscribing buyers has no effect on firm profitability. This is because an increase in the fraction
of consumers who subscribe to the intermediary boosts firm incentives to advertise, which increases
firm competitiveness and in turn decreases firm profits. By contrast, a different result appears when
we look at the buyer side of the market. In the equilibrium entailing full consumer participation,
a buyer’s utility increases as more firms are on the other side of the market. The gains to the
consumers are related to two facts. One, the more frequently firms are present on the other side of
the market the higher the probability a buyer gets served; two, the more frequently firms advertise

in the market, the lower the prices they charge.

Subgame perfect equilibrium. We now move to the first stage of the game. The monopoly
intermediary, anticipating the continuation game equilibria, chooses the pair of advertising and

subscription fees {¢, k} to maximize its profits. The profits of the intermediary are:

2
16,8 = 63" () o0 = AP+ g = = 2 o — B
=1

We first show that a SPE with partial consumer participation does not exist. Suppose consumers
stay out of the market with strictly positive probability in the continuation game equilibrium.

Then, by Proposition 1, the equilibrium fraction of consumers who subscribe to the intermediary

. _ b
15 1y v(1—4/k/v)

elasticity of consumer demand for participation in the platform is strictly positive! This is somewhat

. We note that this amount is increasing in the subscription fee x, i.e., the

surprising and we explain now how this result relates to network externalities. In the continuation
game equilibrium, buyers are indifferent between subscribing to the intermediary and staying out
of the market; therefore, it must be the case that Fu = A?wv — k = 0. Ceteris paribus, an increase
in k yields negative utility to consumers. To reestablish equilibrium firms must advertise more
frequently, which can only occur if the fraction of subscribing consumers increases (by Proposition
1, Ay = 1—=¢/parv). We also note that the fraction of consumers who subscribe to the intermediary
is increasing in the advertising fee ¢. The reason for this result is somewhat related. Ceteris paribus,

an increase in ¢ decreases the frequency with which firms advertise their product, which yields

10



negative utility to the consumers. To reestablish equilibrium firms must increase their propensity
to advertise, which again can only happen if the fraction of subscribing consumers rises. Plugging

the expression for ujys into (1), the profits of the monopoly intermediary are equal to

9 ¢ _
KMV v(1 —+/K/v)

We note now that this payoff is strictly increasing in &, for all ¢, which follows straightforwardly from

(¢, k) = 2(1 — ——)¢ + kpns — € = 2(v/K/v) + &

3

the observations above: an increase in k increases buyers’ demand for accessing price information
war and also sellers’ demand for advertising Aps. It is easy to see that s reaches 1 earlier than

An reaches 1 as we increase x; as a result, a SPE must involve full consumer participation.

Consider then that pps = 1. In this case the problem of the monopolist intermediary is

)+ —e) )

(v—9)°

v

max{II(¢,xk) = 2(1 —
(b?K
subject to K <

Since the consumer demand for information is inelastic, the intermediary has an incentive to con-

tinue increasing its charge x till the constraint is binding. As a result, the problem in (2) reduces

to
2
U —
mae{11(¢) = 21 - 2o+ =00 ) Q0
¢ (% v
and setting Kk = % Note that the subscription fee charged to the consumers decreases as ¢

increases. This is because an increase in ¢ reduces the frequency with which firms advertise their
prices in the monopoly intermediary, and this decreases consumer willingness to pay for information.
Note also that the elasticity of firm demand for advertising is negative. The first order condition
of the problem in (3) is

dll 2 2(v —9) 2¢

g 7 i -9
d¢ ( ’U) v U<’

which implies that the intermediary’s profits are strictly decreasing in ¢. As a result:

Theorem 1 In a monopolized market for information the unique outcome which can be sustained
as a SPE takes the following form: The monopolist intermediary sets an advertising fee ¢* = 0
and a subscription fee k* = v. Firms enter the market with probability 1, advertise a price equal to
the marginal cost and obtain zero profits. Consumers subscribe to the intermediary with probability
1, buy a product surely and obtain no utility. In equilibrium the monopoly intermediary obtains a

profit Il = v — € and the market outcome is efficient.
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We would like to mention three issues here. First, the result in Theorem 1 extends straightforwardly
to the case where N firms operate in the market and to the case where consumers hold identical
elastic demands.” Second, the efficiency result contrasts with the results in Armstrong (2004),
Rochet and Tirole (2003) and Baye and Morgan (2001). In our model the elasticity of consumer
demand for participation is positive while the elasticity of firm demand for advertising is negative.
As a result, the monopolist can efficiently internalize the externalities between buyers and sellers by
decreasing the advertising fee and increasing the subscription charge, which maximizes participation
and thus welfare. Third, the fact that monopolistic intermediation yields an efficient outcome is
something that can only arise due to the two-sided nature of the market. To see this, suppose that
consumer behavior were exogenous. Then the monopoly intermediary would maximize profits by
setting an advertising fee ¢ = v/2. As a result, the product market would be characterized by
random advertising and price dispersion, which implies that consumers would not buy with strictly

positive probability and a dead-weight loss would result.®

The role of market competition: To clarify the role of firm competitiveness on intermediary fee-
setting decisions, consider a modified version of the model above where firms market independent
products. Assume that consumers are willing to pay v for each of the products for which they see
advertisements. In this case it is straightforward to see that the intermediary’s price level is the
same as before but the price structure is completely the opposite to that in Theorem 1, i.e., the
monopolist intermediary would set an advertising fee ¢* = v and a subscription charge x* = 0. The
reason is that an advertising firm will always advertise the monopoly price v and thus no consumer
would be able to pay any strictly positive subscription fee. Given this, the intermediary gives free

access to consumers and extracts all rents from the firms. This outcome is also efficient.

3.2 Competing intermediation.

Consider now that the two intermediaries A and B operate in the market for information and
compete to attract firm advertisements and consumer audience. For the moment, assume that firms
and consumers use single-homing strategies, i.e., a firm advertises its price in a single intermediary
platform and consumers subscribe to just one of the intermediaries; later in Section 4 we discuss the

case of multi-homing. Of course, firms and consumers shall choose the most attractive intermediary.

"The proof of this result is available from the authors upon request.
8For details of these derivations see Galeotti and Moraga-Gonzslez (2004).
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We concentrate on describing equilibria where both intermediary platforms are active.”

Continuation game equilibria. Next, we characterize firms’ equilibrium advertising strategies
and buyers’ subscription decisions for any given profile of intermediaries’ advertising and subscrip-
tion fees. It turns out that the payoff function of each intermediary does not depend on firms’
pricing behavior but only on their advertising strategies; therefore, we will only provide the equi-
librium firms’ advertising decisions in the main text and relegate the details about firms’ pricing

behavior to the appendix.

It is enough to characterize equilibria for the region of parameters where the inequality ¢4/pua <
¢p/up holds; equilibria for the complementary region follow by symmetry. The next Proposition
shows that there are four equilibria: one with full firm and full consumer participation, one where
firms and consumers participate only partially, one with full firm but partial consumer participation
and one where consumers participate fully and firms do so only partially. An interesting feature
of the continuation game equilibria is that firms advertise some times in intermediary A, some
times in intermediary B, and randomize their prices in all cases. In particular, firms advertise
more (less) frequently and charge lower (higher) prices in the, ceteris paribus, more (less) profitable

intermediary.

Proposition 2 (1) There exists a single symmetric equilibrium where Ao + Aa + Ap = 1 and
o + pa + pp = 1; in particular with probability \; = 1 — % firms advertise in intermediary

J a price randomly chosen from an atomless price distribution Fj(p),j € {A, B}, and consumers

subscribe to intermediary j with probability p; = v_%,j € {A, B}. If this equilibrium ezists
J

advertising and subscription fees {(¢a,k4), (¢B,kB)} satisfy: (i) pa/pa > v — dp/up (Ao > 0);

(ii) (9a/(v = vka)) + (¢B/(v — \/vkB)) <1 (ko = 0)

(1) There exists a continuum of symmetric equilibria where Aaz+Ap =1 and po+pa+pp = 1;

Hjv—Gjtd s
(1-po)v

in particular with probability \; = firms advertise in intermediary j a price randomly

chosen from an atomless price distribution Fj(p),j,7" € {A,B}, j # j', and consumers subscribe
to intermediary B with an arbitrarily chosen probability up, to intermediary A with probability

A = (#BU_QSBH—:ZA)M + ¢A;¢B and stay out of the market with probability po =1 — pas — pp. If

this equilibrium exists advertising and subscription fees {(¢a,k4), (¢B,kB)} satisfy: (1) da/ua <

v—o¢p/up (Em* >0); (i) (\/kp + /Ea) (v — ¢ + ¢4) < v\/kp (Lo > 0).

91t is obvious that there also exist two equilibria where only one of the intermediaries is active; these equilibria

are characterized as in Theorem 1.
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(I11) There exists a single symmetric equilibrium in which Ag + Ap = 1 and pa + pup = 1;

P«jU*¢j+¢j/
v

in particular with probability \; = firms advertise in intermediary j a price randomly

chosen from an atomless price distribution Fj(p),j,j’ € {A, B}, j # j', and consumers subscribe to

. . . . —k.+k; i— .
intermediary j with probability p; = - 5; ! +¢J U¢J ,

J,3' € {A, B}, j # j'. If this equilibrium ezists
advertising and subscription fees {(¢pa,ka), (0B, kB)} satisfy: (i) da/pa <v— ¢p/up (Ex* >0);
(i) Njv — rj > 0,5 € {A, B}, (Eu* >0).

(1V) There ezists a single symmetric equilibrium where A\o +Aa+Ap =1 and ps+pp = 1; in
particular with probability \; =1 — % firms advertise in intermediary j a price randomly chosen
from an atomless price distribution F;(p),j € {A, B}, and consumers subscribe to intermediary A

with a probability pa solution to

(papn — dppa)(ps(pav — da) + palupy — ép))
2 2
HAHBY
If this equilibrium ezists advertising and subscription fees {(pa,ka), (¢B, kB)} satisfy: (i) pa/pa >
v—0p/up (Ao >0); (ii) )\?v —r; >0,j € {A, B}, (Eu*>0).

=0 (4)

KB — RA —

Proof. The proof is in the Appendix.

The proof of this proposition proceeds as follows. We first rule out all pure advertising strategy
profiles, symmetric and asymmetric using simple price-undercutting arguments.!® We then note
that a firm equilibrium requires sellers to allocate strictly positive probability to advertising in
intermediary A and to advertising in intermediary B. Moreover, we see that if the per consumer
advertising fees are relatively high, firms cannot obtain positive profits in equilibrium and thus
allocate positive probability to staying out of the market. These firm equilibria are accompanied
by either full consumer participation or partial consumer participation. In all cases consumers also
employ a mixed strategy: they allocate strictly positive probability to subscribing to each of the
intermediaries. The existence conditions reported in Proposition 2 are those that are useful in
the analysis that follows; the rest of the conditions for existence of each type of equilibrium are

relegated to the appendix.

We would like to highlight the fact that, in the presence of competing intermediaries, firms can

obtain positive profits in the continuation game, as opposed to the monopoly intermediary case

0T here is an asymmetric continuation game equilibrium that we ignore because it only exists when the number of
firms is equal to the number of intermediaries. In such equilibrium, one firm advertises in one intermediary and the
other firm advertises in the other intermediary; consumer markets are segmented and each segment is monopolized

(see footnote 15 in the appendix).
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where firms just break even. The reason for this result is that firms, by advertising in different
intermediaries, can target their ads to different sets of customers; this mitigates competition in
the product market because the probability firms end up competing for the same consumers is

relatively small.'!

For each of the continuation game equilibria described in Proposition 2, the (expected) payoff to a
firm can be written as Em; = (1 — A\j)u;v — ¢, and consumers’ (expected) utility is Fu = )\?v — Ky,
j € {A, B}. Once again we see that the nature of market interaction is important to understand
the impact of the (indirect) network externalities. Consider a firm advertising in intermediary j; an
increase in the fraction of consumers who subscribe to platform j results in greater profits for the
firm only if firms obtain positive profits in the continuation game equilibrium, otherwise its profits
remain constant. That is, we see that the payoff to an advertising firm is not necessarily increasing

in the fraction of subscribing consumers.

Subgame perfect equilibrium. We now examine intermediaries’ decisions. Each intermediary,
anticipating firms’ and consumers equilibrium behavior in the continuation game, takes the rival
intermediary’s strategy as given and chooses its advertising fee and its subscription charge to

maximize its profits. The (expected) payoff to intermediary j = A, B is given by:

2
T (), hijs s Kimj) = &5 D <2> 2N = N ()T 4 kg (1) — & = 205 () + k() —€

; 1
=1
Our first result in this Section is that for intermediaries to maximize their profits, it must be the

case that all consumers participate in the market.

Proposition 3 A subgame perfect equilibrium with partial consumer participation does not exist.

Proof. We prove this result by contradiction. First, suppose that the strategies {(¢4,x4), (¢B,kB)}
are part of a SPE where in the continuation game firms and consumers play strategies satisfying
Ao +Aa+Ap=1and po +pa+pup =1, A\j,u; >0, j = A, B,O. From Proposition 2 it follows
that po =1—¢a/(v — /kav) — ¢B/(v — \/kBV), which is monotonically decreasing in ¢4 and in
K 4; moreover, the equilibrium payoff to, say, intermediary A can be written as

VEAU PakA
v

Iy =204 +
U — \/KAU

"This observation is robust to consumer and firm multi-homing; see Galeotti and Moraga-Gonzalez (2003) for a

model of strategic targeted advertising.
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This payoft is strictly increasing in ¢ 4 and « 4, which implies that the condition po > 0 is eventually

violated.

Consider now that the strategies {(¢a,k4), (¢B,kp)} are part of a SPE where firms obtain positive
profits and consumers do not participate fully, i.e., Aa +Ap =1, \; >0, j = A, B, and po + p1a +
up = 1, uj > 0, j = A,B,O. In this case, Proposition 2 tells us that there is a continuum of
equilibria in the continuation game. For a given pup the probability with which consumers stay out
of the market is uo = 1—pup — (up/Kav —pp+¢da)/(v—/kav), which is monotonically decreasing
in ¢4; moreover, the payoff to, say, intermediary A equals

VEAV n UB\/KAV — OB +¢AﬁA

v v — /KU

Since this payoff is strictly increasing in ¢4, the condition up > 0 is eventually violated. B

Iy =2¢4

— &

This result arises for two reasons. The first is that, similarly to the monopoly case, the elasticity
of consumer demand for participation in platform j is strictly positive. This is also true for the
elasticity of firm demand for participation in platform j with respect to ;. The second reason is
that subscription fees charged by the competing intermediaries are strategically independent. Thus,
when the subscription fee of one intermediary changes, say x4, consumers vary their probability
with which they subscribe to intermediary A and the probability with which they stay out of the
market in a way that the remaining probability is unaltered. We now present our main result in

this Section:

Theorem 2 In a duopolistic market for information the unique symmetric outcome which can be
sustained as a SPE with two active intermediaries is as follows: Intermediaries set advertising fees
¢% = ¢ = v/4 and subscription fees K% = K = v/4. With probability 1/2, firms advertise a
price randomly chosen from the set [v/2,v] according to the price distribution F(p) =1— (v—p)/p
in intermediary A, and with the remaining probability they do so in intermediary B. Consumers
subscribe to intermediary A with probability 1/2 and to intermediary B with probability 1/2. In
equilibrium each intermediary obtains a profit Il = 3v/8—¢, firms obtain zero profits and consumers

obtain no utility. The market outcome is inefficient and the dead-weight loss is equal to v/4.

This result shows that there is a single symmetric outcome where both intermediaries are active in

the market that can be sustained as a SPE.'? As mentioned above, there are two other monopoly

12This outcome is ‘unique’ in the sense explained above in Section 2. Many other strategy profiles can be sustained

16



equilibria, one where all transactions take place in intermediary A and one where firms and con-
sumers all go to platform B. Monopoly equilibria require firms and consumers all to coordinate their
actions and advertise in and subscribe to the same intermediary. In our view, this is not a likely
outcome in the presence of competing intermediaries. The reason is that firms do indeed prefer
not to advertise where other firms do advertise, in this way relaxing competition between them.
This attempt by the firms to relax competitiveness is exploited by the competing intermediaries to

survive in the market.!?

In the equilibrium where both intermediaries are active, firms and consumers are equally treated
and both groups of market participants pay positive fees. They participate in the market with
probability one, but their rents are fully extracted by the competing intermediaries. A feature
of the outcome is that it is inefficient. The inefficiency arises out of a coordination problem.
Even though both groups of participants enter the market with probability one, the fact that they
randomize their advertising and their subscription decisions implies that there is a strictly positive
probability that firms and consumers do not meet to conduct transactions. This inefficiency result
follows straightforwardly from the fact that neither firms nor consumers can employ multi-homing
strategies. In the next Section we argue that market inefficiency is a likely outcome also with

multi-homing possibilities.

4 Discussion: multi-homing

In the analysis above we have assumed that neither firms nor consumers can multi-home. It is
clear that the inefficient outcome we have obtained in the presence of competing intermediation
is intimately linked to this assumption and we would like to explore how robust this result is to

multi-homing.

Our first remark is that, given the intermediaries’ advertising and subscription fees in Theorem 2,
neither firms nor consumers wish to unilaterally deviate by multi-homing. The reason is that, given
the other group of participants’ strategies, a group of agents is indeed indifferent between the two
intermediaries and derives zero expected payoff in equilibrium; as a result, multi-homing gives also

zero expected payoff to the deviant group.

as a SPE with strategies prescribing firms and consumers to exit the market after deviations; however, those equilibria

would easily be ruled out if, for example, intermediaries had existing firm and consumer bases.
13Monopoly equilibria are also subject to the criticism in footnote 12.
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Our second observation is more important since it states simple conditions under which there cannot

be efficient equilibria even if we allow for multi-homing strategies.

Proposition 4 An efficient symmetric outcome where both intermediaries are active in the market
cannot be sustained as a subgame perfect equilibrium if one of the following holds: (i) only firms

can multi-home; (ii) both groups of participants can multi-home and € > v/4.

Proof. We prove this result by contradiction. (i) Suppose first that only firms can multi-home.
We note that two requirements are needed for an equilibrium outcome to be efficient: one, firms
must multi-home with probability one and two, consumers must participate fully. If this were so,
it is readily seen that firm behavior must involve marginal cost pricing. As a result, advertising
fees must be zero because otherwise firms would not be able to cover their advertising costs. Since
consumers do not care which intermediary to subscribe to, intermediaries must engage in Bertrand
competition for consumers. As a result, consumers subscription charges must also be zero. However,
this cannot be sustained as an equilibrium since intermediaries would not be able to cover their
operational cost € > 0.

(ii) Suppose now that both groups of participants can multi-home. We have three cases here.
Suppose first that both groups of agents multi-home with probability one. Unless consumer sub-
scription fees are zero, this cannot be part of an equilibrium because given that all firms multi-home
surely, a consumer has no incentive to multi-home. The same reasoning applies to firms: if all con-
sumers multi-home with probability one, a firm does not have an incentive to do so unless advertising
fees are zero. As a result, only if all advertising and subscription fees are zero, both groups of par-
ticipants will surely multi-home; however, this cannot be sustained as an equilibrium as explained
above. Suppose secondly that firms multi home with probability one and consumers multi-home
with probability less than one. Then the same reasoning as in (i) applies here. Suppose finally that
consumers multi-home with probability one and firms do so with probability less than one. Since
firms participate fully, pricing must be competitive. As a result, advertising fees must be zero in
equilibrium. In the continuation game, firms may be playing one of the following strategies: (a)
advertise in one of the intermediaries with probability one, or (b) randomize between advertising
their prices in intermediary A, in intermediary B or in both intermediaries at the same time. It is
clear that strategy (a) is not compatible with consumer multi-homing unless subscription fees are
zero, which leads us again to the reasoning in (i) above. Suppose firms play strategy (b). Using

the notation above, this strategy must satisfy Aq + Ap + Ay = 1, where A\py > 0 is the probability
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with which a firm advertises in both intermediaries. The equilibrium payoff to a (multi-homing)
consumer is simply v — k4 — kg since he/she buys with probability one and pays the marginal cost.
The payoff if the consumer deviates by, say, subscribing only to intermediary A is (1 — )\QB)’U — KA,
which is always less or equal than 3v/4 — k4 in symmetric equilibrium. As result, to sustain this
equilibrium consumer subscription charges must be lower than v/4, which is incompatible with the

fact that intermediaries operational costs ¢ are greater than v/4. B

Proposition 4 shows that the market failure that arises out of coordination frictions between the
two groups of participants continues to hold if only firms can employ multi-homing strategies and
advertise their prices in both intermediaries. This happens if, due to time constraints, consumers
read just a single newspaper or magazine per day, as it seems to be often the case. The reason is

that efficiency would only obtain if all fees were zero, which cannot be sustained in equilibrium.

A necessary condition for an efficient outcome is then that consumers can multi-home. If they
subscribe to both intermediaries surely, firms won’t do so with probability one. The reason can
be explained in terms of a free-rider problem: given that consumers multi-home with probability
one, a firm has no reason to multi-home since it can access all consumers by advertising in a
single intermediary. As a result, an efficient outcome can only be sustained if consumers multi-
home surely and firms do so only from time to time. In that case, Proposition 4 shows that when
intermediaries’ operational costs are sufficiently large such an equilibrium is not strategically viable.
If one interprets these costs as entry costs, our results point to excessive incentives to enter the

market for intermediation services.

5 Conclusions

This paper has examined a two-sided market where intermediaries compete to attract advertising
from firms and audience from buyers. Firms sold homogeneous products, competed in prices and
had to advertise in the intermediary platforms to attract consumers. Consumers had to subscribe
to the intermediaries to receive product and price information. In the benchmark case of monopoly
intermediation, we saw that the elasticity of firm demand for advertising was negative while the
elasticity of consumer demand for information was positive; as a result the intermediary maximized
profits by granting free advertising for firms and by charging consumers positive fees for accessing

price information. In SPE all firms charged the competitive price, all consumers subscribed to the
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information platform and the intermediary extracted all the rents from the buyers. Monopolistic

intermediation thus yielded an efficient outcome.

We then examined strategic intermediation in such a two-sided market. In contrast to the monopoly
case, we saw how intermediary competition meant an equal treatment of both sides of the market.
Moreover, platform competition led firms and consumers to allocate themselves across intermedi-
aries randomly, which gave rise to a coordination friction in the market and a market failure with
its associated fall in social welfare. Even though the analysis under platform competition was done
assuming that neither firms nor consumers could multi-home, we proved that market inefficiency
is likely to remain when allowing for multi-homing strategies. In particular, we found that equilib-
rium must necessarily be inefficient if only firms can multi-home. Moreover, if the costs of entry
in the market for intermediation are relatively high, then equilibrium must be inefficient even if
all participants can multi-home. Taking together, the results under monopoly and under duopoly

intermediation thus point towards excessive incentives to enter in the intermediation market.

6 Appendix

Proof of Proposition 1. Suppose firms believe that a fraction puys € (0, 1] of consumers are active
in the market. Given ¢ € [0,v), the characterization of firms’ equilibrium behavior presented in
Proposition 1 is due to Sharkey and Sibley (1993). We now turn to the consumers’ side. Given
firms’ behavior, for an equilibrium either (i) pp = 1 or (i4) po + pav = 1, with ppr € (0,1). We
start by considering the full consumer participation case, i.e. puy; = 1. The expected utility to a

consumer from subscribing to the intermediary is:
FBu; (ppy = 1) = A3, (v — E[minpy, po]) — 200 (v — Ep]) — &

where E denotes the expectation operator. Using the optimal firms’ pricing behavior described in

the Proposition 1, we obtain that:

2
EU(MM:U:)\?WU—K:W—H

I . " e (v—p)?
In equilibrium a consumer must obtain (weakly) positive utility, i.e. x < *=—"-.

We now turn to the case of partial consumer participation, i.e. po + up = 1, with ppr € (0,1).

Similar computations as those for the previous case reveal that if a consumer subscribes to the
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monopolist intermediary he obtains an expected utility:

(parv — ¢)°

EU(MM:1):)\?V['U—/§: 5
Hagv

— K

Since consumers stay out of the market with positive probability, for an equilibrium it must be the

case that:
(arv — ¢)°

—k=0

p3v
Solving this equation for y5; and imposing the condition pps > 0 yields p}, = ¢/v (1 — \/Ii/’l)) .
Finally to establish existence of this equilibrium we must check that u3, < 1, which holds if and

(v=¢)

2
only if £ < *=—=-. This completes the proof of the Proposition.H

Proof of Proposition 2 Let ¢4 and ¢p be given and assume, without loss of generality, that
da/pa < ¢p/up. We focus on symmetric equilibria where consumers subscribe to each of the
intermediaries with strictly positive probability, i.e. puo + pa + up = 1, where pa, up € (0,1) and
uo € [0, 1).14 Our first observation is that an equilibrium where firms use symmetric pure advertis-
ing strategies does not exist. Indeed, suppose firms advertised with probability 1 in intermediary j,
i.e. \; =1, j=A,B. Then a standard undercutting argument implies that firms would set a price
equal to the marginal cost and therefore they would obtain negative profits. An equilibrium where

firms stay out of the market with probability 1, i.e. Ao = 1, does not exist for obvious reasons.'®

Second, we examine symmetric mixed advertising strategy profiles. We claim that in equilibrium
Aj >0, j = A, B. Suppose, on the contrary, that Ao + A; = 1, A\;,A\p > 0, for some j = A, B. If

this were an equilibrium, firms would obtain zero profits and then a firm would gain by deviating

14%We note that if either s = 1 or up = 1 there exists a symmetric continuation Nash equilibrium which takes the
same form of the full consumer participation equilibrium presented for the monopoly case in Proposition 1. Similarly,
if either o + pa = 1 or po + pp = 1 there exists a symmetric continuation equilibrium which is the same as the

partial consumer participation equilibrium presented in Proposition 1.
15\We also note that asymmetric pure advertising strategies cannot be part of an equilibrium. To see this note

that a strategy profile where one firm stays out of the market with probability one cannot be part of an equilibrium.
Therefore, the only possibility is that Ay = 1 and A, =1 (or A = 1 and A% = 1). If this were an equilibrium, each
firm would advertise the monopoly price, i.e. pYy = p% = v. This profile can certainly be sustained in equilibrium
but it is special in the sense that the number of firms is equal to the number of intermediaries. It is readily seen
that when N > 2, such situations can no longer be part of an equilibrium because firms, say, other than 1 and 2
would have an incentive to enter the market by advertising a price slightly lower than v and advertise it in one of the

intermediaries.
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and advertising the monopoly price in intermediary j° # j. This implies that in equilibrium

A+ A+ Ao =1, with Ag, A > 0 and A\p > 0.

Thus, we have four equilibrium candidates: (I) A\o + A4 + Ap = 1 and po + pa + pp = 1, (II)
MmtAp=land po+pa+up =1, (III) Aa+Ap=1land pa+pup =1, IV) Ao+ a+Ap =1 and
ua + pp = 1. When analyzing each of these candidates we first keep consumers’ behavior as fixed
and analyze the optimal firms’ behavior. In the second step we endogenize consumers’ behavior.

Finally, we determine the equilibrium existence conditions.

(I) Suppose that Ao + Aa + Ap = 1 and po + pa + up = 1. Denote a firm’s strategy as s' =
{(\js F5(p)) }jeqa,B,0y where Aa, Ap, Ao, are given in Proposition (2,I), and Fj (p) and 05, j = A, B
take the following form:

1—XNjv—p
FJ(F) = 1= >\.] p
J

N

()

In equilibrium it must be the case that Em;()\;,p;s7%) = 0 for any p € oj, j = A, B; it is easy
to check that these conditions hold if and only if firms use the strategy profile s* specified above.
Further, since firms randomize over all possible actions, it follows that no firm wants to deviate

from the strategy.

We now endogenize the consumers side. The utilities to a consumer who subscribes either to A or

B are respectively,

Eu(pa=1) = N (v— Ep,[min{p,p2}]) +2x4 (1 = Xa) (v — EF, (p)) — ka (6)

Eu(pup=1) = Ay (v— Epg[min{p1,p2}]) +2A5 (1 = Ap) (v — Ery (p)) — k5 (7)

Using the expression (5) we easily obtain that for any j = A, B :

1-) . 1
Ep. = 11
() = v n g

' 1— ) 1=, 1
EFj [mln{pl’p2}] — % )\j J <1 _ )\j J 111 1— >\J> (9)

where Ep;[min{pi,ps}] is the expected minimum price or a random sample of size 2 from F;. We

can then rewrite expressions (6) and (7) as follows:

Fu(pa=1) = v)j—ka

Bu(pup=1) = v\, —kp



Since consumers stay out with some positive probability, for an equilibrium to exist it must be
the case that Eu(pu; =1) = 0 for any j = A, B. Solving this system and imposing the additional
conditions that p; < 1, for any j = A, B, we obtain that:

We now analyze the parameter region {¢;, x; }j: AB for which this equilibrium exists. This amounts
to determine {¢;, r;};_, p for which A; € (0,1), p; € (0,1) and Fj (p) is well behaved for any
j=A,B,0. It is easy to check that all these conditions are satisfied if and only if: (i) Ao > 0 <~
pa/pa = v —dp/pp and (ii) po >0 <= (pa/(v — \/vka)) + (¢B/(v — vkp)) < 1.

(II) Assume that Ag + Ap = 1 and po + pa + pp = 1. Denote as s' = {(\;, F(p))}jeqa,p}, where
A, Ap are given Proposition (2,II), and Fj (p) and o0, j = A, B take the following form:

1—Xv—p
Fjp) = 1-—— 5
J

g; = [)\j/’U,’U], j’:A,Band ]/7&]

(10)

In equilibrium it must be the case that Em;(\;, p; 57%) = Apuav — ¢p for any p € oj,j=A,B;it
is easy to check that these conditions hold if and only if firms use the strategy profile s’ specified

above.

We now endogenize the consumers’ side. The utilities to a consumer who subscribes either to A or
B take the same form as expressions (6) and (7), respectively; further, the expressions for Er, (p)

and Ep,[min{p1, p2}] are also like those in (8) and (9). Thus, it follows that:

FBu(pa=1) = v)i—ka

FBu(pup=1) = v\4—kp

Similarly to case (I), since consumers stay out of the market with strictly positive probability for
an equilibrium we require that Eu(p; =1) = 0 for j = A, B. An examination of this system of
equations reveals that there are infinite solutions and that, fixing pup, Eu (u; = 1) = 0for j = A, B,

if and only if:
(1Bv = ¢B +04) VK4  da— 05

U\/KB v

We now analyze the parameter region {¢;, x;} J=AB for which this equilibrium exists. It is easy

to check that there are two relevant conditions: (i) En* >0 <= ¢a/ua < v — ¢p/up and (ii)

po >0 <= (VEB+ Ea)(uBv — ¢ + da) < v\/kB
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(IIT) Assume that Aq + Ap = 1 and 4 + pup = 1. Denote as s* = {(\;, F(p))}jeqa,p}, where Ay,

Ap are given in Proposition (2,III), and F} (p) and oj, j = A, B take the following form:

1-Xjv—p
Fj(p) = 1- )\.] p
J

oj = [Ajv,v], j'=A Bandj #j

(11)

In equilibrium it must be the case that Em;()\;,p;s™") = Apuav — ¢p for any p € g, j = A, B.

These conditions hold if and only if firms use the strategy profile s* specified above.

We now endogenize the consumers’ side. Similarly to cases () and (1) just analyzed, the expected

utilities to a consumer who subscribes either to A or B are respectively:

Bu(pa=1) = v\ —ka

Fu(up=1) = v)\% —kp

For an equilibrium, it must be the case that a consumer is indifferent between the two subscribing

actions, i.e. Fu(us =1) = Fu(up =1). That is,
vy — kg =005 — KB
This condition is satisfied if and only if

) j7jI:A7B7 j#]l

V— Ki + K ¢._¢,,
1 = J J+ ]vj

2v

The relevant conditions for existence are: (i) En* > 0 <= ¢a/pa < v — ¢p/pup and (i)

Eu* >0 <— /\?v—ﬁij.

(IV) Finally let us assume that A\o+Aa+Ap = 1 and pa+pp = 1. Denote as s = {();, Fj(p)}iera,ny
where Ao, A4, Ap are given in Proposition (2,IV), and Fj (p) and o;, j = A, B take the following

form:

1—Xjv—p
F](p) = 1= )\.] p
J

oj = [Ajv,v], j'=A Bandj #j

(12)

In equilibrium it must be the case that Em;(A;,p;s7%) = 0 for any p € 0, j = A, B. These conditions
hold if and only if firms use the strategy profile s’ specified above. Further, since firms randomize

over all possible actions they cannot deviate profitably.
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We now endogenize the consumers’ side. Again here we obtain that,

FBu(pa=1) = v)i —ka

Fu(up=1) = v)\4 —kp

and for an equilibrium

vy — kp = V)% — kB

The solution of this equation is a value u4 € (0,1) such that condition (4) holds. It is easy to see
that under some parameter restrictions there is a solution to this condition. For example when
k4 = kp the unique pg € (0,1) which solves condition (4) is pua = ¢4/ (¢4 + ¢p) . Similarly to
the previous cases, the relevant conditions for existence are: (i) \o >0 <= ¢4/ua >v—dp/up

and (i1) Eu* > 0 <— v)\? — kj >0, j = A, B. The proof of Proposition 2 is now complete.ll

Proof of Theorem 2. This proof is structured in two parts. We first prove that the symmetric
outcome given in the Theorem can be sustained as a SPE. Then we prove uniqueness in the sense
explained in the main text of the paper.

We start by proving that the strategies provided in the Theorem are a SPE. Our first remark is
that Proposition 2 shows that, for equal advertising and subscription fees, the above firms and
consumers strategies constitute a mutual best-response; therefore, firms and consumers do not
want to deviate. In what follows, we show that no intermediary has an incentive to deviate from
the above strategy profile. To show this we examine the continuation game equilibrium a given
deviation leads to and its consequences for the payoff of the deviant. In proving this Theorem we
will make use of Proposition 2 repeatedly; we will refer to the different continuation game equilibria
given in Proposition 2 as equilibria I, II,III and I'V. If a deviation by one player does not lead
to any of these continuation game equilibria, we assume that consumers and firms stay out of the

market altogether.

One, consider that intermediary A deviates by decreasing ¢ 4. Then it can easily be seen that, in
continuation game equilibria I, 11 and 111, the profits of the deviant decrease as ¢4 falls. For
example in I the payoff to the deviant is HdA = 2¢4/Ra0/v + ¢paka/(v — \/KaV), which falls
if ¢4 decreases; and similarly for 11 and III. Consider now continuation game equilibrium IV
we note that this equilibrium cannot be reached after the deviation. This follows from noting,
first, that ¢4/ = v — ¢p/up for the proposed strategies, and, second, that, since the consumer

subscription fees are equal, 4 = ¢a/(¢a + ¢p) and thus p4 decreases (and so pup increases) as
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¢4 falls. As a result, both ratios ¢4/pua and ¢p/up decrease, which implies that the condition

da/a > v — ¢dp/up gets violated. This proves that the deviant does not gain by decreasing ¢ 4.

Two, consider that intermediary A deviates by increasing ¢ 4. This deviation cannot be followed by
the continuation game equilibrium I because the condition pp > 0 would be violated. This follows
from noting, first, that for the equilibrium candidate po = 0 and, second, that p4 increases as ¢4
rises while pup remains constant if firms and consumers play I. A similar consideration applies to
the continuation equilibrium /7. Further, firms and consumers cannot play equilibrium 771 because
firms would not be indifferent between advertising in intermediary A and in intermediary B. This
follows from noting that an increase in ¢4 increases 4 (and so decreases pp) while leaves A4 and
Ap unchanged so the equilibrium condition E7* = (1 — Ag)pav — ¢4 = (1 — Ap)upv — ¢ would
be violated. Finally, consider that firms and consumers contemplate playing equilibrium 'V after
the deviation; in this case, since an increase in ¢4 reduces A4 and since at the equilibrium outcome
candidate Fu* = A4v — k4 = 0, then consumers would face negative utility. As a result, if the
deviant increases ¢4 firms and consumers stay out of the market altogether and the deviation is

not profitable.

Three, consider that the deviant decreases k4. Using Proposition 2 it is not difficult to show
that in all equilibria of the continuation game the payoff to the deviant falls as x4 decreases.
For example consider continuation equilibrium [/71. The payoff to the deviant would be Hfg =

(204 + Kka)(v—Kp+Kka)/20+ (a4 — ¢B)ka/v, which decreases as k4 falls.

Four, suppose now that the deviant increases k4. This deviation can neither be followed by con-
tinuation equilibrium I nor by I1 because the condition uop > 0 would be violated. Suppose now
that firms and consumers contemplate playing either equilibrium I11 or IV after the deviation.
In both cases consumers must be indifferent between subscribing to intermediary A and to B so
the condition Fu* = )\1241) — KA = )\QB’U — kp > 0 must hold. Note that for the proposed strategies,
)\QBU — kg = 0. Since an increase in k4 decreases Ap, it follows that consumers would get negative

utility. As a result, intermediary A cannot gain by increasing its subscription fee k4.

Since the strategy of the intermediaries is twofold, we must also check that no intermediary has an
incentive to deviate by changing its advertising fee and its subscription fee at the same time. So, to
complete the proof, we now examine what happens if the deviant decreases both ¢4 and k4. In the

continuation equilibrium I, the payoff to the deviant is Hff, = 20A/FAV/V+ Paka/(v— \/KADV) SO &
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decrease in both ¢4 and k4 is clearly not profitable. The same argument holds in the continuation
game equilibria I'T and I71. Take now the continuation game equilibrium V. In this case, equation
(4) reveals that if k4 falls, it must be the case that ¢paup — ¢pua > 0 for the consumers to be

indifferent between intermediaries, which is impossible.

Consider next that the deviant decreases ¢4 and increases k4 at the same time. For the proposed
equilibrium strategies ¢4/ua = v — ¢p/up. If this deviation is followed by the continuation game
equilibrium 7, since players strategies satisfy ¢;/u; = v—/r;v,j € {A, B}, the condition ¢4 /pa >
v — ¢p/up would be violated. If the deviation is followed by the continuation equilibrium I7 or
111, we note that Ap would decrease and since at the equilibrium candidate Eu* = )\QB’U —kp =0,
consumers would obtain negative utility. We now take up the case where the continuation game
equilibrium is I'V. Here we note that an increase in k4 tends to increase A4 and decrease Ap so
the utility condition is violated; however, a decrease in ¢4 increases A4 and increases Ag, which
can reestablish the utility condition. Since decreasing ¢4 decreases the profits of the deviant (this
follows from examining the derivative dI1%/dp4 for Ag4 > 1/2), it follows that the best deviation
consists of decreasing ¢4 and increasing k4 in such a way that Fu = 0. We now claim that this
deviation violates the condition ¢4/ > v — ¢p/up, or Ag + Ap < 1. Suppose, on the contrary,

and that this inequality holds. Then it must be the case that

D da _ dp dig
dkg  dpa — dpa  dra

(13)

Since Fu = 0 must hold, we get

dsa  doa
dha dAa\
274 <d - m) !

If these two conditions hold, then condition (13) is violated. As a result, if a player deviates by

decreasing ¢4 and increasing k4, firms and consumers would stay out altogether.

We now examine what happens if the deviant increases both ¢ 4 and k4. This deviation cannot lead
to continuation game equilibria I or I1 because the condition up > 0 would be violated. Consider
now the continuation game equilibrium I71. Since an increase in ¢4 leaves A4 and Ap unchanged,
while an increase in x4 increases A4 and decreases Ap, again the utility condition would be violated.
The same applies in the continuation game equilibrium IV. As a result, this deviation leads to the

continuation game where firms and consumers stay out with probability one.
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Finally, suppose the deviant increases ¢4 and decreases 4. In equilibrium I, ¢;/p; = v—,/vK;, j €
{A, B}, which implies that the condition ¢4/pua < ¢p/up would be violated. A similar argument
rules out equilibrium I7 after the deviation. Consider now continuation game equilibrium I11. As
shown above, the indifference condition for the firms would be violated. Finally considering I'V we
can use again equation (4) to argue that if k4 falls, it must be the case that ¢aup — ¢pppa > 0
for the consumers to be indifferent between intermediaries, which is impossible. Thus, also in this
case consumers and firms get out of the market after the deviation. Since we have shown that any

possible deviation is not profitable, the first part of the proof is now complete.

We now turn to show that this is the unique symmetric outcome which can be sustained as a SPE
in the sense explained above. Consider any ¢4 = ¢p = ¢ # v/4 and k4 = kp = k # v/4. Our
first remark is that if {¢, k} is an interior point of the regions labelled above as I, I, I1I or IV,
then intermediary A gains by increasing slightly either ¢4 or k4. This follows from the arguments
presented in the first part of the proof. The second observation is that if {¢, x} are such that the
existence conditions (i) and (i7) given in each continuation equilibrium I, II, IIT or IV bind, then
¢ = k = v/4, which constitutes a contradiction. For example, assume that ¢ and k are such that
firms and consumers play continuation equilibrium (I); suppose also that both conditions (i) and
(74) bind fro the proposed ¢ and k. If this were the case then uys = up = ¢/ (v — \/vk) and the
fact that conditions (i) and (i7) bind would imply that ¢ = k = v/4. A similar argument holds for
the other continuation game equilibria. To complete the proof, we now examine whether pairs of
strategies {¢, k} for which one of the two existence conditions in the different continuation game

equilibria I, II, IIT or IV is binding.

First, assume ¢ and « are such that we are in equilibrium I; we have two possibilities. (I,) Suppose
condition (i) binds while condition (ii) does not. It is easy to see that a marginal increase in ¢4
increases i1 4 and leaves A 4 unaltered. This implies that the payoff to intermediary A increases as ¢4
increases. To complete the argument, we note that an increase in ¢4 leaves condition (i) unaltered
because in equilibrium ¢;/p; = v — VVEj, j = A, B. Thus, there exists a profitable deviation for
intermediary A. (1) Assume that condition (i) does not bind, while condition (i) binds. We note
that if intermediary A slightly increases x4, both p4 and A4 increase, which implies that the profit

of intermediary A goes up. We also note that as x4 increases condition (i¢) no longer binds.

Second, assume ¢ and x are such that firms and consumers play the strategies prescribed by

continuation game equilibrium /7. We have again two cases. (II,) Suppose that (i) binds, while
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(ii) does not. An increase in k4 leads to an increase in py4, while A4 remains constant; thus,
intermediary A gains from such a deviation. We now observe that if k4 increases marginally
condition (i) does not bind anymore. (II;) Assume now that condition () does not bind, while
condition (7i) binds. We note that if kp increases then pp stays constant and Ap increases; thus,
intermediary B gains from this deviation. To complete we note that since ¢4 = ¢ = ¢, condition
(1) can be written as \/kapupv — \/kpv (1 — up) = 0; thus if xkp increases then condition (ii) no

longer binds.

Third, assume ¢ and x are such that we are in equilibrium I71. Two cases must be distinguished.
(II11,) Suppose that (i) binds, while (i7) does not bind. We make two observations here: one, that
the profit of intermediary A is increasing in ¢4; two, that as ¢4 increases then both conditions
(7) and (i) are unaltered. The latter follows by noting that as ¢4 increases then A4 and A\p stay
constant; the former follows by noting that in equilibrium ¢4/pus = Apv — (Aavus)/pa + éB/pa
(this follows from the fact that firms must be indifferent between advertising in A and in B), which
implies that as ¢4 varies ¢p/up + ¢4/pa remains unaltered. (I11,) Suppose now that (i) does not

bind, while (77) binds. It is readily seen that the argument presented in (I11,) applies also here.

Fourth, assume ¢ and k are such that firms and consumers play equilibrium V. Again there are
two cases to consider. (IV,) Suppose that (i) binds, while (i7) does not bind. We start by noting
that if k4 = kp = k then the unique solution to condition (4) is u4 = ¢4/ (¢4 + ¢p) . Therefore
the expected profit of intermediary A is II4 = % (v—a—éB) P+ Kkada/ (da+ ¢p). Taking the

derivative with respect to ¢4 yields

OMa/0pa = —4da/v+2 —2¢p/v+ kadp/ (ba + ¢5)°

Since condition (i) binds it must be the case that ¢4 = v/2 — ¢p. Using this fact it follows that:

OMA/0da = 2¢p/v + dkadp/v> > 0

Thus, intermediary A gains by slightly increasing ¢ 4. We now observe that since in equilibrium
ua=¢a/ (pa+ ép), if pa goes up ¢pa/ua and ¢pp/up also increase, which implies that condition
(7) no longer binds. (IV}) Suppose now that (i) does not bind, while (i) binds. Also in this case

if k4 = kp = Kk the unique solution to (4) is ua = ¢4/ (¢4 + ¢p) and therefore

A

2
HA:;(U_¢A—¢B)¢A+/€AM
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Further, since condition (iz) binds, it follows that in equilibrium

ka=(v—da—¢p)°/ v

Which implies that:

ba
My = ————(v—9a— +da+
A Gaton)v (v—¢a—¢B) (v+da+ ¢B)
_ pav  Pa(Pa+¢B)
(pa + ¢B) v
Taking the derivative with respect to ¢4 yields
Ola _ ¢85  (20a+¢5)
0ba  (¢pa+dp)° v
and if we evaluate this derivative at the proposed equilibrium, i.e. ¢4 = ¢ = ¢, we obtain:
oIl 2 —12¢?
Ola gy v = 1207
Opa 4ov

where the inequality follows by noting that since condition (i) does not bind then ¢ > v/4. This
implies that decreasing ¢4 increases the profit of intermediary A. It is now enough to note that
as ¢4 decreases both A4 and Ap increase, which implies that condition (i7) no longer binds. The

proof of the Theorem is now complete. B
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