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Abstract

We introduce a wavelet-based model of local stationarity. This model en-
larges the class of locally stationary wavelet processes and contains processes
whose spectral density function may change very suddenly in time. A notion
of time-varying wavelet spectrum is uniquely defined as a wavelet-type trans-
form of the autocovariance function with respect to so-called autocorrelation
wavelets. This leads to a natural representation of the autocovariance which
is localised on scales. We propose a pointwise adaptive estimator of the time-
varying spectrum. The behaviour of the estimator is studied in homogeneous

and inhomogeneous regions of the wavelet spectrum.
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1 Introduction

The spectral analysis of time series is a large field presenting a great interest from
both theoretical and practical viewpoints. The fundamental starting point of this
analysis is the Cramér representation, stating that all zero-mean second-order sta-

tionary processes Xy, t € Z may be written
X = / A(w) exp(iwt)dZ (w), teZ, (1.1)
[777771-)

where A(w) is the amplitude of the process X; and dZ(w) is an orthonormal in-
crement process, i.e. E(dZ(w)dZ(p)) = dwdo(w — p), see Brillinger (1975). Cor-
respondingly, under mild conditions, the autocovariance function can be expressed

as i
cx(m) = [ fx(w)exp(iwr)dw,

where fx is the spectral density of X;.

There is not a unique way to relax the assumption of stationarity, i.e. to define
a second-order process with a time-depending spectrum. However, this modelling
is a theoretical challenge which may be helpful in practice, since a lot of studies
have shown that models with evolutionary spectra or time-varying parameters are
necessary to explain some observed data, even over short periods of time. Examples
may be found in numerous fields, such as economics (Swanson and White, 1997;
Los, 2000), biostatistics (Ombao et al., 2002) or meteorology (Nason and Sapatinas,
2002) to name but a few.

Among the different possibilities for modelling nonstationary second-order pro-
cesses, we can emphasize the approaches consisting in a modification of the Cramér
representation (1.1). Different modifications of (1.1) are possible. First, we can
replace the process dZ(w) by a nonorthonormal process, leading for instance to the
harmonizable processes (Lii and Rosenblatt, 2002). A second possibility is to replace
the amplitude function A(w) by a time-varying version A;(w) and to assume a slow
change of A;(w) over time. Such approach is followed to define oscillatory processes
(Priestley, 1965). However, a major statistical drawback of the oscillatory processes
is the intrinsic impossibility to construct an asymptotic theory for consistency and
inference. To overcome this problem, Dahlhaus (1997) introduced the class of locally
stationary processes, in which the transfer function is rescaled in time. In this

approach, a doubly-indexed process is defined as

pop / A (%w) expliwt)dZ(w), t=0,...T—1, T>0, (12
[777771-)

1



where the transfer function A(z,w) is defined on (0,1) x [—7, 7). Dahlhaus (1997,
2000) investigated statistical inference for such processes, with a discussion on max-
imum likelihood, Whittle and least squares estimates, and showed that asymptotic
results when T tends to infinity can be considered. However, in this setting, let-
ting T tends to infinity has not the usual meaning of “looking into the future”, but
means that we have in the sample Xo7,..., X7_17 more information about the
local structure of A(z,w). This formalism is analogous to nonparametric regression,
for which “asymptotic” means an ideal knowledge about the local structure of the
underlying curve.

In this article, we focus on a class of doubly-indexed locally stationary processes
defined by replacing the harmonic system {exp(iwt)} in (1.2) by a wavelet system.
By this way, we move from a time-frequency representation to a time-scale represen-
tation of the nonstationary process. Because wavelets systems are well localized in
time and frequency, they appear more natural to model the time-varying spectra of
nonstationary processes. As wavelets decompose the frequency domain into discrete
scales, they offer a well-adapted system to achieve the trade-off resolution between
time and frequency (Vidakovic, 1999).

The class of locally stationary wavelet processes studied in this article was ini-
tially introduced by Nason, von Sachs and Kroisandt (2000). Their definition of
wavelet processes involves a time-varying amplitude which is smoothly varying and
continuous as a function of time. One first goal of this article is to extend this defi-
nition to the case of time-varying amplitudes with possibly discontinuous behaviour
in time. This adds some technical difficulties in the proof of our results but we
believe the gain due to this extension to be crucial. Our new definition now includes
more important examples of nonstationary processes. For instance, this extension of
the definition is needed if we wish to model a nonstationary process built as a con-
catenation of different processes, such as the Haar processes defined in Nason et al.
(2000). Moreover, wavelet processes can now be used for the analysis of intermittent
phenomena, such as transients followed by regions of smooth behaviour.

Our definition of wavelet processes is presented in Section 2, where we also de-
fine their evolutionary spectrum. This spectrum is a function of time and scales,
and measures the power of the process at a particular time and scale. The main
goal of the present article is to provide a pointwise adaptive estimation of the evo-
lutionary spectrum. The estimation procedure follows the local adaptive method of

Lepski (1990). The main differences with the latter is that we are now estimating a



spectral density function, i.e. the second-order structure of correlated observations.
Moreover, our statistical model is allowed to be nonstationary, and the behavior of
its evolutionary spectrum may be very inhomogeneous in time.

In Section 3, we present a preliminary estimator of the evolutionary spectrum
and derive some useful properties that are needed in order to derive the adaptive
estimator in the next Section 4. The behaviour of this estimator is discussed for
the two cases where the evolutionary wavelet spectrum is either regular or irregular
near the point of estimation. These results explain the good performance of the
algorithm in practice. Section 5 concludes with the result of a brief simulation
study. All details and specific questions related to the practical implementation of
our procedure have been considered in a separate paper (Van Bellegem and von
Sachs, 2004), where a more exhaustive study of simulations and a real data analysis
are provided.

Proofs and technical derivations are deferred to the appendices. Our estimator
takes the form of a quadratic form of the increments, which are assumed to be
Gaussian. Our estimator is the sum of a quadratic form of the increments that
are assumed to be Gaussian, and an additive, independent linear form of Gaussian
variables. Thus, the main technical goal is to study the behaviour of the (quadratic +
linear) form of Gaussian variables. There exists a large family of results on quadratic
forms of Gaussian variables. Recent developments include Rudzkis (1978); Neumann
(1996); Laurent and Massart (2000); Spokoiny (2001); Comte (2001); Dahlhaus and
Polonik (2002). The exponential inequality proved in the latter reference is the
starting point of some important results of the present article. On the other hand,
we also present in the appendices some original results on quadratic forms that are

needed to prove our results.

2 Locally stationary wavelet processes

The wavelet system used to build locally stationary processes is a non-decimated
system of compactly supported and discrete wavelets. We first briefly recall some
points about this system of wavelets, and then give a definition of the wavelet

processes and wavelet spectra.



2.1 Discrete nondecimated wavelet system

The local functions used in the representation of LSW processes are a set of discrete
non-decimated wavelets {1;,j = —1,-2,...;k € Z}. We refer to Vidakovic (1999)
for a review on wavelet theory and its applications in statistics, and to Nason and
Silverman (1995) for a detailed introduction to the non-decimated wavelet transform.
Let us simply recall that, in contrast to the discrete wavelet transform, the discrete
non-decimated wavelets at all scales 7 < 0 can be shifted to any location defined
by the finest resolution scale, determined by the observed data. As a consequence,
this construction leads to an overcomplete system of the space of square summable
sequences /2(Z). The wavelets considered in this article are assumed to be compactly
supported in time and we will denote by £; the length of the support of 1;¢, i.e.
L; == | suppjo|. This automatically implies | supp ;x| = £; = (277 —1)(L_1—1)+1
for all j < 0. Observe also that, as in Nason et al. (2000), we departed from the
usual wavelet numbering scheme. The data live on scale zero, and scale —1 is the
scale which contains the finest resolution wavelet detail. Then, the support of the
wavelet on the finest scale remains constant with respect to 7'.

For ease of presentation, recall the simplest discrete non-decimated system, called

the Haar system, given by
¢]k = 2j/2]1{071’m727j71_1}(k)—2j/2}1{27j71’m72—j_1}(k) for ] = —1, —2, ... and k € Z,

where [4(¢) is 1 if t € A and 0 otherwise. The shifted version of 1) is given by
ji(t) = Yj k¢ for all k € Z.

2.2 The process and its evolutionary wavelet spectrum

As we will note below, our definition of locally stationary wavelet processes differs
from the original definition of Nason et al. (2000) as we only impose a total variation
condition on the amplitudes instead of a Lipschitz condition. See also Fryzlewicz

and Nason (2006) for discussion on that definition.

Definition 1. A sequence of doubly-indexed stochastic processes Xy (t =0,...,T—
1,T > 0) with mean zero is in the class of locally stationary wavelet processes (LSW

processes) if there exists a representation

1 T-1
Xer= > > winy ¥lt) S, (2.1)

j=—o00 k=0



where the infinite sum is to be understood in the mean square sense, {V;i(t) =
Yik—t}jk with j < 0 is a discrete non-decimated family of wavelets based on a

mother wavelet 1(t) of compact support, and such that:

1. &k is a random orthonormal increment sequence such that E§;, = 0 and

Cov (&ks Eem) = 050 Om for all j, €, k, m, where §;0 = 1 if j = £ and 0 elsewhere;

2. For each j < —1, there exists a function W;(z) on (0,1) possessing the follow-

ing properties:

(a) Z];l_oo [W;(2)|> < C < oo uniformly in z € (0,1),

(b) There exists a sequence of constants C; such that for each T

sup
k=0,...,T—1

k C;
Wy — TV, (?) ' <G (2:2)

(¢) The total variation of W]-Q(z) is bounded by Lj, i.e.

I
TV (Wj2) = sup{z ‘W]-Q (a;) — I/Vj2 (ai_l)‘ 0<ap<...<ar<1,I¢€ N}
i=1

N

< Lj, (2.3)

(d) The constants C; and L; are such that

-1
Z /:,j(/:,ij + C]) <p<oo (2.4)

j=—o00

where L; = |suppjol = (277 —1)(L_1 — 1) + 1.

LSW processes use wavelets to decompose a stochastic process with respect to
an orthogonal increment process in the time-scale plane. Due to the overcomplete-
ness of the non-decimated system, a given LSW processes does not determine the
sequence {w;.r} uniquely. However, we can build a theory which ensures the exis-
tence of a unique wavelet spectrum (in a sense defined after Proposition 1 below).
This property is a consequence of the local stationarity setting which introduces a
rescaled time z = t/T € (0,1) on which Wj(2) is defined. The rescaled time per-
mits increasing amounts of data about the local structure of W;(2) to be collected
as the observed time T tends to infinity. Even though a given LSW process does
not determine the sequence {wjx.7} uniquely, the model allows to identify (asymp-

totically) the model coefficients determined by uniquely defined W]-Q(z). Then, the



evolutionary wavelet spectrum of an LSW process {X; 7 }i—o,... 7—1, with respect to
1, is given by
2
S;(z) = [Wi(2), = € (0,1) (2.5)

-1
j=—o00

and is such that, by definition of the process, >
z € (0,1).

The evolutionary wavelet spectrum S;(2) is related to the time-depending auto-

Sj(z) < oo uniformly in

correlation function of the LSW process. Observe that the autocovariance function

of an LSW process can be written as

exr (2,7) = Cov (Xpr 1 Xpor)4r1)

for z € (0,1) and 7 in Z, and where [ - | denotes the integer part of a real number.
The next result shows that this autocovariance converges asymptotically to a local

autocovariance defined by

-1
ex (z,7) = > S(2)¥;(7) (2.6)

j==o0

where (1) = >277 _  ¥ir(0)Y;x(7) is the autocorrelation wavelet function.

Proposition 1. Under the assumptions of Definition 1, if T — oo

© 1
Z /0 dz |ex,r (2,7) —cx (2,7)] :O(Tfl)

T=—00

for all LSW process.

Appendix A presents some properties of the autocorrelation wavelet system ap-
pearing in (2.6). Like wavelets themselves, this system enjoys good localisation
properties. Consequently, we observe that equation (2.6) is a multiscale decom-
position of the autocovariance structure of the process over time: The larger the
wavelet spectrum S;(z) is at a particular scale j and point z in the rescaled time,
the more dominant is the contribution of scale j in the variance at time z. Thus,
the evolutionary wavelet spectrum describes the distribution of the (co)variance at
a particular scale and time location.

Moreover, we recall in Appendix A that {V,} is a linearly independent system.
Therefore, since the autocovariance function converges to the local autocovariance
in the sense of Proposition 1, the coefficients S;(z) in (2.6) are asymptotically the

unique wavelet representation of the second-order structure of the time series.



It is worth mentioning that a stationary process with an absolutely summable
autocovariance function is an LSW process (Nason et al., 2000, Proposition 3).
Stationarity is characterized by a wavelet spectrum which is constant over time:
Sj(z) = S; for all z € (0,1). However, our motivation to study LSW processes lies
in the modelling of time-varying spectra. The regularity of the wavelet spectrum
in time is determined by the smoothness of W;(z) with repect to z. In Nason
et al. (2000), this function is assumed to be Lipschitz continuous in time. In
our definition of LSW processes, we only require the total variation of VVj2 to be
bounded. This weaker assumption is not only considered in order to work with
less strict assumptions, but also to allow a discontinuous evolution of the wavelet
spectrum in time. Figure 1 shows a simulated example of such a nonstationary

process.

‘Figure 1 about here‘

3 A first estimator of the wavelet spectrum

3.1 The corrected wavelet periodogram

An estimator of the wavelet spectrum is constructed by taking the squared empirical

coefficients from the non-decimated transform:

T—1 2
k ,
Ij;T <T> = < E Xt,ijk(t)> j:—1,...,—10g2T;k:0,...,T—1.
t=0

L7 (2) is called the wavelet periodogram, as it is analogous to the formula for the
classical periodogram in traditional Fourier spectral analysis of stationary processes
(Brillinger, 1975).

Some asymptotic properties of this estimator have been studied by Nason et al.
(2000), who showed that the wavelet periodogram is not an asymptoticaly unbiased
estimator of the wavelet spectrum. Indeed, Proposition 4 of Nason et al. (2000)

states that, for all fixed scales j < 0,

-1
Elir(z) — > AjSi(z) =0(T7"), (3.1)
{=—log, T

uniformly in z € (0,1), where the matrix A = (Aj¢); <o is defined by

Aje = (T, W) = Wy(r)Wy(7).
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Note that the matrix A, is not simply diagonal since the autocorrelation wavelet
system {¥;} is not orthogonal. Nason et al. (2000) proved the invertibility of A if
{W;} is constructed using Haar wavelets. If other compactly supported wavelets are
used, numerical results suggest that the invertibility of A still holds, but a complete
proof of this result has not been established yet. As we need the invertibility of
A in our following results, from now on we restrict ourselves to Haar wavelets, but
we conjecture that all results remain valid for more general Daubechies wavelets
(Daubechies, 1992).

Equation (3.1) motivates the definition of a corrected wavelet periodogram

—1

T-1 2

k -1

br(§) = 5 wng (S wavn) 52
l=—1log, T t=0

where Ap = (Ajg),logQngj,g,l. The corrected wavelet periodogram L. is a

preliminary tool for constructing an asymptotically consistent estimator of the evo-

lutionary wavelet spectrum. To this end it needs to be smoothed in time. This

question is addressed in the following.

Remark 1. The asymptotic bias of the wavelet periodogram is a consequence of
the overcompleteness of the non-decimated wavelet system {1;;}. One could ask
if it would not be easier to define LSW processes using a decimated wavelet sys-
tem because, for this system, the matrix A reduces to the identity. Unfortunately,
the answer is negative: The use of non-decimated wavelets, as described in von
Sachs et al. (1997), would not allow to write the local autocovariance function as a
wavelet-type transform of an evolutionary spectrum, as in (2.6). Moreover, classical

stationary processes are not included in the model based on decimated wavelets.

3.2 The preliminary estimator and its properties

Suppose we want to estimate S;j(zp) from observations X, = (Xo7,..., Xr—1,7)".

The estimator studied below takes the following form:

_ k .
Qjﬂg;T = "RT‘ 1 Z {Lj;T <?> + Zj,k;T} , j=-1,-2,..., (3.3)

kERT

where zj .7 are iid Gaussian random variables of mean zero and variance C?27
independent from X for a given constant C?, R is an interval in (0, 1) that contains
the point zp, and where &k € RT means that k/T € R. The estimator (3.3) is

essentially the average of the corrected wavelet periodogram over the interval R.



The reason for adding a “noise process” z; .7 in our estimator is for the sake of
regularization, since the process X1 is not guaranteed to be invertible. In other
words, the presence of the additive Gaussian variable in the estimator (); z.r allows
to estimate consistently more general processes for which the wavelet spectrum
Sj(z) is not bounded away from zero. Note that this regularization technique does
not add any systematic bias to the resulting estimator since in (3.3) an average is
taken over the zero-mean Gaussian variables z; ,.7. That procedure is analogous to
the regularization techniques for ill-posed inverse problems such as, for instance, in
ridge regression or Tikhonov regularization. See also Neumann (1996) for a similar
technique in the context of stationary time series.

Of course, the choice of the interval R around zy is crucial in this estimation.
This question will be addressed in the next section. Before, we derive some useful

properties of ;.7 as an estimator of

Qi = R / dz S;(2) . (3.4)
R
The statistical properties of (); .7 are now derived under a set of assumptions.

Assumption 1. The autocovariance function cx r and the local autocovariance

function cx of the LSW process are such that

o0
t
fexrlio = 35 supfexr ()

S =0, T—1

is bounded independently of T', (3.5)

and

o0

lexllioe =Y sup |ex(z,7)| < oo (3.6)

r=—00 2€(0,1)
This assumption is needed to control the spectral norm of the covariance matrix

of the process (Lemma 5 in Appendix B). For a stationary process, it reduces to

absolute summability of the autocovariance of the process (short memory property).

Assumption 2. There exists an £ > 0 such that, for all z € (0,1), ! Si(z) =

j=—o00

E.

According to equation (2.6), the sum over scales of S;j(z) is the local variance
of the process at time [27], and this assumption says that the local variance of the

process is bounded away from zero.

Assumption 3. The increment process {{;;} in Definition 1 is Gaussian.



This assumption allows substantial simplifications in the proofs. It is also as-

sumed to establish some results in Nason et al. (2000) and Fryzlewicz et al. (2003).

Assumption 4. The evolutionary wavelet spectrum S;(z) is such that

—logy(T)—1

sup Se(z) =0 (T_l) .

= oo 2€(0,1)

In the definition of the corrected wavelet periodogram (3.2), all scales 0 > j >
—oo are implicitely included due to the definition of X;7. The last assumption is
used in order to control the remainder of the estimation bias at all scales lower than
—log, T

The following proposition describes the asymptotic properties of Q; r.r.

Proposition 2. Suppose Assumption 1 to 4 hold true. For all LSW process (Defi-
nition 1), and for all R C (0,1),

Ko 22T

EQura = Qin=—pgr— 2. LmTV(Sw)+0 (27 [RTI7)  (37)
m=—1logy T
27/2
—oZ2),
VT
for all j = —1,...,—Jp with Jp = O(logy T), and where Ky is a constant in-

dependent of j,T and |R|. Moreover, under Assumptions 1 to 4, the variance

J?vR;T = Var Qj r.7 s such that

c?2 2\ 2
— <ol <O+ — ) —=—
e << (O i) e
for all T, for all j = —1,...,—Jr with Jp = or(logy T), and ¢ = 2K3|lex||?

where Ko is a constant that depends on the wavelet ¢ only.

The proof of this proposition is in Appendix B.3. Note that the squared bias and
the variance of the estimator have the same rate of convergence. This phenomenon is
due to the nonstationary behaviour of the process. Indeed, for a stationary process,
the total variation of S,, is zero at all scales, and then the rate of the bias is 77!,
This is not the case for a general nonstationary process: When the wavelet spectrum
is not constant over time, an additional term resulting from nonstationarity reduces
considerably this rate of convergence. Moreover, even if we are dealing with a local

estimator of the wavelet spectrum at a fixed scale 7 < 0 and a fixed time interval
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R, the nonstationarity term in the bias involves the variation of the global wavelet
spectrum. This may be observed in equation (3.7), which involves a sum over all
scales m = —1,...,—log, T and the total variation of all S, over the whole rescaled
time interval (0, 1).

This slow rate of convergence of the bias poses a problem to establish the asymp-
totic normality of Q;r.,7. In the next proposition, we circumvent this problem and

derive a non asymptotic exponential bound for the deviation of Q;r.7.

Proposition 3. Assume that Assumption 1 to 4 hold. If J?7R7T = Var Qjr.r, then,

for all m > 0 and for all scales j = —1,...,—Jp, where Jp = O(logy T),
Pr(|Q; Rl > 20, < ! 7
r(1Qyrir = Qrl > 2057.1m) < co exp 16 1+ 2nL; + 29/2n(Ka|lex ||1,00+K3)
|RT‘U]' R, T |R|\/T0'j7737T

with the positive constants co = 3+ e, Ko as in Proposition 2, and K3 depending on

the wavelet v and the constants p,C given in Definition 1.

The proof of this proposition is to be found in Appendix B.4. This proposition
gives a non asymptotic approximation for the deviation of @;r,7. This result is
exploited in the next Section 4 in order to choose the interval R in an adaptive
way. From an asymptotic viewpoint, i.e. as T" — oo, we note that this exponential
bound does not tend to zero, meaning that the standardised statistic Q;r 7 is
asymptotically non degenerated. This phenomenon is well-known in the context of
pointwise estimation, see Lepski (1990) and Brown and Low (1996). In order to
have a consistent result when T" — oo, it is then necessary to impose that n = nr
grows with T. The appropriate rate for nr is derived in the next corollary. The
proof is given in Appendix B.4 and is essentially based on the bounds derived in

Proposition 2.

Corollary 1. Under the assumptions of Propositions 2 and 3, if kT tends to infinity
and is such that Jr - exp(—kr) = or (1), then there exists a Ty > 1 such that, for all
T = T07

—Jr<j<0

Pr( sup er,R;T—Qj,R\>kw<1+c2/m\>/mr>=oT<1>

2

where ¢ is as in the assertion of Proposition 2.

Remark 2. An example of admissible rates is Jr ~ logy T and kr ~ logy, T. The

sequence kr will play a crucial role in Section 4.
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Remark 3. The results are proved under the assumption that the increments con-
sidered in the definition of LSW processes are Gaussian (Assumption 3). This as-
sumption allows substantial simplifications in the proofs. For practical applications,
we believe that this assumption is not unrealistic and the class of Gaussian LSW
processes is rich enough, as we can observe from the wide range of applications that
are treated in Nason et al. (2000); Fryzlewicz et al. (2003); Oh et al. (2003); Woyte
et al. (2007); Van Bellegem and von Sachs (2004) for instance. However, it still
seems interesting to see how the above results can be extended to the non-Gaussian
case. A careful reading of the proof of Proposition 3 shows that the crucial point is
to establish an exponential inequality for quadratic forms of the increments. In our
proof of Proposition 3, we use the inequality established by Dahlhaus and Polonik
(2002) on the quadratic form of Gaussian random variables. Other exponential in-
equalities have been established for non-Gaussian random variables, see for instance
Dahlhaus (1988) or Spokoiny (2001, 2002). Another example of an exponential
inequality for dependant data is derived in van de Geer (2002).

3.3 Estimation of the variance

The main drawback of Proposition 3 is that the deviation result depends on the
variance JJZ’R’T = Var )j ;7 which is typically unknown. The goal of the following
derivation is to propose a preliminary estimator 532',R,T of 0'J2'7R7T such that Proposi-
tion 3 can still be used with 532',R,T-
The variance JJZ’R’T depends on the unknown autocovariance function of the
LSW process in the following way (see Lemma 3 with equation (B.9)):
Cc?27

2 / 2
: =92 |U T iy

where Xr is the T' x T' (non-Toeplitz) covariance matrix of the LSW process (Xo 7,

.., Xr_17), and Uj g, is the T x T matrix with entry (s,t) equal to
' -1
vy = |RT|™ STAL DT vu(s) ().
l=—log, T keRT

We also denote by o5 ¢4, the entry (s, s+ u) of the matrix 3.

We will estimate 0?7R7T by:

C227

~2 _ ! S 2
cirr =2 |Ujrr2rls + TRT

12



where f]T is an estimate of the covariance matrix Y. A first idea is to define the
elements G4 ¢4, Of Y7 by plugging Qj w7 into the local autocovariance function
(2.6), i.e.

—1
&s,eru = Z Qj,’R(s);T\Ijj(u)a
j=—logy T
where R(s) denotes an interval which contains the time point s/T. However, the
convergence in probability of 0, sy t0 0 4y is DOt faster than the rate of oy 44y

itself, and we need to modify the estimator in two ways.

(i) Assumption 1 indicates that the covariance |0 sy, | is small for large |u|. We
set G s4u tO zero when |u| > My, for an appropriate sequence Mr tending to

infinity with T

(ii) It is necessary to control the distance in rescaled time between the spectrum
Sj(z), for z € R(s), and S;(s/T). To do so, we allow the window R(s) to
depend on T', which is denoted by Rr(s), in such a way that its length |Rr|
shrinks to zero when T tends to infinity. This is analogous to the estimation of
a regression function by kernel smoothing, where the window usually depends

on the length of the data set.

With these two ingredients, we propose to estimate o ¢4, by

-1
&s,eru = Z Qj,RT(s);T\IIj(u)HW\gMT’ (38)
j=—log, T

and the following assumption makes precise the appropriate rates for the sequences
|Rr| and Mr.

Assumption 5. The sequence Jr is such that Jr = or(logyT). The length of
Ry tends to zero such that 2/T|Ry| = or(1). The sequence k (which appears in
Corollary 1) tends to infinity such that Jy exp(—kr+/[Rr|) = or(1). Finally, the
sequence My (involved in the preliminary estimator for the variance, see (3.8)) tends

to infinity such that
2JT|RT|71T71/2MT]€T log% T = OT(l).

Admissible rates for this last assumption are for example Jr ~ logy log% T, kp ~

log? T, |Rr| ~ logy® T and My ~ log§ T with a > 0. Tt is worth mentioning that,
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with this assumption, |Rp| shrinks to zero in the rescaled time, whereas, in the
observed time, the interval length |TRr| tends to infinity. This means that our
estimate of S;(s/T") is built using an increasing amount of data in the observed
time, but, at the same time, with an average around S;(s/T") in the rescaled time
on a shrinking segment around s/7.

The next proposition shows that on the random set where the estimator Q; z.(s).1
is near () ».(s), the estimator (3.8) has a good quality. Our proof of this proposition
may be found in Appendix B.5 and needs the following technical assumption, which
is a slightly stronger condition than the point 2(a) of Definition 1, in the sense that

we need to control the decay of S;j(z) with respect to j and uniformly in z.

Assumption 6. The local autocovariance function ¢(z,7) is such that

(e 9]

> suplex(z ) Lusar = or (2777) .
z

U=—00
This last assumption on the decay of the local autocovariance function uniformly
in z is very sensible in a context of short-memory stationary processes (in that case,
¢(z,u) does not depend on z). With the rates specified above, a typical condition is

to assume |cx (z,u)| < ¢ - 7l% uniformly in z € (0,1) with 0 <7 < 1.

Proposition 4. Suppose Assumptions 1 to 6 hold. Then, there exists a positive
number Ty and a random set A independent of j and such that Pr(A) > 1 — op(1)

and
1QjRe(e)m = Qire(s)| < Kallex |1 ockr VT RyT| ™
for all T > Ty. Moreover, on A,
2/ T |~]2',R,T - UJZ,R,T| = op(1) (3.9)
holds for all j = —1,...,—Jp, where op(1) does not depend on R.

Finally, Proposition 4 together with Proposition 3 leads to the following result,

which will be used to construct the pointwise adaptive estimator in Section 4.

Theorem 1. Suppose Assumptions 1 to 6 hold. Then, there exists a yp = or(1)
and a positive number Ty such that, for all T > Tp,

Pr (1Qjrr — Qjrl > 26;r11)

2
< ¢p exp S 7 Fortt)
_ 2/2(Ka|lex 1,00 +K3)

IRIVTo;r,T




forallj =—1,...,—Jp, where ' =n\/1 —~r, and the positive constants cg, Ko, K3

are defined in the assertion of Propositions 2 and 3.

Remark 4. Theorem 1 gives an approximation of the distribution of the normalized
loss |Q;r.7 — Qjr|/Gjrr. This depends on the unknown quantities [|cx||1,00 and
p, cf. (2.4). These two quantities may be understood as nuisance parameters of the
problem, depending on the global spectrum. The estimation of these quantities is
based on a preliminary smoothing of L;.r(z) with respect to z, which we denote
by L;f;T(z). Here, we think about using a kernel smoothing procedure, or a wavelet
transform shrinkage as studied in Nason et al. (2000). Then, a preliminary estimate
of [[ex|[1,00 is obtained by plugging L7 1(2) into [lex [|1,00, cf. (2.6) and (3.6). Next,
the preliminary estimation of p necessitates the estimation of TV(S;), cf. (2.3). We

estimate TV(S;) by 32 | L (27%) — Lt (250)] 4+ L3 (1) — L (239)], where

max min max

the sum is over the local minima and maxima of L} (2), with 2" < 2/ < /1%

for all 4.

Remark 5. The estimator (3.3) also involves a constant C?. In view of Propo-
sition 2 on the variance of the estimator, that constant should be ideally close to
> = 2K2|lex]l1.00- Because |lex||1,00 is unknown, it is estimated in practice by

Zs SUp,, Os,s+u-

4 Pointwise adaptive estimation

The question of how to choose the best segment R in the estimator (3.3) arises, and
the goal of this section is to provide a data-driven procedure to select R automati-
cally.

The proposed method goes back to the pointwise adaptive estimation theory of
Lepski (1990), see also Lepski and Spokoiny (1997) and Spokoiny (1998). Suppose
that the wavelet spectrum S;(zp) is well approximated by the averaged spectrum
Qju for a given interval U containing the reference point zg. The idea of the pro-
cedure is to consider a second interval R containing ¢/ and to test if @Q);r differs
significantly from @);,. As we describe below, this test procedure is based on Propo-
sition 3 or Theorem 1. If there exists a subset U of R such that |Q;r — Q;u| is
significantly different from zero, then we reject the hypothesis of homogeneity of the
wavelet spectrum S;(z) on z € R. Finally, the adaptive estimator corresponds to

the largest interval R such that the hypothesis of homogeneity is not rejected.
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This section contains a formal description of this algorithm and derives some

properties of the estimator.

4.1 Testing homogeneity

Let R be an interval containing zg, U a subset of R and define
Aj(RU) =1Qjr — Qjul- (4.1)
Under Assumptions 1 to 4, Proposition 3 implies

Pr{|Qjrr — Qjurl > Aj(R,U) +2n (0jr.1 + 0jur) kr] < h(U,n) + h(R,n)

with
1 2k.2
h(R,n) = coexp 16 20k 2‘?/27713;"
1 + ‘RT|U]',R,T LJ + ‘R‘\/Taj,R,T (KQHCXHLOO + Kg)
and where the sequence kr is such that Jp - exp(—kr) = or(1) (see Corollary

1). Under the assumption that the wavelet spectrum S; is homogeneous on the
segment R, the difference A;(R,U) is negligible. Then, as a test rule, we re-
ject the homogeneity hypothesis on R if there exists a subset 4 C R such that
Q)R — Qiusr| > 2n(oj R, + oju,r)kr for a given 7.

In the case where the variances ojr r and oy are unknown, they may be
estimated as in Section 3.3 above.

In practice, we choose a set A of interval-candidates R. Then, for each candidate
R, we apply the homogeneity test with respect to a given set p(R) of subintervals
U of R.

Assumption 7. In the estimation procedure described below, we assume the fol-

lowing properties on the test sets A and p(R):

1. For all R, the shortest interval of p(R) is of length at least 6 > 0,

/6K

2. The cardinality of p(R) is such that f(p(R)) < |RT|*2l<xlect5 for some
O<ax<l,

3. When we test the homogeneity of the wavelet spectrum on R, we assume that

there exists a subinterval U € p(R) such that & C R and U contains zj.
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Remark 6 (Test sets). In this remark, we give one example of sets A and p(R).
For each scale j < 0, the corrected wavelet spectrum (3.2) is evaluated on a grid

k/T,r=0,...,7—1in time. Then, we can choose the set A as
AN =A[ro/T,r1/T] : 19 < [20T] < 71}

for ro,m1 € {0,7 — 1}. Nevertheless, in order to reduce the computational effort, we
shrink the cardinality of A following the method of Spokoiny (1998). More precisely,
we first select two sets K, = {1y, @ mm < [207]} and K, = {ry, : 7, = [20T]} which

both contain less than T" points, and we set
A=Alrm/T,r/T] : 1 € Ky € K}
Then, one possibility to define p(R) is to consider
oR) =A{[r—/T,ry/T] :r_,ry € Ky, UK, }.

We refer to Spokoiny (1998) for details about this construction.

4.2 The estimation procedure

The estimation procedure simply starts with the smallest interval in A, assuming
that the wavelet spectrum is homogeneous on this short interval. Then, it selects
iteratively longer intervals in A until the homonegeneity assumption is rejected.
Finally, the adaptive segment R is the longest segment R of A for which the homo-

geneity test is not rejected:

R = arg max {IR| such that |Q;r.;7 — Qju:T|
€

< 277(0]'77377“ + Uj,Z/{,T)kT foralld C p (R)} . (4.2)

The adaptive estimator of S;j(zp) is then defined by
Si(20) = Q; .1 (4.3)

In the case where the variances ojr r and oy are unknown, they may be
estimated as in Section 3.3 above. In that case, the homogeneity test is based on
Theorem 1 and the modification of the following results is straightforward. The
proofs are however longer, but use the technique in the proof of Theorem 1 to
transfer the problem with estimated variances to the problem with known variances

JjjgyT and Jﬂ,{’T.
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4.3 Properties of the estimator in homogeneous regions

The next result quantifies the ¢, risk (p > 2) when the wavelet spectrum S;(z) is
homogeneous on z € R. To define this concept of homogeneity, we introduce the
bias

b(R) = sup|S;(z) — Qjrl,
ZER

which measures how well the wavelet spectrum S} is approximated by Q; zr on z € R.

We say that the spectrum is homogeneous (or regular) on R, if the inequality
holds with

C; =272 /aFp (4.5)

for a positive real constant . In the inequality (4.4), o = 7 is the square root of the
variance of the estimator Q; z.1 of Sj(2), 2 € R. Asin Spokoiny (1998), (4.4) can be
viewed as a balance relation between the bias and the variance of this estimate. The
kr term then appears as the correction term necessary in the pointwise estimation in
order to bound the normalized loss (see Lepski (1990), Lepski and Spokoiny (1997)).

In the following results, we set kr proportional to logs T'.

Proposition 5. Let R be an interval of (0,1) and consider the test rule (4.2). If the
wavelet spectrum S is reqular on R in the sense of conditions (4.4)—(4.5), then,
with 2\ = 2n = 279/25(2a + p) and kr ~ logy T,

Pr (R is rejected) = O (T_Kp\/g>
for some positive constant K depending on Ko, K3 and ||c||1,0c only.
We can also evaluate an upper bound for the ¢, risk associated to our estimator.

Theorem 2. Assume that the wavelet spectrum at scale j, S;(z), is homogeneous

on the segment R in the sense of (4.4)—(4.5) with
kr ~logy T

If S'J(z) 1s the pointwise estimator of the wavelet spectrum obtained by the estimation
procedure (4.2)—(4.3) with
n=2725(2a +p),
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then there exists Ty such that the pointwise €,-loss is bounded as follows
BISj(2) = Sj(2)P < K67PT7/2 (202570 4 kp )
for p = 2 with a positive constant K and T > Tj.

The proof is to be found in Appendix B.8.

4.4 Properties of the estimator in inhomogeneous regions

We now describe the behaviour of our estimator near a breakpoint located at a time
point z,.

For a fixed scale j € {—1,...,—Jr}, assume the evolutionary wavelet spectrum
to be homogeneous on Ry = [29, zx) and on Ry = (2, z1]. We denote R = RyUR; =
[20, 21] and

01 == E(QjRror — QjR1;T)

and we assume that 67 > 0. The value of 87 > 0 precisely quantifies a change in
the spectrum between regions Ry and R;.

To prove the next proposition, we assume that the estimation procedure is such
that Ro and R, are in p(R).

Proposition 6. If the evolutionary wavelet spectrum at scale j contains a breakpoint
at zy (i.e. 07 >0) and if kp ~logy T, then

Pr (R is not rejected)

0 (exp{_:re%(lnom |R1|2)}+exp{_\/TIHT\(\ROy A mm}) |

logs T log3 T
where ¢ is a positive constant and x Ay = min(z,y).

The proof of this proposition is given in Appendix B.9. Proposition 6 informs
about the consistency of the test of homogeneity. Moreover, it allows to discuss the
local alternative of this test. We first note that the alternative hypothesis, i.e. the
definition of the inhomogeneous region, depends on the level of the jump 67 and
the length of the two segments Ry and Ri. In consequence, in order to study the
local alternative, we need to investigate both cases 7 — 0 and (|Ro| A |R1]) — 0.
It is interesting to note that Proposition 6 depends on the product |07|(|Ro| A |R1]),
and then the local alternative of the test is studied when this product tends to 0 as

T — oo. From the proof of Proposition 6, it is straightforward to see that if
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loga T
N
07/(IRo| A [RA[)VT

as T' — oo, then the estimation procedure is consistent in the sense that Pr(R is

)

not rejected) is asymptotically zero.

5 Simulation

We conclude with a brief simulation study. We consider the evolutionary wavelet
spectrum plotted in Figure 1 (upper plot). The first scale of this spectrum is given
by S_1(2) = 1j0.25,0575) (%) + (sin?(27z — w/4) + 0.5)10.75,1)(2). The second scale is
inactive. The other active scales are S_3(z) = (sin(rz — 7/4)* 4 0.5)1( 9.25)(2) and
S_4(z) = (sin?(brz — 7/4) + 0.5)1(9.375,1)(2). We apply the estimation procedure on
100 different time series of length 1000 generated from this spectrum with Gaus-
sian increments and Haar wavelets. For the sake of brevity, we only consider the
estimation at the scale j = —1. The results of the 100 simulations are summarized
on the upper plot of Figure 2. At each point of the 39 points of estimation, the
vertical segment represents the median and the 90 % interquantile interval from
the 100 estimators. The bottom figure shows the estimator (bullet) from the sin-
gle simulation given in Figure 1. The continuous line gives the estimator obtained
from the ewspec function of the WaveThresh 3 software (Nason, 1998) using the
recommendations suggested in this software for the choice of the parameters (other
configurations performed quite similarly or worse). This estimator is a smoothing
of the corrected wavelet periodogram using TI-wavelet soft thresholding, see Nason
et al. (2000) for details. Note that this method is limited to dyadic sample sizes.

As our simulation contains 1000 data, we repeat the last observation 24 times.

‘Figure 2 about here

The mean square error for the local adaptive estimator is lower (0.063) than for
the nonlinear wavelet estimator (0.074). The mean absolute deviation is also lower
(0.152 against 0.189 for the wavelet estimator). The lower plot of Figure 2 clearly
shows the high variability of the ewspec estimator in the last part of the spectrum.
We explain this phenomenon by the cross-correlation between the corrected wavelet
periodograms at scale —1 and —4. It is interesting to note that our method seems
to be more stable with respect to this phenomenon. This has been observed in

comparison with ewspec using different wavelet families for smoothing.
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In our simulation, it is worth mentioning that the local adaptive estimator is
computed using the estimated variance, as explained in Section 3.3. Of course,
there are a set of global parameters which must be chosen. For the example treated
in this section, we set M = 2 and |Rp| = 9 (see (3.8)). With this we have followed
the guidelines given in the companion paper, Van Bellegem and von Sachs (2004)
(Sections 2.3 and 2.4 therein) on the choice of the nuisance parameters for the
quadratic part of the estimator. In particular, two remaining global parameters
have been chosen to equal the numerical values given for the (different) example of
Section 2.5 therein. This paper also derives a new test of covariance stationarity

and presents some applications to medical data analysis.

APPENDICES

A Properties of the autocorrelation wavelet system

This section summaries useful results on the system {¥;} and the operator A. Recall
that we have denoted by £; the length of |supp;o| for all j = —1,—2,... and then
it holds £; = (277 —1)(L_1 — 1) +1 < 277L_;. We also recall the definition of the
autocorrelation wavelet system {¥;;j = —1,—-2,...} which is the convolution of the

non-decimated wavelet system:

Ui(r) = > ¥ir(0)iu(r).

k=—o00

It is straightforward to check that W, is compactly supported for all j < 0 and the
length of its support is bounded by 2£; — 1.
The following Lemma recalls other useful results on the autocorrelation wavelet

system.
Lemma 1. (a) For all scales j and for all 7, W;(1) = V;(—7).
(b) The autocorrelation wavelet system {V;; j = —1,—2,...} is linearly independent.
(c) The identity
> 25(r) = do(7) (A1)

holds for all T € Z.
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Property (a) is obvious and implies the symmetry of the local autocovariance
function, i.e. ¢(z,7) = ¢(z, —7), as expected. Property (b) is proved in Nason et
al. (2000, Theorem 1) and shows that the local autocovariance function is univo-
quely defined. Finally, property (c) is proved in Fryzlewicz et al. (2003, Lemma
6) and implies, for instance, that the wavelet spectrum of a White Noise process is
proportional to 27/ for all scales j < 0.

As the autocorrelation wavelet system is not orthogonal, we introduce the Gram
matrix A defined by A;; = > _V;(7)¥,(7). The following properties of A are used

thereafter.

Lemma 2. For Haar and Shannon wavelets, there exists a finite positive constant

v such that the matriz A fulfills the following properties for allj = —1,..., —logy T':
-1
Y oat=240 (2j/2T_1/2> (A.2)
l=—logy T

S A < v+ V2)2/? (A.3)

{=—1logy T

S 27 PA) < w27 0g, T, > 27NA < w2+ V2)2PT 2
l=—1log, T {=—1log, T

(A.4)

For all compactly supported wavelets, the matriz A fulfills the following property:
Ajg < (2[,]‘ — 1) AN (2£@ — 1) AN LoLo, (A5)
where x Ay = min(z,y).

Proof. The following argument shows that the main term in (A.2) is 27: Using that
U,(0) =1 for all £ < 0 and the identity (A.1), we may write

-1

—1 -1 [e'e)
oA =D A D 2w W(u) = ) 26 —m) =2

(=0 =0 m,u=——00 m=—oo
from the definition of A. Observe that this argument holds for all compactly sup-
ported wavelets. To compute the remainder of (A.2), we introduce the auxiliary
matrix ' = D’- A- D with diagonal matrix D = diag(22/2)5<0, ie. I'jy= 23'/214]-@25/2.
Nason et al. (2000, Theorem 2) have proven that the spectral norm of I'~! is bounded

for Haar and Shannon wavelets. Then, we get

—logy(T)—1 —logy(T)—1
Z Aj_él _ 9i/2 Z 2@/211]‘}1 -0 (Qj/QTfl/Q)
{=—o00 l=—00
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To prove (A.3), Y3, logy T |A]}1| =y, logy T 2j/22€/2|11*1| < 2j/2(1+\/_)1/ using

sup; ]Fj_gl\ v. (A.4) is obtained similarly, using the approximation > ! = log, T 727972
< (2+ \/5)\/— (A.5) follows from the definition of A;, and the support of the au-
tocorrelation wavelets, using |¥;(7)| < 1 uniformly in j and 7. O
B Proofs

Suppose M is an n X n matrix and M’ is the conjugate transpose of M. We denote
M|l := 4 /tr (M’M)
the Euclidean norm of M and
| M ||spec := max{V/\ : X is eigenvalue of M*M}

the spectral norm of M. If M is symmetric and nonnegative definite, by standard
theory we have || M ||spec = sup{||Mz|2 : x € C",||z|l2 = 1}. We will also use the

following standard relations which hold for all symmetric matrices B, C:

| Bllspec < [|Bll2 (B.1)
| B|lspec = max{A : A is eigenvalue of B} (B.2)
|BClspec < [|BllspecllCllspec (B.3)
|BCll2 < [ Bllspec||Cll2 < | Bl2/Cl2 (B.4)

In the sequel, we use the convention wji,7 = 0 for £ < 0 and k > T, which leads

to helpful simplifications in the following proofs.
B.1 Proof of Proposition 1
On one hand, due to Definition 1, and equation (2.2), we have

exr(z,7) = Cov (X, Xpor)4r1) Z Z |wj ks 1y P ik (0) Y5 ()

j=—00k=—00

Z Z S; (“ ZT]) $ir(0)in(7) + Restr(z,7)

j=—00 k=—00

where the remainder is such that
|Restr(z,7)] = O(T1) j;l—oo > ore oo Cil1hk(0)1 ()| by Assumption (2.2). On
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the other hand, we have cx(z,7) = ];1_00 Y ore oo Si (2) ¥k(0)Yjk (7). Then,

o0 1
Z /0 dzlex (2, 7) — cx (2, 7)|

T=—00

e}

<3 [y 3 I () s oo

T=—00 j=—00 k=—00
oo 1
+ > / dz| Restr(z, )|
0

T=—00

With appropriate changes of variables, this bound may be written

iz sy (FEELED) =5, (4 2) et

oo 1
+ > / dz| Restr(z, )|
0

T=—00

oo 1 oo T-1 1/T

>y yy

T=—00 j=—00 k=—o0 t=0

which is bounded by

o0

o] —1 0o 1
TS ST ST KTV [0l + Y /0 dz| Rest (2, 7)|

T=—00 j=—00 k=—00 T=—00
where we have used the following property of the total variation:

= t t
3 ‘Sj <T T %) — S <T T g) ‘ <la—pB|TV(S;)  forall o, €N. (B.5)

t=0

As the support of 1;(0) is of length £, we get |k| < £; in the first term. Together
with condition (2.3) of Definition 1, this finally leads to

—1 00

o0 1
> /0 dzlexr(z,7) = ex(z,7) SO@TY) Y (Cj+ L) > [b(0)ye(r)].

T=—00 j=—00 T,k=—o00
The compact support of v limits the sums over k and 7 as follows:
o0 Lij—-1 o0
S @)= D> D [rl(0)wr(r)] < 2L, -1 (B.6)

T,k=—00 T=—Lj+1 k=—00

by the Cauchy-Schwarz inequality for the sum over k. We get the result by (2.4). O
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B.2 Preliminary results

Define X7 = (Xo,7,...,X7r_1,7)". By definition, Q; .7 can be decomposed into the

sum of a quadratic and a linear form:

Qjrr = Qi + GR)T (B.7)
where
Qi rir = X7Ujrir X (B.8)
is a quadratic form with the 7' x T" matrix U; .7 whose entry (s,t) is
—1
U= RTIT" Y A D (o) (t)
l=—logy T kERT

and ¢; z. = [RT | =1 > ker %)k is the linear form. For notational convenience, we
omit the dependence of Ug in j and R. Assuming that the orthonormal increment
processes {{;x} in Definition 1 are Gaussian, X 7 is a multivariate Gaussian random

variable with covariance matrix Y7 = Cov(XX/). Therefore we can write
! [e}
Qjrir = ZpMjrrZr + 45 R T

where Z = (Z1,...,Z7)" be a vector of iid Gaussian random variables with zero

mean and Var Z; = 1, and
Mjrr = 32Uy rar Sy’ (B.9)

is the matrix of the quadratic form.

In our proofs, we use the following Lemma quoted from Neumann (1996).

Lemma 3. Let Z, = (Z1,...,Z,)" be a vector of iid Gaussian random variables

with zero mean and Var Zy = 1. If M, is an n X n real matriz, then

E (Z;ann) = tr My,
Var (Z,M,Z,,) = 2tr M} M, = 2||M,|3,

and, for all r > 2, if Cum, denotes the rth cumulant, we have
| Cum,. (Z;ann) | < 2T?1(r — 1! HMnH% {Amax (Mn)}r_2-

The following lemmas derive some bounds for the Euclidean and the spectral

norm of U; z.r and 7.
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Lemma 4. With fized R C (0,1), there ezists a Ty such that, uniformly in T > Ty,
1Ujrrl3 < K3 2 |R[2T

for all j = —1,...,Jpr = or(logy T), where Ko depends on the mother wavelet 1)

only.

Proof. 1If we denote R = (r1,72) C (0,1), then we can write Uy = Ug) Us(tl), where
Us(t1 = [RT|71Y, A]Z p. ”T] ! Yo (t)er(s) is the element (s,t) of a matrix UJ(}%;T

and U = [RT|7' 3, A7) z’"m bor(t)hpe(s) is the element (s,t) of a matrix
U ﬁ%T Note that the compact support of the wavelet v implies that U, ;fl ) — 0 when
sort > [rT)] and, similarly, Us(f ) = 0 When s ort > [roT]. We also introduce the

matrix U’ %)T whose entry (s,t) is U = |RT|7'Y, ]gl\I/g( — )logs, <[y 7) and

we define U ; %)T similarly. We now have the decomposition

1 2 1
U Rerll3 < 20U R — Ul ipl3 + 41U R 7 — USSR I3 + 40 R — USRII3.

From the definition of the autocorrelation wavelet ¥, the first term is

1 1
U e — USSRl

—1 [7‘1T
= |7?’T|_2 Z 1A ; Z Z sz)fk; ¢€k )Q;Z)mn( )Q;Z)mn( )
{m=—1logy T $,t=0 k,n=[r1T]

The compact support of 1y (s) implies that s > k — L, > ([rT] — £¢) V 0. Using
the same argument on ¥, (t), we have ¢t > ([r7T] — L) V 0. Using twice the
Cauchy-Schwarz inequality for the sums over k& and n, we get the bound
B 2
U~ URZIB<IRTI2 (Y £dagl|| < IRTI2A2+v2)*0TC?,
l=—logy T
using (A.4). The second term is bounded similarly. The third term is bounded by

QHUJ(%*TH% + QHUJ(Q%*TH% and each term of this last sum can be bounded as

1% RT”Q IRT|™ Z Z ZA 1\115 (s =)W (s —1t) = T]RT]’QAJ,_].1

s=0 t=—00 {;m

which leads to the result. O
Finally the proof of the following Lemma is similar to the proof of Lemma 5.9
in Dahlhaus and Polonik (2006).

1/2)2

Lemma 5. Under Assumption (3.5) | S7|lspec = 57 [|Z0ee < llex 1,00 < 00.
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B.3 Proof of Proposition 2
Expectation

In decomposition (B.7), we first note that Eq;?vR;T = 0. Next, a straightforward

expansion leads to

oo

—1 T-1 -1
EQ;,’R;T = |7?'T|71 Z Z Aj_gl Z Wk(S)Wk(t) Z Z wrznn;T¢mn(8)wmn(t)

kERT t=—logy, T 5,t=0 M=—00 N=-—00

1 -1 oo T-1 2
CRIPY Y AR S g (z wk@)wm(s)) |
keERT t=—1log, T m=—00 n=—00 s=0

Defining u :=n — k. We can write

-1 0o -1 00 2
EQ;,R;T:|RT|71 Z Z Z wzn,quk,T Z Aj}l < Z Wk(s)?/)m,wk(s)) .

kERT m=—00 u=—00 {=—logy T §=—00

By Definition 1, we can write w7, ... 7 = Sm(k/T) + Ry (m,u, k) with

+k k cC,,
|Rr(m,u, k)| < ‘Sm (uT > —Sm (T) ‘"f' T

which leads to

-1 -1 00 00 2
EQorr = RTV S Y S, (%) oAy (Z wk<s>wm,u+k<s>>

keERT m=—o00 {=—logy T U=—00 \8§=—00

+ Restp

By construction of the matrix A, we observe that

o0 o0 2
Ao =) <Z ¢zk(8)¢m,u+k(8)> (B.10)

U=—00 S§=—00

which implies by Assumption 4

k
BEQSrr=IRII™" Y S, <?> + Resty = |R| ™! /Rdz Sj (2) + O (|RT| 'L;) + Restr
keRT
(B.11)

where the last equality is a standard result on the total variation (see Brillinger

(1975, Lemma P5.1) for instance).
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We now bound | Restr |. As s goes from —oo to oo, we have

—1 —1
| Restr | < Z Z \Aj_gl

m=—o00 f=—log, T
uioo RT|! keZR:T{(Sm (u . ’f) S (%) |+ iﬁ} <Sioowgo(s)¢mu(s)>2.

Using (B.5) for the sum over k, | Restr | is bounded by

—1 o)

_ 2
Sy { et + 2 % |A;;|<Z W(swmu(s))

M=—00 U=—00 {=—logy T §=—00

In this last expression, the compact support of vy and )y, implies that |u| <
LoV Ly, where z V y = max(x,y). Together with (B.10), we get

| Restr | < |RT|™! Z Z {TV(Sm)(LeV L) + CCp} A} Apm

m=—00 (=—log, T'

which, with (A.5), leads to

| Restr | (B.12)
<[RTI™ Z {TV(Sm)Le(2Lm — 1) + TV(S) L (2L — 1) + CCm(2L s — 1)} | A7
1

=202+ V22 RT|TVTL Y (2L — 1) TV(Sy) +O <2j/2]RT]_1>

m=—0Q

using (A.4) and (2.4).

Variance

Using decomposition (B.7), the variance is decomposed as Var Q; g, = Var Qi rrt
Var ¢} .1, where Var ¢ z.p = C?27 J|RT)|. Using Lemma 3 with (B.4), we can write
o 1/2
Var Q3 . = M3 < 2155 fpecl
4 and Lemma 5. U

U;j .73 and the result follows from Lemma

B.4 Proof of Proposition 3 and its consequences

Our proof of Proposition 3 needs the use of an exponential bound for linear and
quadratic forms of Gaussian random variables. For sake of presentation, we sum-

marize here the results we use.

28



Proposition 7. Let Z be a Gaussian random variable with mean zero and unit

variance. Then, for all A > 0,

1 2
Pr(|Z| >N < (1A —A%/2
w(12] > ) ( ATﬂ)a

where a A b = min(a,b).
Let Z,, = (Z1,...,Zy) be a vector of iid Gaussian random variables with zero
mean and Var Zy = 1. If M, is an n x n matriz such that | Mp|/spec < Too and

o2 = 2||M,||3, then for all A > 0

1 22
Pr ((Z;ann —tr M,) > Un)\) < 2exp <_Z . W) )

Moreover, if Y is a Gaussian random wvariable with mean zero and variance

02 < o2, then

1 2
Pr((Z,M,Z, +Y —tr M,) > o,)) < 3exp (7 : W) )

Proof. We prove the first inequality. On the one hand, by Tchebychev inequality,
Pr(Z > \) < %ng exp {—tA + log E(etz)}
>

where E(e!Z) = ¢~*/2. The minimum is reached for t = X and we get Pr(|Z| > \) <

e**/2. On the other hand, a straightforward calculation leads to

o0 )\ 2 1 2
P Z>,\:/ tQ/thg/ EAR S LY T ———
. ) A o A \/27T6 )\\/2776

and the result follows. The second inequality follows the proof of Proposition A.1

<1

in Dahlhaus and Polonik (2006). The last inequality is derived from the two former
inequalities. U

As in the proof of Proposition 2, equation (B.9), we write Q; z.7 as a quadratic
form of Gaussian variables in order to apply Proposition 7 with M; z.7 = E;/ 2 ULR;TElT/ 2

and prove the assertion.

Proof of Proposition 3. We use the last exponential inequality of Proposition 7
because Q; r.1 can be decomposed (see (B.7)) into Qj r.r + 4w Where QF . =
ZyrMjrrZy and ¢§ 5. ~ N(0,C?27 /|RT]). Note that Lemma 4 and 5 imply with
(B.1) and (B.3):

1M Rt llspec < 272Kz lex ol RITH T2 (B.13)
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Therefore, Proposition 7 leads to

Pr((Qjr;r — QjR) > NojRT)

N0 R, T
<P o — BQi ) > 10101 /2 1—
*(Qimer — BQimir) > nospr/2) + exp ( 2[EQjrsT — le)
1 n? N0 R.T
< 3 . : 1 _ XA .
B T 2 Kallex .o e ( 2[EQjrir — Q5|

[RITY 20 R T

To bound the second probability, we observe that (B.11) and (B.12) lead to |EQ; r.7—
Q;r| < |RT|™! (Lj + K32(j/2)*1\/7) with K3 = 4v(2 +v/2)(2p — 1)(C Vv 1)L_.
This implies

Pr((Qjrr — QjR) = nojRT)

1 7720'RT 1 772U'RT
<3exp | —— - SPhA + exp - — o7
16 2/2Kslex|l1,00 VT 2n Lj+K320/2-1yT
ojRT N1 e
and the result follows. O
Proof of Corollary 1. In the following proof, K denotes a generic constant

and kr is an increasing function of T'. By Proposition 2, JJQ.R,T = VarQjr.r <
(C? + ¢ /|R|)27 /|RT| uniformly in j, which implies

—Jr<j<0

Pr < sup  |Qjrr — Q| = kr/(C? + 02/|73|)/|RT|>

—1
< > Pr (IQ;;R;T —Qjrl =277 21€T%RI) :
Jj=—Jr

Using Proposition 3, this probability is bounded by

p 1 277k2./2
co JT max exp —— - —;
e 1 2kp2—3/2L; kr VT
IrI<0 O 1t T s+ ey (Kallex o + Ka)

Proposition 2 shows that, for 7' sufficiently large, o g1 = /2//|RT|. This leads
to the bound

1 k22
co JT max exp{ ——— - — 7T :
~Ir<y<0 10 274 Mot 4 2 (K ex 10 + KCD)

By assumption (2.4), there exists a positive constant p’ such that L; < 2/ /2p/. Then,
asymptotically, the rate of convergence of the dominant terms in this exponential

are given by Jr - exp(—k7) which is op(1) by the assumption on kr. O
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B.5 Proof of Proposition 4

Lemma 6. IfUY) = [RT|7' Y2 1 AZ S o o (s)en(t), then

2 2
E E : (@) g7 ) +1 o T'Nrlogy T  Nplogy T
Uts] 11 ’H\S—UKNT < 27+ L_1v W =0 QJ# .

t=—00 S, u=—00
Proof. Direct calculations yields

-1

Z Z UDUD Wmwene < RTIT2 ST 1AMNAL Y. Lmwens

t=—00 s, u=—00 {m=—logy T S, U=—00
Z (Z [ (5) e (t ) (Z [ (1) (1 )|>.
t=—oco0 \keRT neRT

Using the Cauchy-Schwarz inequality for the sum over ¢, we get a product between

two terms similar to (3°,(3°, Yer ()0 (t))?)/? < /2L, — 1. Then

SN UPUD M ueny < TNPIRTI2 AN AL V2L — 13/2L0, —

t=—00 s,u=—00 lm

and we obtain the result by (A.4). O

In the proof of Proposition 4, we need a modification of Corollary 1, in which R
is replaced by Rr. The proof of the following result is along the lines of the proof
of Corollary 1.

Lemma 7. Under the assumptions of Propositions 2 and 3, there exists Ty > 1 such
that, for all T > Ty,

kr [C? 4+ c2
Pr< sup !QJRTS)T Q]RTS)!/’R’ 7>:0T(1)

—Jr<j<0

provided that Jr - exp(—kr+\/|Rr|) = or(1).

Proof of Proposition 4. Define 6, 54, = Zg;lf logQTQZ,RT(S)\IJK(U)HWKMT the
entries of a matrix ¥, and define 6?7R7T = QHUJI‘,R;TETH% + C?27 /|RT|. Our proof

is based on the decomposition

Girr—0irr = irr —0irr) + (Firr — iR T)

where the first term is stochastic while the second term is deterministic.
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We will first show that the deterministic term |5]2-’R’T - 0?7R7T| is o(27=JTT 1),
Using (B.4), we can write

1, _
B) (U_]Z,R,T - U_]Z,R,T) = HU_]/',R;TETH% - HU_]/',R;TETH%
<NUjrar(Er = 20) 5+ 21U rerErll2 - U mor(Er — 1) |2

<NUjrel3 - 1157 = Drlldpee + 2 1UjRerll3 - 127 llspec - 157 — D llspec

where we know by Lemmas 4 and 5 that [|U;r.7[3 = O(27T7!) and ||Z7|spec <
llex 1,00 Moreover, we can write:

o0

||2T - ET”spec < Z sup (Us,eru - 5s,s+u)
u=—o0 °

o) —1

= > sup Y D (Wi — Qurecs)  Yen(8)en(s + u) + Ri+ Ra

s
U=—00 /=—00N=—00

(B.14)

where

00 —1
Ri = Z sup Z QE,RT(S)\IIK(U’) D>tz

U=—00 {=—00
) —logy(T)—1

Ro = Z sup Z QE,RT(S)‘PZ(“) luj<nty-

U=—00 {=—00

o0

00 -1
Z sup Z Q@,’RT(S)\I’@(U) = Z SupllRlel/,,2 dz cx (z,u) )

U=—00 f=—00 U=—00 T(8)

the rate of Ry is or(2777) by Assumption 6. Next, using |¥(u)| < 1 uniformly in

¢ <0, we get
[ee} *logz(T)*l
Ral< Y swplRel ™ [ de Y S Do,
u=—o0 ° Rr(s) {=—00
—logy(T)—1
<2Mp Y supSe(z) = O(My/T)
f=—00 ?

using Assumption 4. Assumption 5 on the rate of the truncating sequence Mrp

implies | Ra | = o7(277/7). The main term of (B.14) is bounded by

00 -1 00
o Y Y Rl [ el = S W ) (B35
Uu=—00 f=—00 N=—00 s
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By Definition 1, we can write

=S < G+ s () = 5 (S0 1) [ s - s (2 42|

which, when plugged in (B.15), leads to three terms. By (B.6) and (2.4), the first

term is O(T~!). For the second term, with a change of variable z to z + s/T, we

get:

3 sup S Y Rl 1/ e |5 () = e (7 2) | an(o)ven(s + ),

U=—00 l=—00Nn=—00
where R7(0) denotes the interval Rp(s) shifted by —s. If we use that |1, (s)]
is uniformly bounded and > 07 |t (s + u)| = O(Ly), the second term is then

bounded (up to a multiplicative constant) by

i 5 o, gt 3 f () s e

-1
RS L / dz A/ TV(S)) = O(Rxl) Y LeLe = O(Re)

l=—00 l=—00

by assumptions (2.3) and (2.4). The third term is

S o Y ZIRTll/ -

U=—00 {=—00 n=—00 )

S

1) =S¢ ("5 +2) | Ien(e)in(s + 0.

If sg denotes the infimum of Rr(s), we decompose the integral as follows:

0o [ReT|=1 g1 kit

3 sgpz S Ryl > /80+_ iz [sutz) - 50 ("7 +2)|

U=—00 {=—00N=—00

[Ven(8)en (s + u)l

which can be rewritten with the change of variable y := z — s — k/T,

> sup > Y Rl

U=—00 {=—00N=—00

’qu 1/1/T

Assumption (2.3) for the sum over k with (B.5) leads to the bound

k k
dy | (y + 50+ —> - (y +s0+ i) [ [ben (s ben (5-+20)

T

) -1 )
dYoosup D Le Y IR n = s|len(s)den(s + u)l.
u=—00 ° f=—o00 n=-—00
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The compact support of ¢, (s) implies |n — s| < L£;. Therefore, (B.6), (2.3) and
(2.4) imply that this last term is O(|R7T|™!). Finally, we summarize all the rates

of convergence for the deterministic term:

29T - (67 rr —0irr) = O(T '+ |Ro|+ [RrT| ™) + |Ru | + | R |
=O(T '+ |Ry| + [ReT|™Y) + or(2777) + op(2777)
= OT(27JT)
by Assumption 5.

Let us now turn to the stochastic term |5]2-’R’T - 5]2’R’T|. Lemma 7 implies the

existence of a random set A which does not depend on j and such that Pr(A) >

1 —or(1) and |Q; rp ()1 — QjRr(s)| < (kr/|R7])\/(C? + ¢2)/T almost surely on
A, forall T > Ty and j = —1,...,—Jpr. We can write

-1

|&?7R,T jRT| 2 Z ‘ Z Utj)Uj) Z (QE,RT(S);TQW,RT(u);T

h,t=0 s,u=0 {m=—logy, T
= Qo R (s) QR (w)) Yels — h) Wy (u — h)‘ Ts—n<rtplju—nj<r,  (B.16)

almost surely on A. Using the decomposition

QE,RT(S);TQm,RT(u);T - QE,RT(S)Qm,RT(u = (Qm Rr(uw);T Qm R (u) ) Qﬁ JRr(s)
+(Q€,RT(S);T - QE,RT(S)) Qm,RT(u)+(Q€,RT(s);T - Q(,RT(S)) (Qm Rr(uw);T Qm RT(u)) )

in the right hand side of (B.16), we get three terms. On A, the first of these terms

is bounded as follows (the other terms are bounded similarly):

2 Z ‘Utj)U(] Qm,RT(u);T - Qm,RT(u)) \I/m(u - h‘) Z QE,'RT(S)\IJZ(S - h)
1

ht,s,u m

H|s—u\<2MT

k:T 10g
1+ c2 o2 Z | (J U(J . ‘ZQZ,’RT(S)\I}((S - h) H|sfu\<2MT
h t,s,u
k:T 10g
<2V1+2—22 Z’Ut(s] b ’H\s u|<2MTZSHP‘ZSe )We(h ‘
t s,u
~0 (2jMTkT\RTT]_1 T=1/210g3 T) as. on A
using Assumption 1 and Lemma 6. The result follows from Assumption 5. O

B.6 Proof of Theorem 1

By Proposition 4 and for T large enough, there exists of a random set A such that
1 —Pr(A) = or(1) and (3.9) holds on A. Then, if A° denotes the complementary
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random set of A, we can write:

r(1Qjrir — Qjrl > 265,r,mm) = Pr(|Qrir — Qjr| > 26;=,11|A) Pr (A)
+Pr(|Qjrir — Qjr| > 26;= 11| A%) (1 = Pr(A)).
The second term of this sum is or(1) by Proposition 4. To bound the first term,

we observe that Proposition 4 implies 5?7R7T > J?7R7T — r on A with pr =
or(29=/7T~1). Together with Proposition 2, this implies

$>1— T 1 op(l) — 1 (B.17)
j R, T ] R, T
for all j = —1,...,—Jr, as T tends to infinity. Then, we can write:
- T
Pr(|Qjrr — Qjrl > 205=n) < Pr | |Qjrr — Qjrl > 205R1N, [1 - d («4
] ’R T
+or(1

and Proposition 3 leads to the result with vp = @71/ O'J2'7R;T. O

B.7 Proof of Proposition 5
Let U be a segment of p(R). Consider the a.s. inequality
Qi rir — Qjusr| < |Qjrir — Qjr| + |Qjusr — Qjul + A;(R,U)

where Aj(R,U) is defined in (4.1). In the regular case, Aj(R,U) < b(U) 4+ b(R) <

Ci(ojur + ojr1)kr. Consequently, in the regular case,

Pr (R is rejected) < Z Pr{|Qju.r — Qirr| >2Mojur+nojrr)kr}

Uep(R)
< Y PrQjrr — Qjrl > —Cjojrrkr + 200z rkr)
Uep(R)
+ Y Pr(Qjur — Qjul > —Cjojurkr + 20050 rkr)
UEp(R)

Proposition 3 implies

o 1 Ui
Pr (R is rejected) < (4p(R)) co exp 16 14 2oLy 2Pnr(Kallex 0o +Ka)
|'RT‘0‘J"R7T Jj7R7T|'R|\/T
b Uy
+¢co Z exp 16 14 2nrL; 29/ 2n7 (Kallex ||1,00 +K3)
Uep(R UT|oju,T Uj,u’T\Z/ﬂ\/T
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with ny = 2nkr — Cjkr = kr277/2 (5(2a + p) — V/a + p).
Proposition 2 leads to U;}Q;T < C71279/2,/IRT| and similarly for J;Z}{7T. As
d < |U| < |R| <1, we consider the dominant terms in the sum, and we can write,

for T' large enough, and with Q’j/zLj < pL_q,

. 1 Uis
< .
Pr (R is rejected) < 2¢ (fp(R)) exp 674 Pl N n7(Ka|lcx 100+ K3)

\/K15T \/2.7[(15

Replacing nr, using 2a+p > /a + p and kr ~ logy T', the asymptotic order of this

bound is
VKT ,
(fp(R)) O (T_m(a+5)>
and the result follows for 7' large enough by Assumption 7(2). O

B.8 Proof of Theorem 2

For reader’s convenience, we first state two technical lemmas. The first lemma is
a consequence of Rosenthal’s inequality (see, e.g. Hérdle, Kerkyacharian, Picard,
and Tsybakov (1998)).

Lemma 8. Let Y ~ N(0,02) with 0 > 0. Then, E|Y|P < C(p)o? where C(p) is a
function of p only.

Lemma 9. Let Zp = (Z1,...,Z7)" be a vector of iid Gaussian random variables
with zero mean and Var Zy = 1. If Mjgr.r is the matriz (B.9), v is a positive

constant and p > 2, then, there exists Ty such that
E (Z/TMJ‘,R;TZT —tr MR+ vaT*1/2>p
< C (K |lex|1,00,p) TP/ (21+j/2\R\_1 + va)p
for all T > Ty.
Proof. First, we write

E (2 M;rirZy — tr M -1/2)"
ZpMjrrZr — tr Mj R + vkrT

p
- ( 1: ) E (ZpMj g Zr —tr Mjgyr) WPk T~ ®70/2 - (B.18)
r=0
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Due to the relationship between the centered moments of a random variable and its

cumulants, we can write
T
/ r ™ g
E (ZTMj,R;TZT — tl‘Mj’R;T) = E E C(pl, e s Pm, My T, ... ,ﬂm,r)lipll R lﬁp: ,
m=0

where the second sum is over pi, ..., pm, 1, ..., Ty in {1,...,7} such that > /" | pim; =
T, Kp; is the p;th cumulant of Z’TM i rR;7Z7 and C denotes a generic constant in this
proof. From Lemma 3, (B.13) and Proposition 2, ,, < 2Pi(p; — 1)!K§i||cx\|zl’fm2jpi/2
|R|7P'T~Pi/2 and, consequently, E(Z;M;r1rZy —tr Mjr.1) < C(k,|lex||1.00,7)
9r(1+3/2)|R|="T—"/2. Using this inequality in (B.18) leads to the result. O

Proof of Theorem 2. In this proof, C' denotes a generic constant. Let R be the
interval selected by the estimation procedure. We consider two cases: |R| < |R| or

|R| > |R| and split the expectation into two parts:

E|SJ(ZO) —8j(20)|" = E|SJ(ZO) — 5j(20)[” 1|7é\<|7z| + E|§j(20) — 8j(z0)[ 1\7%\>|7z|-

First term (|R| < |R|). In the first case, we make use of the inequality |a — b|? <
2P~ g|P + 2P~ Lp|P and write
E[S;j(20) = Sj(20)l” 1)<

-1 -1
< 2"EIS)(20) — Q2 Lz 1qir) T 27 EIQ; rir — Qi 2P LR <Ry

As |R| < |R], the evolutionary wavelet spectrum is homogeneous over R and R and
property (4.4) holds for R. Then, using Proposition 2 on the variance, and the first
point of Assumption 7, the first term of the right hand side is bounded as follows:

PTE|S(20) — Q; 2P Lz <ir < 2P E(C)o; 5 phr)P
< 2TICPIRL P2 (T ) TP (1 + 2Pl
=27 Na+p)P KT PR P (1+ )P (B.19)

by definition of C; (see Equation (4.5)). Now, if we denote G = Z/TMj,fz;TZT +

\ﬁT\*l Y keRT ZikT — tT M; 5.7, then the second term may be written
2 ~IE|Gr + biasr[P1 g g < 22777 {E (’GT’pl\fQKIRI) v ybiasT\P}
where, using Proposition 2 for 71" large enough,
biasy [P < C,297/2(5T)~P/? (B.20)
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with a constant C),, depending on p only. Finally, we now show that E|G7[P is
uniformly bounded in T. Using § < |R| < |R|, we first note that Propositions 2 and
7 imply
A 2 1 A2

Pr <|GT| > 5 (C? + 02)T> < 3exp <_Z g 2)\7'00\/W> (B.21)
where 7o, < 20~D/2¢/(6+/T) by (B.13). We now truncate the integral E|Grp[P =
Jo~ dz Pr(|Gr[P > x) at the point //%/2 which is such that ur = 27(C% + ¢?)/(6%T).
With the change of variable x = yp,ug/ 2, this leads to

2 2 [~ _ 1/2
EIGr|" < i/* +p i) / dy y*~' Pr (IGTI > yug! )
1

[e'e) 2
2 2 _ 1 Y
<l +p//%// dyyplem(—— )
1

214 2y70/[RT|/2

For computing the integral, we note that 1 < y, and we evaluate || 100 dyyP~t exp(—ary).
This leads to the bound

RT] "
/2 /2 —pr—p/2
E|GrlP < @™ + epu! (2—1—47’00 7) < CpéPT P2,

In conclusion, in the first case, we get the bound E\gj(zo) — Sj(20)|P 1\7%\<|R| <
Cp6PT~P2KD, from (B.19) and (B.20).

Second term (|R| > |R|). We consider now the second case. Select a subinterval U

in p(R) included in R and containing zp. Then, consider the decomposition

p
E[Sj(20)—S;(20) | 112 5m| < E{|Qj,Z/I_Sj(ZO)|+|Qj,U;T_Qj,L{|+|Qj77~z;T_Qj,M;T|} :

As the wavelet spectrum is regular on ¢ C R, the term |Q; — Sj(z0)| is bounded
by Cjojurkr. On the other hand, using Proposition 2, |Q;u.7 — Q;u| = |Qju:r —
tr M; 0.7 + Ry with Ry = O(2//2T—1/2). Moreover, as R is selected by the esti-
mation procedure, it holds |Q; z 7 — Qju;r| < 2(no; 5 7+ Aojur)kr almost surely.
With 2a + p > /a + p, we can write

CjUj,u,TkT + 2 (170]»77%77« + )\Jﬂ,{,T) kr < 11\/5(20& —i—p)kT(l + CQ)Tfl/Q(s*l

using |R| > || = . Then, Lemmas 8 and 9 proves the existence of a constant cs

depending on k,v,p, Ky and on ||cx||1,00, such that, for T' > Ty,
p
E{ Qjusr — tr Mjur| + Ry + Ciojurkr + 2 (Wjjw + A%ZAT) k‘T}
< Cp5—pT—p/2 (2j/2\1/{]_1 + kT>p + Cp2jp/2\L{T]_p/2

and the result follows using || > 0. O
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B.9 Proof of Proposition 6

We first prove the following lemma, stating an exponential inequality for quadratic

forms of Gaussian random variables.

Lemma 10. Let Zy = (Z1,...,Z7)" be a vector of iid Gaussian random variables
with zero mean and Var Z1 = 1. If My is a T x T symmetric and positive definite

matrix, then

—tr Mp)?
Pr (ZpMpZyp <n) < exp (—u>

Al|Mr|3
provided that n < tr Mp.

Proof. By assumption on the matrix My, the decomposition M7y = O A7-Or holds
with a diagonal T" x T" matrix A7 and an orthonormal matrix Or. If we denote
Y, = OLZp, then Y is a vector of iid Gaussian random variables with zero
mean and VarY; = 1. We can write ZpMrZy = YopArY = ST A Y2 with

Ai > 0. Moreover, tr My = trAp, trA2 = tr M2 = |[Mr|j3 and |[Mr|spec =
max{Aj,...,Ar}. The Chernoff inequality (Ross, 1998) on Y, leads to

Pr (ZpMrZy < 1) = Pr (YpArYp <n) < exp { inf (—tn +log Eexp(tx’TATxT))}
<
T
— ; _ 4y 2
= exp {%E(f) ( tn + Z; log E exp(A\itY; )) }
1=

and, using that log Eexp(a;Y;?) = —1log(1 — 2a;) < o; + o2 holds for o; < 0, we
get

Pr (Z/TMTZT < 77) < exp {ing (—tn +ttrAp + 2 tr AQT)} .
<

The result follows by taking ¢ = (n — tr Ar)/(2tr A%). O

Lemma 10 is not directly applicable on the quadratic form Q; .7 = Z7pM; g7 Zr
because the matrix M; .7 is not definite positive in general. In the next lemma,

we show how this matrix can be approximated by the matrix M ;R;T, defined as

* _ 1/2 17 7% 1/2
RT — ET Uj,R;TET ’

where the entry (s,t) of the matrix U R 18 given by

—1
uf =29|RTIH > 2P (s — 1),
l=—log, T
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with 79 > sup; .o Sups<g 2_5/2|AJ7£1| > 0. The matrix M}z r is clearly symmetric.

It is also positive definite because U;R;T is positive definite: For all sequences z =

(zg,...,x7_1)" of £2, the quadratic form
-1 2
PUfgre =[RTIH Y 272) (Z xswk(S))
{=—logy T s k

is strictly positive.

Lemma 11. Assume that Assumptions 1 to 4 hold true. Define vy such that
-1
0<v <Y r%znf Z 22/2Amg.

<0
{=—log, T

The following properties hold true for T sufficiently large:

MR e < (M — Myrer) < Bllexr 1 0070l RI ™ (B.22)

where € is defined in Assumption 2,

||M;’R;T - Mj,’R;Tngec < ||M;R§T - Mj’R;TH%

<8L17 R lex i 0T~ log3(T) + O(T 71, (B.23)

and, if Zy = (Z1,...,Zr)" is a vector of iid Gaussian random variables with zero

mean and Var Z1 = 1, then

VT tr M; ».
Pr (Z/T( ;R;T — M r7)Z1 > )\T) =0 [ exp ——QJ’R’T (B.24)
logs T’

where A\p = tr M;R;T —tr Mg +tr MjRr.r 10g2_1 T.

Proof. 1. We prove (B.22). Write tr(MJ’.:R;T —-Mrr)= tr(M;R;T) —tr(Mj r.7),
where the second term is E(ZyM; r.rZy) = Q;r+0(2/2T~1/2) from Lemma

3 and Proposition 2. Moreover,

tr(Mjr,r) = tr (57U} r,r)

00 _
_ —1 S 2/2
= 2v|RT] Z CxX.T (?,u) Z 2750 (u) (B.25)
S, U=—00 £:710g2T
00 s -1
_ —1 S 0/2
= 2v|RT)] Z cx (T,u> Z 27°W,(u) + Resty.  (B.26)
8,u=—00 {=—logy T
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We now derive a bound for Resty. Denote Ap(s/T,u) = cxr(s/T,u) —
ex(s/T,u). We first show that TV(Ar(-,u)) is uniformly bounded in u. For
all I € {1,...,T} and for every sequence 0 < a3 < az < ... < ay < 1, we can

write
AT (a’ia ’LL) - AT (aifla ’LL) —

DS {5 (%) - 5 @ p ol (at) + 0

j=—00k=—00

- i i {SJ <§> —-5; (ail)}%‘k([az’1T])¢jk([az’1T]+U)+O(T_1),

j=—0o0 k=—00

where the O(T~!) term comes from the approximation (2.2). Now, replace k
by k -+ [a;T] in the first sum, and by k + [a;—17] in the second one. The main

term becomes

Z Z { ( + aZ) -5 (% + ai—l) +Sj(a;i—1) = S; (ai)} ik (0) Y5, (u)

j=—00 k=—00
Consequently, using the Cauchy-Schwarz inequality and Definition 1,

-1

Z{AT ai,u) = Ar(ai,u)} <20 Y Z |05 (0)jx(w)] + OUIT 1)

j=—log, T k—foo
<20+ K,

where K is a constant (because I < T), leading to TV(Ar (-,u)) < 2p+ K

uniformly in u. We can now bound Resty in (B.26) as follows:

00 —1
RestT = 270’RT’_1 Z AT (%,u) Z 2€/2\Ilg(u)

$,u=—00 l=—1log, T

AT (2 u)—i—AT(;, )—AT (z,u)}ZQe/z\I/g(u)

[R] 4 E

<’2%0’ dz Zu:]AT Z,u) \R\Z/ dz‘AT )—AT(Z—F%,’U,)‘.

as |Wy(u)| is uniformly bounded by 1. From Proposition 1, the first term is
O(IRT|7Y). Using (B.5) and that TV(Az(-,u)) is uniformly bounded in u,
the second term is also O(|RT|~1).
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In (B.26) we now expand cx(s/T,u) using (2.6). By definition of the matrix
A we get

(Mg — Mymer) > [RT|” 1225 ( )Zzyo—sz/uj—;)%/um@

for T large enough. The lower bound is derived from the definition of ~q, 71
and Assumption 2. The upper bound is derived using tr(M]’-tR;T — Mjr.r) <
tr(MJ r.r) from (B.25), using Assumption 1, and [Wy(u)| < 1 uniformly in
{<0andu€Z.

2. We prove (B.23). The first inequality is (B.1). From (B.4), we write HM;‘R,T—
M;rr|3 < HEl/QHSpeCHU;:'R;T — U;rrl|3. Then, using Lemma 4, (A.5) and
\% 'Cfﬁm < 2" é+m)/2£*la

5 1Uirar = Ujrrlls < IUrelz + 1Usrir |3
-1
é 4’)’3‘7?,‘_21—'_1 Z 2(€+m)/2A€m + K%Q]‘R‘—2T—1
ml=—logy T

<AL GIR[ 2T ogh(T) + O(T ).
The result follows from Lemma 5.

3. We prove (B.24). For T large enough, Ar is strictly positive. Using Proposition
7 and if we define pj. = Var(ZT(M]’:R;T — Mjryr)Z7) = QHM]'*,R;T — M7

and gy = HM;RT — M; .7 |lspec, then we can write

1 (tI‘ Mj"R;T)Q )
2 p log% T + 2qp tr(M; r.7)logy T )

(B.23) gives the rates for pr and g7, leading to the result. ]

Proof of Proposition 6. By Proposition 2 we have 07 = Q;r, — Qjr, +
O(272 J{NT(|Ro| A |R1|)}). This shows that the sign of f7 is determined by the
sign of (Qjr, — Qjr,) for T large enough. Then we consider the two cases 67 > 0
and O < 0.

If 07 > 0, define pr = E(Qjry:r — Qjr:1) > 0 and Ay = tr(M}:RO;T — M;R;T) —
ur(l —1/logy T'), where the matrices M* are defined as in Lemma 11. Define the
random set Pr = {Z (M} .7 — M .o — MjRor + MjR;7) Z7 < A1} where Zp =

(Z1,...,Z7)" is a vector of iid Gaussian random variables. As for the derivation of
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(B.24), we can use Proposition 7 to derive

urVT (1 1\ 2
Pr(P$) =0 — .
1P <p{ log} T (\Ro\”\w)

Using decomposition (B.7) and by conditioning on Pr,

Pr (R is not rejected|Pr) < Pr{Z7(M;zyr — M) Z1r + GG ot — Grsm

< 2n(0j,Ro,r + 0jRT)NT + AT|Pr}

Note that the first inequality of Proposition 7 implies that Pr{|q; z .7 — ¢} r.7| >
(0jRo:T + 05 R:T) Nk} < 2exp(—A%k2./2). Therefore, by definition of 7,

Pr (R is not rejected|Pr) < O(T™1)
+Pr{Zr (M royr — Mjgir)Zr < 1(0Re7 + 04 R7)kT + AT[Pr} -

Lemma 10 can now be used to bound this probability because M;RO;T — M;R;T is

a definite positive matrix and n(o;R,, 7+ 0jR,7)kr + A7 < tr(M 1) 7 — M5 1) for

2
T large enough. This leads to the rate O (—lgg% (ﬁ + ﬁ)
2
If 7 < 0, we apply the same reasoning with pr = E(Q;r,.v — Qjr;1) and
A = tr(M g, o — M z.p)+pr(l—1/logy T). The result follows after the addition
of all terms. m
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Figure 1: The first figure is an example of theoretical spectrum S;(z). This spectrum
is used in the second figure to simulate a locally stationary wavelet process of length
T = 1000. This simulation uses Gaussian innovations {;; and non-decimated Haar

wavelets.
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Figure 2: The bold line in both pictures is the first scale of the evolutionary wavelet
spectrum considered in Figure 1. The upper figure summarizes the results given from
100 simulations of the LSW process. In this figure, each vertical interval represents
the 90 % interquantile range from the 100 results and the bullet is the median. The
bottom figure presents the local adaptive estimator (bullets) from the realisation of
the process showed in Figure 1 (lower plot). The continuous line is the estimator of
Nason et al. (2000).
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