Subjective Discounting in an Exchange Economy*

Erzo G.J. Luttmer
University of Minnesota and CEPR

Thomas Mariotti
London School of Economics,
GREMAQ), Université de Toulouse 1, and CEPR

December 15, 2002

Abstract

This paper describes the equilibrium of a discrete-time exchange economy
in which consumers with arbitrary subjective discount factors and homothetic
period utility functions follow linear Markov consumption and portfolio strate-
gies. Explicit expressions are given for state prices and consumption-wealth
ratios. We provide an analytically convenient continuous-time approximation
and show how subjective rates of time preference affect risk-free rates but not in-
stantaneous risk-return trade-offs. Hyperbolic discount factors can be a source
of return volatility, but they cannot be used to address asset pricing puzzles
related to high-frequency Sharpe ratios.

1. INTRODUCTION

Many explicit dynamic equilibrium models in macroeconomics and finance are based
on the assumption that consumers have time and state separable preferences and that
they discount future utilities at a constant rate. This implies that consumer choices
are dynamically consistent.

Psychologists have questioned the validity of the assumption of exponential dis-
counting on the basis of experimental evidence (Chung and Herrnstein (1967), Ainslie
(1975), Kirby and Herrnstein (1995)). These studies suggest instead that subjective
discount functions are approximately hyperbolic. According to this literature, events

*We thank the participants in numerous seminars, and the Editor, Fernando Alvarez, for helpful
comments. The FMG and STICERD at the London School of Economics provided financial support.
An earlier version of this paper circulated as CEPR discussion paper 2503.



in the near future tend to be discounted at a higher rate than events that occur in
the long-run. This creates a conflict between an individual agent’s preferences at
different points in time: the course of action preferred today by a hyperbolic agent
does not coincide with the one he knows he would like to implement tomorrow. As
a result, self-control and the degree to which agents are able to commit to future
choices become central issues for decision making.

If consumers can perfectly commit to a sequence of consumption choices, then
standard consumer theory applies, whether subjective discount functions are geomet-
ric or not. Consider for example an exchange economy with time-invariant period
utility functions, constant aggregate endowments, and date-zero markets for con-
sumption at all future dates and in all future states. In this economy, the term
structure of interest rates coincides with the term structure of the representative
consumer’s rates of time preference. As Loewenstein and Prelec (1992) have sug-
gested, the experimental evidence would then lead one to expect higher yields on
short-maturity bonds than on long-maturity bonds. Empirical studies of the term
structure of interest rates indicate that on average the opposite is true.

In this paper, we assume instead that consumers have no means through which
they can commit to future consumption choices. Under this assumption, we exam-
ine an exchange economy with a sequence of markets. In every period, consumers
can trade in a complete set of one-period state-contingent claims on consumption
(and possibly in some long-lived securities as well.) These contracts can be perfectly
enforced, so that consumers are allowed to borrow up to the present value of their
endowments. In contrast, there are no enforceable contracts that allow consumers to
commit in advance to a particular sequence of consumption choices.

Following Strotz (1956) and Pollak (1968), and many others since, we take in-
dividual consumption and portfolio choices to be the outcome of an “intrapersonal
game” in which the same individual consumer is represented by a different player
at every date.! Consumers are assumed to all have the same constant relative risk
aversion (CRRA) preferences. Endowment processes may differ across consumers.
The only restriction we impose on subjective discount factors is that the utility of
aggregate endowments is finite.

We consider competitive equilibria in which consumers follow intrapersonal strate-
gies that give rise to consumption and portfolio choices that are proportional to
wealth. These strategies are required to constitute a Markov perfect equilibrium of
the intrapersonal game. If there is a long-lived asset in positive net supply, then there
is one and only one such competitive equilibrium. The fact that individual behavior is
the outcome of a game implies that standard derivations of a transversality condition

!Beyond the consumption-savings problem, the “multiple selves” methodology has been applied
to a broad set of self-control issues. See for instance Benabou and Tirole (2002), Carrillo and
Mariotti (2000) and O’Donoghue and Rabin (1999, 2001).



do not apply. We provide conditions on preferences and endowments that never-
theless rule out bubbles on long-lived assets. These conditions also ensure existence
of equilibrium in the absence of a long-lived asset. We obtain explicit expressions
for the consumption and portfolio strategies, as well as for the equilibrium prices of
state-contingent claims.

In two special cases, equilibrium prices will be exactly as if consumers discount
utility geometrically, even when they do not. This happens when endowments are
such that expected utility growth is constant, or when period utility functions are
logarithmic. In both cases, agents consume a constant fraction of wealth in each pe-
riod, irrespective of the shape of the subjective discount function. This observational
equivalence result generalizes a result of Barro (1999) to the case of an economy with
uncertainty.

To gain more insight into the properties of equilibrium state prices, we exam-
ine a limit economy obtained by letting the length of a period go to zero. In this
limit economy, the standard consumption capital asset pricing model (C-CAPM) of
Breeden (1979) applies, irrespective of how consumers discount utility: instantaneous
risk premia are given by instantaneous covariances of returns with marginal utility.
The risk-free rate process, however, is affected by time-inconsistency. It is the sum
of two terms. One is the expected instantaneous growth rate of marginal utility, as
is the case when consumers are time-consistent. The other is a weighted average
of consumer subjective rates of time preference at different horizons. The weights
are proportional to discounted expected future period utilities. This second term
introduces a new source of risk-free rate dynamics: variation in expected future en-
dowment growth shifts weights across subjective discount rates at different horizons,
and this in turn affects the current risk-free rate.

The fact that Breeden’s formula for instantaneous risk premia continues to hold
implies that the high-frequency Sharpe ratios of returns in an economy with non-
geometric subjective discount functions are the same as those in an economy with
time-consistent consumers. Many models of preferences are not able to generate the
high Sharpe ratios found in many data sets (Hansen and Jagannathan (1991)). This
is a puzzle that can therefore not be addressed using only non-standard assumptions
about subjective rates of time preference.

Although ratios of risk premia over return volatilities do not depend on how con-
sumers discount utility, the return volatilities themselves typically do. In particular,
we give conditions under which certain forms of hyperbolic discounting can increase
the volatility of aggregate wealth. Intuitively, the high subjective discount rates for
nearby utilities implied by hyperbolic discount functions must be matched by low
subjective discount rates for utilities in the distant future, or else interest rates would
be too high compared to what is observed in the data. These low long-run subjec-
tive discount rates can make wealth more sensitive to information about long-run



endowment growth rates.

Related Literature One of the subjective discount functions we consider is the
“quasi-hyperbolic” discount function introduced by Phelps and Pollak (1968) in a
model of imperfect intergenerational altruism. It was later used by Laibson (1994) to
capture the qualitative features of hyperbolic discounting for an individual consumer.
Laibson (1997) shows that a partially illiquid asset may be used as a commitment
device by consumers with time-inconsistent preferences. Harris and Laibson (2001)
study the dynamic choices of a quasi-hyperbolic consumer facing a constant risk-free
interest rate and subject to borrowing constraints. They derive an Euler equation
that depends not only on the level of consumption at two consecutive dates, but
also on the marginal propensity to consume out of wealth. Krusell and Smith (1999)
consider an economy with quasi-hyperbolic discount factors and argue that consumers
must have negative rates of time preference for nearby utilities in order to account
for the low level of interest rates observed in US data. In contrast, we incorporate
the high short-run rates of time preference suggested by the psychological literature,
and emphasize that one can use low long-run rates of time preference to account for
the low risk-free rates found in the data.

Outline of the Paper The economy is described in Section 2. In Section 3, we
analyze the intrapersonal game faced by a typical consumer and derive competitive
equilibrium prices. Section 4 derives expressions for interest rates and risk premia in
a limiting economy obtained by letting the length of a period go to zero. In Section
5, we examine the combined implications of hyperbolic discounting and monotone
dynamics in expected utility for the dynamics of the risk-free rate and the volatility
of aggregate wealth. Section 6 contains concluding remarks.

2. AN ExcHANGE ECcONOMY

2.1. Preferences and Endowments

We consider a discrete-time, infinite-horizon economy. Time is labelled by t =
0,1,2,... and uncertainty is described by a probability space endowed with a non-
decreasing filtration {F;}:2,. For each t, we denote by E;[-] the conditional expec-
tation operator with respect to F;. Throughout, random variables indexed by t are
taken to be F;-measurable.

There is a single good available for consumption in every period. The representa-
tive consumer’s non-negative endowments of this good are denoted by {n;}2,. One
interpretation is that the consumer supplies labor inelastically and has access to a
linear technology that converts labor into consumption goods. There are also k_; > 0
units of a long-lived asset or “stock” that produces non-negative dividends {d;}°.
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Aggregate endowments are denoted by e; = n; + d;k_1. We assume that aggregate
endowments are strictly positive at all dates, with probability one.

Following Peleg and Yaari (1973), we view the representative consumer as com-
posed of a sequence of autonomous decision makers, indexed by time. We refer to the
decision maker at date t as the “date-t consumer.” This date-t consumer evaluates
current and future consumption according to a utility function:

Ut({ct+n}2°:o) =k [Z 5nU(Ct+n)] ) (1)

where 8y = 1 and 6, > 0. These preferences are time-inconsistent if 6,,1/0, is not
a constant function of n. Throughout, we assume that the period utility function is
given by:
=
u(c) =
( ) 1 _ 77
for some v > 0, v # 1. We take v = 1 to mean u(c) = In(c). It is easy to modify (1)

to incorporate habits or subsistence levels of consumption.

2.2. Examples of Subjective Discount Factors

It is convenient to set:
On = 6(nT),

where ¢ is a positive discount function defined on [0,00), and 7 > 0 is the length
of a period. The discrete-time subjective rate of time preference can be defined as
—In(6,41/6,)/7. For smooth discount functions, this converges to p(t) = —Dé(t)/6(t)
as T goes to zero.

Experimental studies by psychologists (see Ainslie (1975), Kirby and Herrnstein
(1995), and, for a survey, Ainslie (1992)) and economists (Thaler (1981)) suggest
that rates of time preference tend to decline as a function of the horizon over which
utility is discounted. O’Donoghue and Rabin (1999, 2001) refer to this phenomenon
as “present bias.” A discount function that captures present bias is:

8(t) = (1 +¢t)"/ exp(—pt). (2)

This combines an exponential discount function with the “generalized hyperbolic”
discount function for which Loewenstein and Prelec (1992) have suggested an ax-
iomatic justification. It generalizes the hyperbolic discount function proposed by
Ainslie (1975) to interpret experiments that indicate reversals over time of prefer-
ences for rewards at different horizons.

The resulting subjective discount rate is given by p(t) = p + &/(1 + ¢t). This
converges to p + ¢ as the horizon goes to zero, and it declines monotonically to p as



the horizon goes to infinity. Increasing p increases the discount rate at all horizons,
and increasing ¢ raises the subjective discount rate more at short horizons than at
long horizons. The parameter ( governs the speed at which the subjective rate of
time preference changes from its short-run value p + ¢ to its long-run value p. At
¢ = 0, there is no difference between short-run and long-run discount rates, and one
obtains the standard exponential discount function exp(—pt). Similarly, letting ¢ go
to zero yields the exponential discount function exp(—(p + &)t).

A vparticularly convenient limiting discount function is obtained by letting the
speed parameter ( and the discrepancy £ between short and long-run discount rates go
to infinity at the same time. Specifically, take some 6, < 1, set £ = —In(6,)¢/In((),
and let ¢ go to infinity. Then (¢) converges to:

6(t) = 64 exp(—pt) (3)
for all £ > 0. The corresponding discrete-time discount factors can be written as
0, = 6,.0", for some positive 3 and all n > 0. These are the discount factors

used by Phelps and Pollak (1968), and more recently Laibson (1994, 1997), Harris
and Laibson (2001), and many others. Laibson (1994) argued that these discount
factors can provide a good approximation to hyperbolic discount factors and called
this “quasi-hyperbolic discounting.”

2.3. Markets

Our main assumption is that markets are sequentially complete. One-period ahead
state-contingent claims are traded at every date and in every state. The cost at date
t of a portfolio of state contingent claims that delivers b, units of consumption at
date ¢t + 1 is E¢[m41bi41] /7 units of consumption, where {m;}°, is a strictly positive
sequence of probability-weighted state-contingent prices. Stocks are traded at all
dates t, at ex-dividend prices equal to s; units of consumption per unit of stock. We
restrict attention to equilibria in which stock prices are non-negative.

At date ¢, the date-t consumer can choose non-negative consumption ¢, a portfolio
of state-contingent claims b;,1, and an amount of stock k;, subject to the period-t
budget constraint:

T¢Ct + Et [7Tt+1bt+1] + 7Tt8tkt S Tt [nt + bt + (St + dt)ktfl], (4)
and subject to the present-value borrowing constraint:

Et+1 [Z TsTs

s=t+1

+ Teg1[ber1 + (841 + dig1)ke] > 0. (5)

There are no contingent claims outstanding at the initial date, and so by = 0. The
constraint (5) restricts the portfolio of by and k; chosen by the date-t consumer to
be such that wealth at the beginning of period t + 1 is non-negative in every state.

6



In view of the fact that markets are complete, and since there are no constraints on
portfolios other than that current consumption and next-period wealth must remain
non-negative, we focus on equilibria in which prices satisfy the no-arbitrage condition:

myse = By [Tp1 (S + diga)] - (6)

A violation of this condition would imply that the date-t consumer could choose to
consume an unlimited amount.?

The only way in which the portfolio choices of the date-t consumer affect the set
of feasible choices at later dates is through their effect on date-t + 1 wealth. It will
be convenient to write w; for the consumer’s wealth at the beginning of date t:

o0
Twy = By Eﬂms

s=t

+ b + (8¢ + di) k1] (7)

Given the no-arbitrage condition (6), it then follows that the set of budget-feasible
consumption choices defined by (4)-(5) is equivalent to the set of sequences {c;}:°,
that satisfy, for some sequence {wy1}:%,:

micr + Ey[miwey] < mowy, (8)

<
Ct, W41 2 07

with initial wealth wy defined by (7). Note that the stochastic process of endowments
{e;}°, only affects the consumer’s set of feasible consumption choices via initial
wealth, unlike in models with borrowing constraints that are tighter than (5), such
as in Harris and Laibson (2001). For an individual consumer there is therefore no
commitment value to changing his or her endowment process using, say, pension
investments that are not directly tradable.

2.4. Intrapersonal and Competitive Equilibrium

In any period, the consumer can in no way restrict his future actions, other than
through the amount of wealth transferred to the next period. Behavior of the
infinitely-lived consumer is therefore not the outcome of a single utility maximiza-
tion, but of a strategic interaction among the sequence of date-t consumers who make
choices at successive dates.

This results in an intrapersonal game in which each date-t consumer chooses
his current consumption ¢; and next-period state-contingent wealth w,, taking as
given a sequence of prices {7, s;}:°, and the strategies of the date-s consumers for
all s > t. A strategy for the date-t consumer in the intrapersonal game is a mapping

2For certain period utility functions u, it may be possible to construct equilibria in which such
arbitrage opportunities are not exploited. We will not consider this possibility here.
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(Cy, Wiy1) that specifies, for any history h; of the game up to date ¢, a consumption
level ¢; = Cy(h;), and amounts of state-contingent wealth w; 3 = W;;1(h;), such that
the budget constraint (8) is satisfied given w;. The history h; consists of all events
observed by the date-t consumer, including the realizations of endowments and prices,
as well as past consumption and wealth choices. Given a price sequence {7, s;}°,
an intrapersonal equilibrium is a subgame-perfect equilibrium of the intrapersonal
game played by the sequence of date-t consumers.

A competitive equilibrium of the representative agent economy is given by a strat-
egy profile {(Cy, Wii1)}22, in the intrapersonal game and a price sequence {m, s;}7°,
such that:

(1) {m, s1}52, satisfies the arbitrage condition (6);
(ii) The present value of endowments is finite at prices {m;}°,;
(iii) {(Cy, Wiy1)}52, is an intrapersonal equilibrium at prices {m, s;:}52;
)

(iv) Goods, state-contingent claims, and stock markets clear at every date and in
every state:

Ct(ht) = €,

7Tt+1VVt+1(ht> =B [Z TsMs

s=t+1

+ M1 (Seq1 + diga)k-a,

where h; is the date-t history of an intrapersonal equilibrium path implied by

{<Ct7 Wt+1) }1?20

The price-taking assumption entails that each date-t consumer uses the prevailing
prices when evaluating the payoff of a deviation from the intrapersonal equilibrium.
Markets need not clear following a deviation in the intrapersonal game.

3. EQUILIBRIUM

Because consumers are assumed to be infinitely lived, the intrapersonal game that
determines behavior may have many subgame perfect equilibria. We focus here on
Markov perfect equilibria in which the consumption and portfolio choices of the con-
sumer at any date depend only on current wealth and on exogenous variables.® This
rules out bootstrap strategies that might otherwise be used to mitigate the consumer’s
self-control problem (see Laibson (1994)).

3This is also the perspective adopted by Phelps and Pollak (1968) and Harris and Laibson (2001).



3.1. Intrapersonal Equilibrium

Fix prices, and consider a Markov perfect equilibrium for the intrapersonal game.
With slight abuse of notation, let Cy(w) and W;,;(w) denote the consumption and
wealth choices of a date-t consumer who starts with date-t wealth w. Given these
Markov strategies, let Cy iy (w) be the implied level of consumption chosen by the
date-t + n consumer in the subgame in which the date-t consumer starts with date-t
wealth w. Define:

Fy(w) = B, , Vi(w) = E

> 8,u(Clpn(w))

Z 6n+1u(Ct7t+n(w))] : (9)
n=0
The current value Fy(w) is the expected utility for the date-t consumer in the subgame
in which the date-t consumer starts with wealth w. The continuation value V;(w) is
the utility perceived by the date-t—1 consumer for this same subgame. In any Markov
equilibrium, C;(w) and Wy 1 (w) must be a best response for the date-t consumer when
his initial wealth is w. That is, we must have:
Ft(w) = max>0 {U(Ct) + Et [‘/tJrl(thrl)] D Tmcy + Et [7Tt+1’wt+1] S 7Tt’w} (10)
Ct,Wt 412>

for all possible levels of initial date-t wealth w.*

Starting from initial wealth wy defined by (7), write w;1 = Wiii(wy) and ¢ =
Ci(wy) for all t. Under regularity conditions that will be verified below, the sequence
of date-t first-order and envelope conditions for (10) can then be written as:

T+l DW+1(wt+1)
m.  Dul(c) (11)
DF,(w;) = Du(cy). (12)

Combining the first-order condition at date ¢ with the envelope condition at date
t + 1, we obtain:
T4l DVt+1(wt+1) DU(Ct+1)
Ty DFtH(th) DU(Ct) '
Clearly, if 6, = (", then (9) implies Vii1(wir1) = BFi1(wigq), and (13) yields
the standard first-order condition. More generally, (13) shows that the standard
geometric subjective discount factor must be replaced by a ratio of marginal utilities
of wealth based on the continuation value function V;,; and next period’s current
value function Fj ;.
The homotheticity of preferences suggests a Markov perfect equilibrium of the
intrapersonal game that is linear in wealth:

Ci(w) = pyw, Wip(w) = Yy, (14)

4This equation is related to the “quasi-Bellman equation” developed by Harris and Laibson (2001)
for quasi-hyperbolic subjective discount functions.

(13)
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for some time and state dependent coefficients ¢, and 1, that do not depend on
wealth. The strategies (14) imply that Fi(w) and Vi(w) as defined in (9) are both
proportional to w'~7/(1 — v). The maximization in (10) therefore implies a date-t
best response that is linear in date-t wealth, and the right-hand side of (10) will again
be proportional to w'~7/(1 — v). The Markov strategies (14) constitute a subgame
perfect equilibrium of the intrapersonal game if the coefficients {¢,, v, }{2, are such
that (10) is satisfied at every date and in every state for F; and V;,; constructed from
these coefficients according to (9).

3.2. Competitive Equilibrium

Except for the special case of logarithmic preferences, it is hard to explicitly solve for
a Markov equilibrium of the intrapersonal game at arbitrary prices. But to construct
a competitive equilibrium, we only need to solve for an intrapersonal equilibrium at
market clearing prices.

Equilibrium State Prices The homotheticity of the period utility function implies
that Fy(w)/[Cy(w)]*~ and V;(w)/[C¢(w)]*~7 only depend on w via the consumption
growth rates Cytin(w)/Ci(w). But the linearity of the strategies (14) implies that
Ctt1n(w)/C(w) does not depend on w, while market clearing requires that this ratio
is equal to e;1,/e;. Therefore, at market clearing prices, the value functions (9) can

be written as: r 1y A 1—vy
= DOTT ) = Blo) 7
— 5 1—7

where the coefficients I'; and A; are given by:

[ee) 1—7 [e'e) 1—’y
- Ctin o €t+n
I, =E, [25( . ) , A =E, [;csnﬂ( . ) ] (16)
The envelope condition (12) combined with ¢; = ¢,w; and the expression for F;(w)
in (15) yields ¢, = 1/T";. Together with wyy1 = 1, w; and the fact that market

clearing requires that ciy1/c; = e141/€; we then obtain the following coefficients for
the Markov strategies:

Fi(w) : (15)

€t+1rt+1

1
¢y = P_t’ Vi = e,L,

This expresses the coefficients of the linear Markov strategies (14) in terms of the
endowment process of the economy. To construct an explicit formula for equilibrium
state prices, we can use (13), (15)-(16) and market clearing to obtain:

T+l AVES] <€t+1)7 (18)

e iy \ e

(17)

In any equilibrium in which consumers follow Markov strategies that are linear in
wealth, state prices must be of this form.
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Remaining Equilibrium Conditions Clearly, the construction leading up to
(17)-(18) requires that I'y and A; are finite. That is, utility of the aggregate en-
dowment process must be finite at every date and in every state. If this is the case,
then the strategies defined by (14) and (17) are such that consumption grows at the
same rate as the aggregate endowments. The only remaining requirement for a com-
petitive equilibrium is that the levels of the consumption and endowment processes
are the same as well.

By iterating on (8) and using the market clearing requirement er = wr/I'7 one
can verify that initial wealth must be equal to the present value of the aggregate
endowments, plus limy_,o, Eg[mrerl'z]. Similarly, by iterating on (6) and using the
definition of wealth (7) one obtains that initial wealth must also be equal to the
present value of the aggregate endowments, plus limy_.o, Eo[mrsr|k_1. Our construc-
tion yields an equilibrium if these two limit terms are equal. If the stock is in positive
net supply, this can be guaranteed by assigning a high enough value to sg; in partic-
ular, there may have to be a bubble on the stock. On the other hand, if k_; = 0,
then an assumption is needed to ensure that Eq[rrerlr] goes to zero as T' gets large.
Using (18) one can verify that this is equivalent to requiring that:

Hrt : (et 1)17] = 0. (19)

This is not something that follows simply from assuming that utility of the aggregate
endowments is finite. Either of the following two assumptions is sufficient to ensure
that (19) holds.

hm Eo

T—o0

Condition A There is an a > 0 such that oIy € (0,1] at all dates and in all states.

Condition B There is a 3 > 0 such that 0,,1/6, < [ for all n > 0, and such that:

[Zﬁ (=) ] < o0 (20)

at every date and in every state.

The proof of the following proposition is given in Appendix A.?

Proposition 1 If there is a long-lived asset in positive net supply, or if at least one
of Conditions A or B holds, then there is an equilibrium in which consumption and

5The proposition does not cover the case of quasi-hyperbolic preferences with 6, > 1, but a
separate proof can be given in this case.
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portfolio choices are proportional to wealth. The strategies are given by (14) and
(16)-(17), and equilibrium state prices are given by (18).

It is possible to construct examples in which there must be a bubble on the long-lived
asset. In such examples, the consumption-wealth ratio goes to zero fast enough
so that consumers do not exhaust their present-value budget constraints. This is
consistent with equilibrium only if there is a long-lived asset that trades above the
present value of its dividends. For time-consistent consumers, single-agent optimiza-
tion implies that consumers exhaust their present-value budget constraints, and this
is the argument that is traditionally used to derive a transversality condition that
can then in turn be used to rule out bubbles on long-lived assets (see Scheinkman
(1977), Brock (1979) and Obstfeld and Rogoff (1983)). Here, the requirement that
consumers play a subgame-perfect equilibrium does not guarantee that they exhaust
their present-value budget constraints, and so a transversality condition need not
apply.

The possible need for Conditions A or B or bubbles is a consequence of our focus
on Markov strategies. If we allow for non-Markov strategies, then there is always
a competitive equilibrium in which there are no bubbles on long-lived assets. The
equilibrium consumption and portfolio choices are affine functions of wealth, and the
formula for state prices (18) continues to hold.

Logarithmic Preferences The above derivations do not apply directly to the case
of v = 1, although (16)-(18) do hold. For logarithmic preferences, the intrapersonal
game can be solved explicitly. The solution is ¢, = 1 — 3 and ¢, ; = B7;/m;11 where
f=1-1/ > o o6, given any state prices for which wealth is finite. One can use
this to solve for equilibrium state prices, even when consumers are heterogeneous in
terms of their subjective discount functions. The ratio of consumption (wealth) to
aggregate consumption (wealth) converges to one for the consumer who is the most
patient on average (the one with the highest 3.) In an economy with both time-
consistent and time-inconsistent consumers, this could easily be a time-inconsistent
consumer with high subjective rates of time preference at nearby horizons—as long
as this consumer’s long-run subjective rates of time preference are sufficiently low.

3.3. Implications

Effective Subjective Discount Factors As can be seen from the equation for
state prices (18), the two variables that determine state prices in this economy are
endowment growth and the ratio A;;1/T';;1. If consumers discount geometrically, the
ratio Ay, 1 /T4 is constant and equal to the subjective discount factor 3. For general

6 An example is an economy with e; = (¢t!)1+2)/(1=7) and §,, = (8" /n!)'+¢. This yields a positive
limit in (19) if € > 0, even though expected utility is finite.

12



subjective discount factors, A1 /T';41 is an “effective subjective discount factor” that
can be expressed as a weighted average of ,,1/6,:

A > On
t+1 — Zwmﬂ (6—H> , (21)
n=0 n

Leq

where the weights w,, ;11 are given by:

Eii1 [5n (€t+1+n/€t+1)1_q

Ein [ZZOZO on (et+1+n/€t+1>1_7} '

These weights are proportional to the expected utility of date-t + 1 4+ n consumption
from the perspective of the date-t+1 consumer. In the special case of quasi-hyperbolic
discounting, 69 = 1 and 6,, = 6, 4" for all n > 1, this yields the “generalized Euler
equation:”

Wnit+1l =

€t

T+l ei1) |
£ (Guaads+ (1= 6,)0) (£2) (22)

of Harris and Laibson (2001). More generally, consider the properties of (21) if
subjective discount rates are relatively high at nearby horizons, and low at distant
horizons. The discount rates implied by A;;;/I';+; will then depend on the timing
of endowment growth. If v > 1, high early endowment growth lowers the weights on
On+1/0y for small values of n and this lowers the discount rate implied by Az /Ti1.
If the same amount of endowment growth is delayed, more weight is put on 8,11/6,
for small values of n. Delayed growth therefore increases the discount rate implied

by Agy1/Tiq1.

Identification The distinguishing characteristic of non-geometric discounting is the
fact that the usual geometric subjective discount factor is replaced by A;;1/I'11 in
(18). This implies that it is not possible to differentiate non-geometric discount factors
from geometric ones if A;;1/I';+1 happens to be constant. This will be the case if the
conditionally expected utility ratio E; [(es41/€¢)'™7] is constant. For any subjective
discount function, one can then construct an alternative economy with a geometric
subjective discount factor given by 3 = A1 /Ty;1. State prices will be the same
in both economies. It is not difficult to verify that the wealth-consumption ratio in
the alternative economy is again equal to a sum of expected utility ratios, discounted
using the geometric subjective discount factor 3. Thus consumption-wealth ratios
cannot be used to identify properties of the subjective discount function either.

As an example, one can take endowment growth to be i.i.d. and the information
structure {F;}:°, such that at any date nothing is known about future endowment
growth. Alternatively, one can take preferences to be logarithmic. If v = 1, then
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I'y11 and Ay, are simply sums of subjective discount factors and thus Ayyq /Iy is
obviously constant across time.”

4. A CONTINUOUS-TIME APPROXIMATION

In the continuous-time version of the consumption capital asset pricing model studied
by Breeden (1979), instantaneous expected returns in excess of the risk-free rate are
equal to the instantaneous covariance of returns with marginal utility. The risk-free
rate is equal to a constant subjective rate of time preference plus the expected instan-
taneous growth rate of marginal utility. In this section we describe how Breeden’s
results change when consumers are time-inconsistent. This will allow us to highlight
properties of short-horizon returns in an economy with time-inconsistent consumers
that are not apparent from the discrete-time state price formula (18).

4.1. Limit Properties of Discrete-Time Economies

Suppose that there exists an underlying continuous-time endowment process {e; }¢>o
that evolves according to a diffusion:

de; = e; (p1o(z)dt + o (z) TdW) (23)

where {W;}:>0 is a vector of independent standard Brownian motions, and {z;}>¢ is
a vector of state variables that satisfies:

dz, = p, (z)dt + o4 (2,) T dW,. (24)

Suppose also that the subjective discount function 6 is defined for all ¢ € [0, 00) and
normalized so that §(0) = 1.

Given the endowment process {e;};>0 and the discount function ¢, we construct a
sequence of discrete-time economies as follows. For any period length 7 > 0, consider
a discrete-time economy with a sequence of subjective discount factors 6, = §(nr)

and period-n endowments given by 7e,,, n = 0,1,2,.... For any ¢ and positive 7,
define:

Ly(1) = E;

ni 8(nt) (et;m) 1 L Ay(7) =y [i 5((n + 1)7) (et;m) 1—1
~ " (25)

When t is an integer multiple of 7, these definitions correspond to those given in
(16). In equilibrium, the ratio of consumption per unit of time over wealth in this

"Barro (1999) observes that in the standard deterministic Cass-Koopmans growth model one
cannot infer from data whether consumers discount geometrically or not if the economy is in steady
state, or if preferences are logarithmic. See also Laibson (1996).
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discrete-time economy is equal to 1/71(7), for t = 0, 7,27, ..., as in (17). From (18),
the one-period ahead state prices are given by:

Ter(r)  Dear(r) ()

(1) Tyr(7) e

(26)

again for t =0, 7,27, ....

We now construct a continuous-time state-price process from (26) and examine
the properties of its sample path as 7 goes to zero. We adopt the normalization
7o(T) = €. Define m4(7) to be the product of mo(7) and the sequence of one-period
ahead state prices (26) up to period [t/7] — 1, where [t/7] is the integer part of t/7.
A somewhat indirect but revealing way to write this is:

i) = (3 (L (1= (B2 0) ) ) o e

n=1

For every 7 > 0, this defines a continuous-time process indexed by ¢ that coincides
with (26) for any t equal to an integer multiple of .

Proposition 2 Under regularity conditions, the state prices {m;(T)}:>o for a discrete-
time economy with period length T converge as T goes to zero, with probability one,
to state prices {m;}+>o given by:

T = exp (— /0 t ?g; dv) e, (28)
O(x,) = —E [ /[0 . (ezv)lﬂ dé(v)] (29)
[(z;) = E [/0005(@) (et;’)l_7 dv] . (30)

Appendix B gives a precise statement and proof of this result. The expressions (28)-
(30) are as might be expected given (25)-(27). In particular, note that 7[';(7) can
be interpreted as an integral of discounted future expected utility ratios against time
that converges to I'(x;), and that the difference I';(7) — A;(7) can be interpreted as
an integral of future expected utility ratios against § that converges to ®(x;) as 7
goes to zero.

where:

and:
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Effective Subjective Discount Rates The ratio ®(z;)/I'(x;) will be referred to
as the “effective subjective discount rate.” It replaces the constant subjective discount
rate that would appear in (28) if consumers discounted utility geometrically.

If 6 is sufficiently smooth so that one can write 6(¢) = exp(— fot p(v) dv), then the
effective subjective discount rate simplifies to a weighted average of the subjective

discount rates p(v): B(z) o
NG :/0 p(v) w(zy,v) dv, (31)

where the weights w(x;,v) are given by:

_ E; [6(v) (€t+v/€t)1_q
K Uooo 6(v) (etJrv/et)l_’y dv} ’

w(zy,v)

as in (21). Of course, (31) will be constant if ¢ is exponential.

Alternatively, consider the quasi-hyperbolic discount function (3). This is clearly
non-smooth: an arbitrarily small positive delay results is a discrete drop in the dis-
count function. This drop shows up in the effective subjective discount rate via:

Fog =# 1r@f>+

. (32)

The associated wealth-consumption ratio can be written as:

[(z,) = 6, E, [ /O "~ exp(—pv) (6”“)1_7 dv] . (33)

€¢

As expected, (32)-(33) implies that the effective subjective discount rate is increasing
in p and the instantaneous discount 1 — 6.

Remark Proposition 2 describes the limiting properties of a sequence of discrete-
time economies as the period length goes to zero. It is also possible to analyze the
continuous-time economy directly. Following Barro’s (1999) analysis of the determin-
istic Cass-Koopmans growth model, one way to do this is to assume that consumers
can commit to a particular consumption strategy for a short period of time, and
then let this commitment period go to zero. In Luttmer and Mariotti (2000a) we
prove that this also yields (28) when the discount function for an economy with a
commitment period of length 7 is given by 6,(¢t) = 1 if t € [0,7) and 6,(¢t) = 6(¢) if
t € [r,00). If 6,(t) = 6(¢) for all ¢ instead, then any discontinuity of § at zero would
not be reflected in the limit, and the domain of integration in (29) would be (0, o)
instead of [0, 00).
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4.2. Interest Rates and Risk Premia

Let R; be the date-t cumulative return on some asset. That is, one unit of consump-
tion invested at date ¢ yields Rr/R; units of consumption at date 7" > t if the asset
is held from ¢ to T', and any dividends are reinvested. Suppose that we have an asset
with cumulative returns that satisfy:

th = Rt (NR(xt)dt + O'R(.Tt>Tth) .
The state prices (28) form an Ito process that can be written as:
d7Tt = —T¢ (T(Q:t)dt + )\('Tt>—rdVVt) .

for some r(z;) and A(z;) that are given below. To avoid arbitrage opportunities,
cumulative returns must satisfy m, Ry = E;[rrRr] for all ¢ < T. Thus 7, R; has no
drift, and an application of Ito’s lemma therefore implies the well-known relation:

pp(ze) — () = or(xe) " Ax). (34)

If or(x;) = 0, then the cumulative return R; is instantaneously risk-free, and so r(x;)
can be interpreted as the risk-free rate. The coefficient A(x;) is usually referred to as
the “market price of risk.” Using (28) and Ito’s lemma, we obtain:

rle) = T+ amla) = 59014 100 o (a0, (35)
AMzy) = voe(xy). (36)

Equations (34)-(36) show how the equilibrium risk-free rate and risk premia are de-
termined by preferences and endowments.

The key implication of (35)-(36) is that the shape of the subjective discount func-
tion ¢ influences state prices only via the risk-free rate. In turn, the risk-free rate is
only affected by the shape of ¢ through its effect on the effective subjective discount
rate ®(z;)/I'(z;). The other determinants of the risk-free rate are the usual intertem-
poral substitution and precautionary savings effects represented by the second and
third terms in (35). The dynamics of the risk-free rate will depend on the interaction
of these standard effects with the variation in the effective subjective discount rate
that arises when discounting is not exponential.

By contrast, the shape of the subjective discount function ¢ has no effect on the
market price of risk A(z;). Recall that the instantaneous Sharpe ratio for the cu-
mulative return R; is defined by [ug(z;) — r(2,)]/[or(z:) "o r(z:)]/2. From (34), this
is equal to or(z;) " A(z;)/[or(x:) Tor(z:)]/2. As pointed out by Hansen and Jagan-
nathan (1991), the absolute value of this ratio is a lower bound for [A(z;) " \(z;)]*/2,
and thus, because of (36), for v[o.(z;)To.(z:)]"/%. Given several returns processes,
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one can tighten this lower bound by using the portfolio with the highest Sharpe ratio.
If we can use means and variances of monthly returns to approximate instantaneous
Sharpe ratios, then the estimates reported in Hansen and Jagannathan (1991) indi-
cate that extreme levels of risk aversion are required to reconcile return data and
data on aggregate consumption in the US. Because the market price of risk does not
depend on the shape of ¢, this is a puzzle that cannot be understood by modifying
standard assumptions about how consumers discount utility.

It should be emphasized, though, that this does not mean that risk premia and re-
turn volatilities do not depend on the specification of the sub jective discount function.
The dividends of an asset are discounted by the product of exp(— fo (x5)/T(zs)ds)
and e; 7, and the price of the asset depends on how both these factors correlate with
dividends. For an important example, consider the infinitely-lived asset that generates
dividends equal to aggregate endowments. The price of this asset is simply aggregate
wealth e,I'(x;). The return on aggregate wealth consist of an instantaneously risk-
free dividend yield 1/T'(z;), and risky capital gains that arise from changes in e,I'(x;).
Ito’s lemma applied to e,I'(x;) therefore implies that:

DI'(z4)o(x) "

or(x)" = ou(x)" + ()

(37)

when R; is taken to be the return on aggregate wealth. But the wealth-consumption
ratio I'(z;) is simply the expected value of (e;y,/e;)'™ for v > 0, discounted by 6(v).
This means that DI'(x;)/I'(x;), and thus the volatility of the return on aggregate
wealth and, by (34), the risk premium on aggregate wealth will depend on the shape
of the subjective discount function 6.

5. PRESENT BIAS, INTEREST RATE DYNAMICS, AND VOLATILITY

Equilibrium prices depend on the shape of the subjective discount function via its
impact on the effective subjective discount rate ®(x;)/I'(z;). We want to examine
in more detail how present bias affects this discount rate, as well as the volatility
of the consumption-wealth ratio 1/T'(z;). From (29) and (30) it is clear that the
dependence of expected utility growth on the current state and the horizon is going
to be important. For general endowment processes, this dependence can be quite
complicated, and this makes it hard to determine the effects of changing the shape
of the subjective discount function. In the following, we identify a class of endow-
ment processes for which the interaction between utility growth and present bias
can be examined analytically. We then present a parametric example for which we
give a complete characterization of the effects of present bias on interest rates and
consumption-wealth ratios.
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5.1. Monotone Utility Dynamics
Recall from (29) and (30) that ®(z) and I'(z) are integrals of the “expected utility

ratio:”
1—y
€t
G(z,t) = E [(—) ‘:B():l’] ,
€o

against, respectively, —dé(¢) and 6(¢)dt. Note that this ratio is negatively related
to expected utility growth if v > 1. Suppose now that {z;};>¢ is a stationary scalar
diffusion, and consider the following restriction on endowments and utility.

Condition M The expected utility ratio satisfies:

0 (D.G(x,t)
D,G(z,t) En (W) > 0.

Since D,G(z,0) = 0, Condition M implies that D,G(z,t) has the same sign for all
t > 0. Condition M therefore says that a change in the state has an impact on the
log of the expected utility ratio that increases monotonically as the horizon increases.
Roughly, this property can arise if a change in xy has an immediate impact on eq,
small or no effects on endowments in the long-run, and effects on intermediate e; that
decline monotonically in ¢.

Using Condition M, we can sign the correlation between the expected utility ratio
G(z,t) and effective subjective discount rate ®(z)/I'(x), and we can determine the
effect on DI'(x)/I'(z) of certain parametric changes in 6. Recall that for smooth
discount functions, ®(z)/T'(x) is a weighted average of the subjective discount rate
p(t) = —=Do(t)/6(t), with weights w(x,t) that are proportional to 6(t) G(z,t). We can

therefore write:
(i) = [ o0 (S e

Note that the right-hand side of this equation can be interpreted as a covariance.
This leads to the following lemma.

Lemma 1 Suppose that ¢ is smooth, with subjective discount rates p(t) that are
decreasing in t. Then Condition M implies:

D,G(x,1) a% (?g;) <0

We say that subjective discount rates exhibit “monotone present bias” when p(t) is
a decreasing function of ¢t. Lemma 1 states that the effective subjective discount rate
®(z)/T'(x) and the expected utility ratio G(z,t) vary with = in opposite directions
when subjective discount rates exhibit monotone present bias. For example, if v > 1
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and if a high value of z implies high future endowment growth, then a high value
of z will tend to imply a low value of expected utility ratio G(x,t). Thus Lemma 1
implies that high expected endowment growth tends to go together with high effective
subjective discount rates when v > 1.

Next, consider varying the subjective discount function parametrically. Write ¢,
for a subjective discount function indexed by some scalar parameter «, and let I',(z)
be the corresponding wealth-consumption ratio. Observe that one can write:

DI > /D D
(Rl = [7 (et l)) (Dele) )ty
da \ T'y(z) 0 G(z,t) wal(x,t)
where the weights w,(z,t) are proportional to ,(t) G(x,t). Note again that the
right-hand side of this equation can be interpreted as a covariance.

Lemma 2 Suppose that 6, is smooth, with subjective discount rates p,(t) that are
increasing in « for all t. Then Condition M implies:

0

Oa

DwPOé(x)

T (2) <0.

For example, if 6,(t) = exp(—at), this simply says that geometrically discounted
expected utility ratios become more sensitive to the state as one lowers the discount
rate. For general subjective discount functions, this conclusion continues to hold if
one lowers subjective discount rates at all horizons.

It should be emphasized that Condition M is only a sufficient condition. The
conclusions of Lemmas 1 and 2 apply more generally if endowments are such that
any oscillations over time in D,G(z,t)/G(z,t) are relatively small.

5.2. Parametric Examples

Consider the endowment process e; = exp(nt — z;), where x; is a square-root process:
dzy = k(p — x) dt + o/ AW, (38)

for positive k, p and o (see Feller (1951), or Cox, Ingersoll and Ross (1985)). It
can be verified that Condition M is satisfied for these endowments.® Since z; is
non-negative and mean-reverting, this example implies that logarithmic endowments
fluctuate below some linear trend. The example can be extended to allow for a
stochastic trend while preserving Condition M. For high values of z, endowments are
far below trend. Expected endowment growth is then high and uncertain. For v > 1,
this implies a low expected utility ratio G(z,t).

8This follows from the fact that D, G(z,t)/G(z,t) = —2A((1 + Be **)~! — (1 + B)~!), where
A=2k/0? and B=(1—-7)/(1—~— A).
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We now consider the effects of present bias using two alternative subjective dis-
count functions. In both cases, we adjust the subject discount function so that the
risk-free rate remains unchanged on average. Very high short-run subjective discount
rates have been suggested in the literature. Only if long-run subjective discount rates
are correspondingly low will the implied risk-free rate be in the range observed in
most data sets.

Quasi-Hyperbolic Discounting Recall that the effective subjective discount rate
for quasi-hyperbolic discount function is increasing in both the long-run discount rate
p and the instantaneous discount 1 — 6, . Making consumers present-biased amounts
to increasing the discount 1 — 6. By (33), this has no effect on DI'(z;)/I'(x;). But to
keep the risk-free rate the same on average, we have to lower p. Lemma 2 applied to
0,(t) = exp(—pt) implies that this makes the wealth-consumption ratio more volatile.
A higher value of z implies higher future endowment growth. Suppose v > 1,
so that G(x,t) and therefore I'(x) is decreasing in « . This means that the wealth-
consumption ratio and current consumption move together. The added volatility
of the wealth-consumption ratio that comes about from making consumers present-
biased therefore increases the risk premium on aggregate wealth (by (34) and (37)).
Consider the risk-free rate. Equation (32) implies that increasing the present
bias discount 1 — é, together with the fact that I'(x) is decreasing in = when v >
1 implies that the effective subjective discount rate ®(z)/I'(x) is increasing in x.
Higher future endowment growth therefore makes consumers more impatient. It
follows that the effective subjective discount rate and the intertemporal substitution
effect yx((1+ 0%/(2k))x — p) are positively correlated. The precautionary savings
effect is given by —v(1 + v)o%z/2, and thus negatively correlated with both the
effective subjective discount rate and the intertemporal substitution effect. If the
precautionary savings effect dominates the intertemporal substitution effect, then
making consumers present-biased will reduce the variability of the risk-free rate.

Generalized Hyperbolic Discounting Clearly, the discount function (2) exhibits
monotone present bias. Therefore Lemma 1 applies, and the effective subjective
discount rate will move together with the intertemporal substitution effect if v > 1.
We therefore obtain the same co-movements among the three determinants of the
risk-free rate as in the case of quasi-hyperbolic preferences.

Note that —Dé§(t)/6(t) is increasing in p and £, and decreasing in ( (since a higher
value of { speeds up the transition from p+¢ to p.) To make consumers more present-
biased while keeping the level of the risk-free rate the same, one can simultaneously
increase ¢ and (, and lower p. Lemma 2 implies that the increase in £ tends to make
the wealth-consumption ratio less volatile, while the increase in ( and the decrease
in p will make it more volatile. This suggest an ambiguous effect of present bias.
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But if we take  to be large and & on the same order as (/In((), then the hyperbolic
discount function is well approximated by a quasi-hyperbolic discount function, and
our results for the latter should apply. Numerical experiments confirm that this is
indeed the case.

Implications Our examples suggest that if endowments are such that expected
utility ratios exhibit monotone dynamics, and if subjective discount functions exhibit
monotone present bias, then the effective subjective discount rate tends to move
together with the intertemporal substitution term that determines the risk-free rate.
This can make the risk-free rate more or less volatile, depending on the magnitude of
the precautionary savings effect. At the same time, these examples indicate that the
wealth-consumption ratio becomes unambiguously more volatile as a result of present
bias.

In US data, aggregate consumption growth does not seem to exhibit much pre-
dictability, and this implies that the effective impatience is going to be close to con-
stant. Nevertheless, there are two ways in which our results can potentially shed light
on asset pricing puzzles. First, participation in financial markets may be limited, and
the consumption processes of those who do participate may exhibit significant pre-
dictability. Second, our results continue to apply when the period utility function
is replaced by [(¢; — ¢,)*™7 — 1]/(1 — 7), where ¢, is a subsistence or habit level of
consumption. For example, the habit persistence model of Campbell and Cochrane
(1999) generates a net-of-habit consumption process ¢; — ¢, that has stochastic prop-
erties that are very similar to those of —x;, where z; is given by (38). An interesting
question for further research is whether present bias moves the implications of these
models closer to the data.

6. CONCLUDING REMARKS

In an infinite-horizon exchange economy in which consumers cannot commit to future
choices and in which period utilities are expected to grow at a constant rate, price
and consumption data can be interpreted as resulting from the optimal choices of
consumers whose subjective rates of time preference are constant. A similar obser-
vational equivalence applies for essentially arbitrary endowment processes if period
utility functions happen to be logarithmic.

Inferences about the shape of subjective discount functions can be made when
consumers can make irreversible commitments regarding future consumption levels,
as in Laibson (1997), or when consumers face binding borrowing constraints, as in
the buffer-stock savings model analyzed by Harris and Laibson (1999). In this paper,
we abstract from market frictions or other commitment devices. Instead, we exam-
ine the observable implications of alternative assumptions about subjective discount
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functions when there is serial dependence in utility.

An important feature of the continuous-time approximation we present is the fact
that the instantaneous market price of risk does not depend on the subjective discount
function of consumers. In other words, short-horizon Sharpe ratios are not affected by
how consumers discount utility. Subjective rates of time preference do influence the
dynamics of the instantaneous risk-free rate. In turn, this affects how the dividends
of long-lived assets are discounted, and this has implications for the volatility and risk
premia on such assets. For example, present bias can, under certain conditions, make
aggregate wealth more volatile, even when it reduces the volatility of the risk-free
rate.

For the period utility functions we consider, serial dependence in utility is the
result of serial dependence in endowment growth. Serial dependence in utility can
also be generated by habit persistence and by the consumption of durable goods. If
preferences are homothetic, linear equilibria of the type derived in this paper can again
be constructed. How these aspects of consumer preferences interact with hyperbolic
subjective rates of time preference is an interesting subject for further research. Linear
equilibria can also be constructed for economies in which utility is no longer time and
state separable, as long as preferences remain homothetic. In Luttmer and Mariotti
(2000b) we extend the work of Epstein and Zin (1989, 1991) on non-expected utility
to a very general class of non-recursive homothetic preferences.

A EQUILIBRIUM

To prove Proposition 1, we proceed in two steps. We first give a precise statement
and proof of the first-order condition (11). Next, we check that Conditions A and
B imply the existence of an equilibrium in which there is no long-lived asset that is
available in positive net supply.

Proof of the First-Order Condition (11). Given current wealth w; > 0, the
date-t consumer’s decision problem can be written as:

s
max {U(Ct) + By [Arpu(wega)] s o + By [ :1 wt+1} < wt} ) (39)

(Ct,wt+1)€R+><Lj+1 t

where L}, ; is the set of nonnegative F; ;—measurable random variables, 4,1 € L,
is an almost surely positive random variable that is equal to A;; 1/ F;f in equilibrium,
and 1 /m € L, represents the relative price of next-period consumption.

Lemma 3 Suppose that (39) has a solution (c},w;, ) at which expected discounted
utility is finite. Then (11) holds almost surely, i.e., myy1 /7 = Ay Du(wy,,)/Du(c;).

Proof. Since A;.; is almost surely positive and the marginal utility Du is infinite
at zero, ¢; and wj,; must be both positive at the maximum. Furthermore, given
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that w is strictly increasing, the budget constraint must be binding at the maximum.
Perturb wy,; to w1 = (1 4 ¢) wf,, for some ¢ close enough to 0 and take ¢; = w; —
Ei[(mi11/m)wy4q]. Clearly, the mapping € — E;[Ayqu((1 + ¢) wy, ;)] is differentiable
on R, ;. The optimality of (¢}, w; ;) then requires that:

0 T N X
2% (u <wt —(1+¢)E, [il wt+1] ) + E[Aru((1 4 ¢) th)]) =0,
19 Tt e=0
or, equivalently:
T
E, [(—Du(cf) ;:1 + At+1Du<w:+1>) wz‘ﬂ] =0. (40)
t

Alternatively, consider perturbing wealth to wyy1 = (1+etp)wy,, for some € > 0 and
B € Fiy1. For e close enough to 0, w; — Ey[(my11/m)wii1] is positive. Furthermore,
since u is increasing and concave, one has:

Appr (u((1 + ep)wiyy) —u(wyy,))

g

' < Appiepwy Du(wy, ) < Agwyy  Du(wy, ).

Since wy,,Du(wy,;) = (1 — y)u(w;, ) and expected utility is finite, the right-hand
side of this inequality is integrable. The differentiability of u on R, together with
the dominated convergence theorem therefore implies that the right-derivative of
the mapping ¢ — Ei[A;u((1 + etp)wy, ;)] at € = 0 is well-defined and given by
Ei[Ai1epwy,Du(wy,)]. The optimality of (¢}, wy,,) then requires that:

% ™ * *

E; {(—Du(ct) %1 + At+1Du(wt+1)> wt+1LB] <0. (41)
t

Note that because B is an arbitrary element of F;1, equations (40) and (41) imply

that (—Du(c}) Ter1/m + ApDu(wy,,)) wi,, = 0 almost surely. Since wy,; is always

positive, the result follows. [ |

Proof of Proposition 1. By assumption, I';;, A; and Ay = Ayyq/ Fi;{’ are well-
defined and almost surely finite for any ¢ > 0. By construction, the consumption and
wealth choices (¢,wy, ¥, w;) satisfy the first-order condition (11) at market-clearing
prices mp1/m = (Avy1/Tig1)(€i1/€0)”7, where ¢, and 1), are given by (17). It
then follows from the concavity of the objective function in (39) that (¢,wy, ¥, w)
is optimal from the perspective of the date-t consumer. In the text, we have only
imposed that consumption choices grow at the same rate as aggregate endowments.
Goods market clearing at all dates is therefore equivalent to the condition wy = egl.
Iteration on (8) together with goods market clearing implies that:

o0

Twy = By [ E Tt+nCi4n

n=0

+ ]\}l_r}loo Ei [miinvernT ] (42)
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for all £ > 0. Note that I'; and A, are related via I'y = 1 + E; [(etﬂ/et)lﬂ At+1}.
Iterating on this identity, using (18) to eliminate A1, one can verify that requiring
(42) at date 0 is in fact equivalent to the goods market clearing condition wy = egl'.
Together with the fact that stock prices must be non-negative, (6) implies that m;s; =
E, [Zi‘;t 1 Wsds} + 72, where {z;}9°, is a non-negative sequence of random variables
that satisfies:

T2y = Et [7Tt+1zt+1] (43)
for all t > 0. This says that the value of the stock must be equal to the present
value of dividends, plus a non-negative “bubble.” The stock market and markets for
contingent claims clear when k; = k_; and b;.; = 0 for all ¢. This implies that, in
equilibrium, maw, =E; [> o, mses] + miziki—1. It therefore follows from (7) and (42)
that we have an equilibrium if and only if for some sequence {z;}7°,:

Wtztk,1 = 1\}1_120 Et [7Tt+N€t+NPt+N] . (44)

If k_; > 0, then (44) uniquely determines the bubble process {z;}:°,. Note that the
right-hand side of (44) is by construction a non-negative martingale, and thus (43)
holds. If instead k_; = 0, then any non-negative {z:};°, that satisfies (43) will be
consistent with equilibrium provided the right-hand side of (44) is zero. Using (18),
one can see that the right-hand side of (44) is zero if and only if (19) holds. Thus,
to conclude the proof, we need only to check that Conditions A and B imply (19).
Consider first Condition A. Using (16) one can write:

AT ( er )I’y

I'roq \er—

I—y 1—y
Hrt1<€t 1) 0 Hrtl(et 1) ~

& Hrt () (“r;_l)]

< Eo Hpt ) ( _ )1_1 (1—r)

Eo

S (1 - H>T7
from which (19) follows. Under Condition B we can write A;/I'; < § for any ¢t > 0
since A, /T is an average of 6,,.1/6, < . Also, 6,, < " for any n > 0 and therefore:

I, <E [ZZO_O B (et+n/et)177]. This yields:
1=y
< Eo [Zﬁ (60) ] .

(I () e () e

Condition B implies that the right-hand side of this inequality converges to zero as
T goes to infinity. Hence the result. [ |
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B CoNTINUOUS-TIME APPROXIMATION

In the following, {x;};>¢ denotes a continuous-time Markov process defined on the
same probability space (€2, F,P) as the endowment process {e;}:>0, and taking its
values in some state space X C RY. Endowments {e;};>q are positive and, for any
x € X and t > 0, G(x,t) is defined as in the text. The following assumptions will be
maintained in the remainder of this Appendix.

Assumption 1 The subjective discount function § : Ry — [0,1] is non-increasing,
left-continuous and positive on a set of positive Lebesgue measure. Moreover, 6 is
integrable over R, and 6(0) = 1.

Assumption 2 There exists a function M : X — R, that is bounded on compact
subsets of X and such that G(x,t) < M(z) for all x € X and t > 0.

Assumption 3 The function G(x,-) is continuous for every x € X. Moreover, the
family of functions {G(-,t) }ier, is equicontinuous at any = € X.

Since ¢ is non-increasing and integrable over R, lim; o, 6(¢) = 0. Thus ¢ induces a
unique probability measure 5 on the Borel sets of R, such that us([s,t)) = 6(s)—6(t)
for any t > s > 0 (Lang (1993 Proposition X.1.8)). By Fubini S theorem we may
rewrite (29) and (30) a = Joooo) G(@,1) dus(t) and T'(z = [776(t) Gz, t) dt,
respectively, for any x € X Assumptlons 1-3 ensure that these functlons are Well
defined and finite. Furthermore, I'(x) is positive for all  in X since G(z,-) > 0 and
6 > 0 on some set of positive Lebesgue measure. Assumption 3 ensures that I' is
continuous on X. It follows that I' is bounded away from zero on compact subsets
of X. Also, ® is positive and bounded above by M. For any 7 > 0 and = € X,
define I'(z,7) = > 2, 6(n7) G(z,nT) and A(z,7) = > 6((n + 1)7) G(z,nT), and
let ®(z,7) = I'(z,7) — Az, 7). Assumptions 1 and 2 ensures that these sums are
finite for any 7 > 0 and x € X, and that I'(x,7) is positive for all 7 > 0 small
enough. It follows from the monotone convergence theorem that I'(z;, 7) = I';(7) and
A(zy,7) = Ay(7) for any ¢t > 0 and 7 > 0.

Lemma 4 For any z € X, lim, o+ 7['(z,7) = I'(x).

Proof. For any 7 > 0, ¢t > 0, and = € X, let G.(z,t) = G(z,7[t/7]) and 6.(t) =
6(t[t/7]), where [t/7] is the integer part of ¢/7. Observe that:

oo

T(z,7) = Zé(m’) G(z,nt)T = /000 0, (t) Gr(z,t) dt.

n=0

Assumptions 1-2 imply that 6,(t) G,(x,t) < M(z) for any ¢t € [0,1) and 7 > 0, as
well as 6, (t) G, (x,t) < 6(t — 1) M(x) for all t > 1 and 7 € (0,1]. Thus 6, G,(z,-) is
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dominated for all 7 € (0, 1] by an integrable function of t. Moreover, the continuity of
G(z,-) implies that lim, o+ G, (z,t) = G(z,t) and the left-continuity of § implies that
lim, o+ 6,(t) = 6(t). The result then follows by Lebesgue’s dominated convergence
theorem. [ |

Lemma 5 As 7 goes to 07, 7T'(-,7) converges uniformly to T’ on every compact
subset of X.

Proof. Assumption 3 implies that the family {G(-,?)}icr, is uniformly equicontin-
uous on any compact subset K of X. Hence, for any € > 0, there exists n > 0 such
that for all t > 0 and 7 € (0,1], |G;(z,t) — G, (y,1)] < /(1 + [;°6(v)dv) for any
z,y € K such that ||z — y|| < n. It follows that for any 7 € (0, 1],

|7 D(z,t) —7[(y,t)| < /000 6. (v) |G (z,v) — G, (y,v)|dv < e

for any z,y € K such that ||z —y|| < 1, where the second inequality follows from
the fact that [;°6,(v)dv =Y 0" 6(n7)7 < 7+ [ 6(v)dv as ¢ is decreasing over
R,. This implies that the family {7I'(-,7)},c(0,1) is umformly equicontinuous on

K. By Ascoli’s theorem (Lang (1993, Theorem III.3.1 and Corollary II1.3.3)), the
convergence of 7T'(-,7) to T" as 7 goes to 07 is therefore uniform on K. [ |

Lemma 6 For any = € X, lim, o+ ®(z,7) = O(z).
Proof. Using the notation of Lemma 4, observe that for any x € X and 7 > 0:
= ZG(ZB,TLT) (6(nt) —6((n+1)1)) = / G (z,t) dugs(t).

As before, lim, o+ G-(z,t) = G(z,t) and G,(x,t) < M(x) for any 7 > 0, ¢t > 0
and z € X. Since p; is a probability measure, the result follows immediately from
Lebesgue’s dominated convergence theorem. |

We can now state and prove our main result.

Proposition 3 If the Markov processes {x;}+>0 and {e;}+>0 have almost surely con-
tinuous sample paths and if Assumptions 1-3 are satisfied, then for almost every

w € Q, lim,_g+ (1) = exp(— ft ?((zw v)(e¥)™ = 7% for each t > 0.

Proof. Consider a continuous sample path {z{};>0. At any date t = k7, k € N,
discrete-time state prices are given by:

[t/7] 2 7) t
= exp Z In ( i ) (ef)_’y = exp (/0 Lt,T(U>Q('T:)H’U/T]]7T) dU) (ef)_’y )

Ty T)
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where ¢, -(v) =1 if v/7 € [1,[t/7]] and zero otherwise, and:

Oz, 7) = %m (1 . (%))

for all 7> 0 and = € X. At dates t # k7, k € N, simply set 77'(1) = %, (7). By
Lemmas 4 and 6, lim, o+ Q(z,7) = —®(z)/I'(x) for any = € X. Next, recall that
lim, g+ 7I'(z,7) = ['(x) uniformly on compact subsets K of X. Hence, since z¥ is a
continuous function of v, lim. o+ 7I'(2%, .y, 7) = I'(z) uniformly on [0, ¢]. Therefore
T F(:B‘:[v PRl 7) is bounded away from zero on [0, ¢] for all 7 > 0 small enough. Because
L is a probability measure and G(z,-) € [0, M(z)], we know that ®(z,7) € [0, M (z)]
for any x € X and 7 > 0 small enough. Thus Q(x‘;’[U /7]’ 7) is uniformly bounded on
[0,¢], for all 7 > 0 small enough. The result then follows from Lebesgue’s dominated
convergence theorem and the continuity of {z¥, e} }1>o for almost every w € 2. W
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