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Abstract—Distributed generation as attached to market
liberalization requires pricing schemes able to deliver tle
appropriate incentives to market participants. In particular,
users should be made responsible for their reactive power.
A penalty system fails in that account. One of the major
challenges in setting up an appropriate pricing of reactivepower
consists in identifying its attached costs. Although theimpeculiar
structure might suggest as appropriate a separate treatmen
of real and reactive power, we argue for a joint approach. In
fact, what matters is the total financial burden each user has
to support, not the way it is actually computed. A fairness
criteria is introduced, according to which no user or group d
users should contribute more than its stand-alone cost. Whe
contributions exactly cover total costs, this implies thatno user
is a burden to the others. We evidence that this criteria is
nonsensical if applied to only part of the costs. We conclude
by proposing a pricing rule that always complies with our
fairness requirements. Its practical implementation is pesented
and applied to an illustrative example. Tariff penalties fa lack
of power factor compensation are analyzed for two energy
suppliers, one in Europe, the other in North America. They ae
shown to (possibly) fail to comply with our fairness criteria.

Index Terms—Electricity pricing, Reactive power, Game the-
ory, Cost-Sharing.
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is especially the case in the domain of real-time pricing. In
most approaches however, real and reactive power pricig ar
considered as completely separate problems. Infrastejctu
operation and maintenance (O&M) and other fixed costs
are attributed to each dimension in an almedthoc way.
Production (variable) costs are computed in a separate enann
(See again [1]-[4], [8]). It is nevertheless clear that bf}h
capacity of the power grid (hence capital and O&M costs) and
(if) production costs depend upon the amount of exchange
and transit of both active and reactive energy. This follows
respectively from thermal limitation of the grid and voléag
stability requirements.

Following work by Hao and Alexpapapoulos [10], we argue
that active and reactive power pricing ought be considered
jointly. As evidenced by [10], the costs of providing regeti
and real power are so embedded that it is difficult to indepen-
dently allocate one or the other. This follows in particutam
the impossibility to allocate to either service the net céiya
of generators to provide MVA power. While the concept of
opportunity cost (obtained by considering the case when no
real power is consumed, see [9]) is still useful to provid@eo
insights, a proper cost allocation method should consiter a
the dimensions of the joint-production process. This it

With the rise of deregulation and in presence of marketore true for reactive power pricing. In fact, operationzsts

players with heterogeneous characteristics, a propengraf
the different dimensions of electrical services is needed.

attached to reactive power are often very small when condpare
to others costs. An effort to best allocate this part, by g

particular, in order to send the proper signals to the markghe others, does not pay. This is the main limit of methods
it may appear appropriate to account explicitly for reactivbased on nodal equations (see for example [14]). They ysuall
power in pricing energy. Some of the attached challenges #&é to incorporate capital costs, or lack a sound basis tongl

presented in [1]-[8].

SO.

Reactive power is almost never explicitly priced. In most By contrast, cost sharing rules gi¥based upon a method-

cases, tariff penalties are applied to induce utilities sera ology that accounts for all the costs of the system &i)d
to display power factors close to one. Yet, absent penaltiesually derived along a precise axiomatic approach. This
system costs attached to reactive power are aggregatedntty explain why their use is encouraged by [10]. Several
other costs and covered by active power prices. Limitatiogentributions have applied cost sharing rules in the cdntex
of penalties have already been discussed and pointed oait (8epower system (See, among others, [7]). Unfortunately, it
eg. [9]). In particular, it is plain that penalty rules daoot is often done by considering onlsome dimensions of the
result in any incentives for users to reduce their reactonegs power system, henceart of the total costs.Most of the
consumption, when the latter is below the associated tbteésh nice properties of the cost sharing rules are lost in this

While the need for reactive power pricing has been recogmiappropriate usage. In this paper, we are very careful to
zed for long, it is still the object of constant research.sThiaccount for all the costs of the power system. Moreover, we
make explicit the properties of the cost-sharing rule we use
by coming back to its axiomatic foundations.

Central in our approach is the concept of “fairness”, which
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is briefly introduced here (a more detailed analysis is gtedi sub-transmission (feeder or service lines system) pasmet

in a companion paper [11]). To display clear-cut results, wg; and~;;, wherei = 1...n indexes the buses and= 1...m;

use a basic radial system with one generation area. It is athe users per bus. To avoid cumbersome notations, we shall
assumed that power and voltage are set optimally, and thasume that the network is actually a chain and that there are
voltage is within the required range (s& p.u. margin). Even only two users per busi{; = 2, all = 1...n). The extension

for such a basic system, it appears impossible to decidééor bf the formulas to the general case is straightforward afid le
fairness of a reactive power pricing rule without considgri to the reader.

the overall cost of the system. Moreover, standard penafiyarting from the downstream bus up to the generation bus,
rules may easily yield electricity pricing to fail to complyone may compute recursively net real and reactive powgts
with our basic fairness requirement. Our companion pagdr [land@ y; to satisfy demand. More precisely, the net real power
exhibits an allocation method that overcome this weaknilss. Py; writes

illustrate its application for a distribution system of usdrial

loads that display two distinct power factors. We compare itP~ni = Pnit1+

to the outcome of the penalty system of two energy suppliers,  + [Pysers + Pi.v + Pravar + Prom.r + Priaur];, (1)

one in North America, the other in Europe.
where Py,.1 IS the net power delivered to the previous
Il. ISOLATING THE COSTS OF REACTIVE POWER  (downstream) bus,

Absent adequate reactive power pricing, market liberaliza 5
tion may yield important drawbacks, as warned by [12], [13]. Plraors = Z Py )
Yet, reactive power pricing requires a precise evaluatibn o =
the attached costs. An abundant literature covers the,issue 9
which is particularly intricate when generation is distitieed Py = 7Tiz ng; (3)
(Seeeg. [1]-[10], [14]). We illustrate hereafter (some of)
the fundamental difficulties attached to isolating the sat 9
reactive power. P ouat = Z Vij 5127,; (4)
Assume that the system operates under optimal power flow =1 '

Jj=1

conditions and let circuit elements be delineatechén unit 5 5 5

values. The latter implies t_ha_t traqsformer rates are rewov Pt = 2vp: Z o Z Q; + Vi ij S2 (5)
and the reference voltage is identical over the whole system P = =

\oltage drops as attached to the various positions in the

network can easily be tracked. L&t be the effective node and

voltage. Active and reactive power losses in transmission

_ * ok 2 Q2
lines and transformers depend upon the resistaRceand Priant = 2y (Vi Vie + v Vi2) S Sia (6)
the reactance; through the loss coefficients for transmission 2 )
* : ) * 2) g4
systemsy, and~; as defined by + i Z (%g +’Ylg) ij
R X; a
Vi = U_12 and ;= U_12 Equations(2) to (6) define respectively the demand of users,

ob that. f v desianed d I ¢ the losses in the main transmission system, the losses in the
serve that, for a properly designed (and well operate xiliary transmission system (feeder), the power needed t

power system, aII_voI_tages are W't_h'n_ % p.u. MargiN.  cover the losses in the downstream system and the losses
Thus, a characterization of transmission by the Coeﬁ's'ergttached to this very same losses

~, and ~vF as computed with the reference voltage= 1 Simi . L
t g . . . imilarly, the net reactive powep y; is given b
(rather than with the effective voltagé) may provide a good ¥ powap i is g y

approximation to compute both losses and generated POWEr) v = Quit1+

+ [Qusers + Qur + Qravar + Qum. + Qui.aur); ,
S, 0n
@ *1)

)
where QUsersv Ql.Ta Ql.auwTr Ql.m.T and Ql.l.allT are
(ry*n) (@ npy*ny
z [z

(7 127*1)

defined by formulas similar to, respective() to (6). More
precisely, wherever applicable, one should substitut€2ja
(6) reactive powex) for active powerP, active powerP for
reactive powerQ; similarly the losses coefficientg and v*
Fig. 1. Electrical system circuit are also to be exchanged.
Operation costs can be derived by using the net power at

Consider a radial system with main transmission parametéine generation bus?y,,. It is fairly reasonable to assume the

1o andvr,, distribution system parameteys,; and~;,, and generation costs to be linear iy, at least for a given range

@ 107 *10)
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Fig. 2. lllustration of the core area (inner triangle) fosea A, B, C and D listed in Tablé. Nucleolus allocation is poinia

of operational parameters. Thus, let the total costs be etéfirusers’ load. Given the load profilé;, = (71,..,7,), it is
as possible to define the optimal flow. We assume that the system
C(Z1) = F + BPny, (8) is run in steady state at optimum and denGtéZ;) the
. . . _associatedbtal cost. In this paper, we focus on the sole pricing
where F accounts for all non-variable costs. It is plain that'methods such that useesactly cover all the costs. In other
« Real and reactive power are deeply embedded. As a re%%trds, we consider onlygost-sharing methods, as defined by

of (5) and(6), the net power at the generation blis, 5 vector of non-negative contributions (-) such that
is not additively separable i® and Q. Thus despite the

linearity of C (Z1,) in Py, operational costgannot be - U.(C.7) =C(Z 9
decomposed as a sum of costs attached to the real power ; i(.2) (2). ©)
and costs attached to the reactive power.

« Non-variable costs cannot be unambiguously attributedA basic ffr:me.?s ioncém(?n requires :]h?tﬂ:\o group of lljjers
to active or reactive power either. According to [10], th ays more than its stand-alone cost, what the group wou

costs of installed generation capacity may be impossi jave to pay if its constituents were the sole users of the powe

. : S system. Formally, letC (Zs) be the “stand-alone” cost of
t lit. M , while VAR t directl . .
O Sp1t. VIOreovsr, whrie compensation 1S directly upG, whereZ is the load profile such thgtZ; || = +o0,

related to reactive energy support, it does increase r P
power transfer capability; hence tangibly affects regﬁ j ¢ G (andZy, all k € G unchanged). We want that

power transit and the overall costs of the system. Z U, (C,Z)<C(Zg), allG. (20)
To sum up, a decomposition of the total caSt&Zy,) into a i€G
sum of costs attached to real powlgr (Z;,) and costs attached Under (9), this is equivalent to
reactive powerCq (Zz,) would be nothing but unfounded.
We are thus bound to look for a sound pricing approach > wi(C,2)>C(Z)-C(Z ) allG, (11)
based upon the sole total costs and yet accounting for both i€G
dimensions of the services, namely active and reactive powerwhereZ_ is the load of the complementary group of users.
We tackle this next. Before to do so, however, a criteria Bhis says that no grou@ is a burden to the others. Clearly,
introduced as to judge for the appropriateness of a priciogr fairness requirement is also a necessary and sufficient
rule. condition for “voluntary participation”. If eithef10) or (11)
. “EAIR” PRICING is violated, some users would find advantagepus_to leave the
] system and/or to exclude others from accessing it. It falow
A. Fairness Assessment that our fairness criteria can also be interpreted as aliggabi
Consider a power system with sending end voltdge requirement.
supplying effective total powef; to users characterized byln the game-theoretic literature, a vector of contribusignis
power factorcose,. Let Z; (R;, L;) describe the associatedsaid to be in the core if and only if it satisfies b@th and(10)



(or (11)). This concept which goes back to Edgeworth (1881) IV. PROPOSED METHODOLOGY

was f_ormally int_r_oduced by GiIIieg [15]. A necessary (b.ut NOA  Core of Cost-Sharing Games: the Power Case

sufficient) condition for an allocation to be in the core iatth ) ) ] )

users’ contributions; are higher than (or equal to) marginal COSt allocations® are n-dimensional vectors. Since we
costsC (Z) — C (Z_;) . Characterization of the core for radialrestrict our attention to pricing schemes that exactly cove

power systems, including conditions for non-emptinessy m&OSts: We know in addition thg,” , ¥; = C(Z) . A natural
be found in our companion paper [11]. representation o’ is thus to be found in the mapping of the

cost shareg¥;/C (Z)) in the simplexA,, :
B. Fair Reactive Power Tariffs

When possible, it is convenient to analyze pricing A, = {x e0,1" | le = 1} i
methodologies by decomposing the cost sharing funclidn) i=1
into two components, namely, one associated to real poveer an For illustrations, we set — 3 (See circuit in Fig3). The

the other to reactive power. Ideally, one would write simplex A is of dimension two. More precisely, it is the

U, = A, + ®;, convex hull of the equilateral triangle of heigh{See Fig2).

) An allocation ¥ is a point in A;. Each vertex ofAs is
where the sum of\;s is assumed to cover the cost of reaiggociated to a user. The distance of the pdit the opposite
powerCp (Zy) while the sum of®;s is supposed to COvergqge is the cost-share supported by this usef Ifs on a
the cost of reactive power service (and capacity require)ne{)ertexy the associated user bears all the costs.
notedCq (Z) - Formally, this yields two different cost sharingre electrical system is deemed to be very simple as to better

problems to deal with: display the properties of the problem at hand. As evidenced i
n our companion paper [11], for the just introduced radial pow
ZAz‘ =Cp(ZL), (12) system, the (set of allocations in the) core is a triangle.
z;1
> @i =Cq(Zs). (13) g
i=1 0¥ S2,05

On the one hand, it makes very much sense to tackle —)

the two cost-sharing problems in a distinct manner, hence Generator |y, 85,05

to consider them as completely separate problems. In fact, Py —>

as already mentioned, the cost structure of reactive posver i

very peculiar. The variable (or operational) costs attdctee Fig. 3. System of 3 users

reactive power services are usually considered to be veajl sm
when compared to the fixed (or capacity) costs. This is to beFour different user profiles, as characterized by the pair
accounted for when sharing the co€is(Zy) . (P;,cos¢,), are considered and listed in TABLE I.

On the other hand, however, there are two fundamentalcaseA, all three users consume the same powgs,, =
difficulties attached with this approach. First, as alreambn- 270kW and display an identical power factétF;, = 0.9. In
tioned, it is far from obvious to split even the sole fixed sostase B, all three users consume three times more, with an
F of the power system into fixed costs attached to real pownchanged power factor. In caég users have a consumption
servicesFp and fixed costs attached to the sole reactive powiglentical to the reference cagebut their power factor is much
servicesFq. Second, the combination of pricing formulas thalower. More precisely?F; = 0.7. CaseD introduces a double
appear desirable when considering each cost-sharinggmoblsymmetry across users: they differ in both their real power
separately, may not be desirable when considering thegmmobland their power factor, although total power is identicaihte
as a whole. Conversely, a sound cost-sharing funclioh) reference case.
may be such that either or both elements of its decompositiPhe cost function is derived by assuming that the generation
may appear completely awkward. costs obey(8) with F = 52.38/h and 8 = 4.7/ MWh (in
In particular, one can show that, evenAf(.) is deemed to year basis) and estimating the net power at the generation bu
be “fair” according to the “core criteria”, there is no reaso
for W (.) to inherit this property, unles® (.) is also “fair”

; . o . ; . . TABLE |
according to this same criteria. It is also plain that impgsi PARAMETERS FOR ILLUSTRATION OF THE CORE
bothA (.) and® (.) to obey(10) and(12) or (13) respectively cases | A B 8, D
is much more demanding than requiridg(.) to obey(10) Py Prom | 3Pnom | Prom | ~Prom
and (9) . P2 P’!L()"L 3P7L()7’7L PI’L()’HL %PI'L()’HL

In this paper we take the view that what matters is the Ps Prom | 3Pnom | Prom | 52 Pnom
fairness of pricing 4s a whole”. We thus look at reactive cosdy | PFy | PFy | PH DEp
- . cos gy | PFy PF, PF, PF,
power pricing through the lens of theofal) cost sharing cosé, | PF, | PF, | PF, P,

function W.
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Fig. 4. Distribution system of small industries in p.u

Py,. Other parameters include power baSg.. = 3P, City of Sainte-Foy, Québec, Canada, a residential areh wit
and voltage basé&,,,. = 2.5kVRMSLL. The circuit para- about 70000 inhabitants. The distribution system reptesen
meter is set taZr = (0.28 + 1.9) .10~ 3pu. We checked that, in Figure4 is set to supply electricity to up to approximately
in all cases, voltage vary fromto 1.03pu. Loss coefficients 128 small industrial users. Line impedance between buses is
are easily derived. 0.0016+0.0012¢ p.u. for1.25km length .65V, underground
B. Nudleolus of the Cost-Sharing Gamme di_stri_bution §ystem). Loss coefficients are easily deriveal _
this illustrative example we set the average power capacity
If the core is non-empty, a very attractive allocation methayf ysers toP = 220k1W. More precisely, there are 4 types
is provided by the nucleolus of the cost-sharing game. Thig ysers with respectively30, 70, 100 and 200% of that
concept was introduced by Schmeidler [16] in the generglerage power. We set the power factor0t@ and 0.9 to
context of a characteristic function game. As Littlechild], highlight possible effects of reactive power variationarigus
we consider its application in the particular context of &teo generation parameters are considered in turn. For eacke, th
sharing game. In loose terms, the nucleolus is the allatatige compute the marginal costs of each users, the price that
W which maximizes the gains from common use of the powgfould follow from the “Nucleolus approach” and the price
system for the group of users that gains the least. In thgsociated to some actual tariffs as reported by Hydrds@ué
particular context of scrutiny, it takes a very simple forncanada and EDF, France in [18], [19]. More precisely, Hydro-

detailed in [11]. Indeed, the nucleolus writes: Québec displays
U, = [C(Z)-C(Z_j)]+ Tariff G: 50kW < P; < 100kW
P n V; = Kg +agPy +baP;
+o=— [C(2) - [C(Z)-C(Z-,)]| (14) P = max { P, max; 0.95:; 0.65 P smaxwinter
> P =1 Vi_ng =
=t Tariff M: 100kW < P; < 5000kW
The latter formula follows from the particular structure of U, = an Py + an Py + b P,
the cost-sharing game which is considered. It does not hold Py = max { P max; 0.954; Paominal }
true in general. It has this nice property that, once theg fi (15)
their marginal cost, all userse N contribute proportionally while EDF offers
to their active power to the financing of the remaining deficit Tariff “jaune” : 42kVA < S; < 250kVA
The allocation was computed for caségo D and plotted in U, = Ky + (0 Smans + b, P))
figure 2. It is the small triangle pointed to by an arrow. We ’
illustrate further the concept in the following section wdé e :
is compared to tariffs proposed by different suppliers. Vi-ppr = 'I\I'/qrif [\(/e:{_ ('a2V5]ng -<+PI;VP- +evQy)
V. AN ILLUSTRATIVE EXAMPLE Where: Q, = Q, — 0.4P; if (0.4 < %) ,
In this section, we illustrate the possibility to use the Qi =0, otherwise
concept of “Nucleolus” as a (fair) methodology for pricing (16)

electricity. We calibrate distribution system parametanshe We first assume in Figs that the system is supplied by a



o5 ‘ ‘ ‘ ‘ ‘ by different suppliers may yield to prices below the margina

i cost of some users. An axiomatic approach is proposed that
complies with our fairness criteria. We apply it to allocatsts

of electricity for industrial users. This analysis may béphd

| Nucleolus ] to assess the pricing methodology in electrical markets.
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Fig. 6. lllustration with calibration to EDF tariff



