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1 Introduction

Second-degree price discrimination of a monopolist (Maskin and Riley, 1984; Mussa and
Rosen, 1978) has been intensively studied and become one of the best-known applications of
the principal-agent theory.! However, little has been known about second-degree price dis-
crimination of a two-sided monopoly platform who earns its profit by mediating interactions
between two different groups. In this paper we adapt a canonical model of second-degree
price discrimination a la Mussa and Rosen to a two-sided platform and address the following
questions. When does the price discrimination on one side complement or substitute the
price discrimination on the other side? How does the lack of commitment on one side affect
the set of allocations implementable on the other side? We apply our insight to an adver-
tising platform and also examine the role of a platform’s commitment in eliciting personal
information from content users for better targeted advertising.

A central concept in our paper is non-responsiveness (Guesnerie and Laffont, 1984; Laffont
and Martimort, 2002), which refers to a situation of clash between the allocation the principal
wants to achieve and the incentive compatible allocations. In a standard principal-agent
model, this conflict may arise when the agent’s type directly affects the principal’s utility.
For instance, suppose that the principal is a benevolent regulator who takes care of not only
the production cost of the regulated firm (i.e., the agent) but also the amount of pollution
that the firm emits. The incentive compatibility requires that the low-cost type produce more
than the high-cost type. However, if the reason why the high-cost type has a higher cost is
that it produces less pollution, then the principal may want to induce the high-cost type to
produce more than the low-cost type. As such a non-monotonic schedule clashes with the
incentive compatibility condition, the principal ends up adopting a pooling allocation.

A two-sided platform can frequently face non-responsiveness situations due to the very
nature of its business: it mediates cross-group interactions. Consider, for instance, a two-
sided online media platform mediating consumers and advertisers. Suppose that there are
two types, H and L, of consumers who have different degree of privacy aversion: an H type
is more averse to disclosing personal information to advertisers than an L type. Then, the

incentive compatibility implies that an H type reveals less personal information than an L

'There is a vast literature on nonlinear pricing; e.g., see Armstrong (2015) and Wilson (1993) for

in-depth reviews.



type. Suppose further that H types are on average richer than L types so that, conditional on
watching a well-targeted advertisement, an H type is more likely to consume the advertised
good than an L type. Then, the platform may want to induce an H type consumer to reveal
more personal information than an L type in order to improve the targeting accuracy but
it cannot because of the incentive compatibility condition. Starting from this situation of
non-responsiveness, we show the platform can mitigate the incentive compatibility constraint
on the consumer side by designing appropriate price discrimination on the advertiser side.

Our model applies well to online media platforms whose business model primarily relies on
advertising. Platforms such as YouTube? and Kindle have been interested in a tiered-service
on the consumer side such that consumers have an option to avoid advertising at some price.
In addition, platforms may want to sell a tiered-targeting service to the advertisers as well.
For example, Facebook recently proposed a new service called ‘Instant Articles’ to selected
newspapers such that their content can be hosted directly within the Facebook website, which
can be interpreted as providing a menu of quality on the content side because a given content
consumed in a seamless way is more convenient than the same content whose link to the
original newspaper must be clicked.

In our canonical model, the monopoly two-sided platform offers a menu of price-quality
pairs to each side. There is a mass one of agents on each side. The utility that an agent i of
side k (= A, B) obtains from interacting with an agent j of side k' # k (and ¥ = A, B) is
given by a multiplicative form of ijuk (qf, q;?/) where ij is a parameter depending on both
agents’ types and ¢¥ (qf/) is the quality that agent i (j) receives. We consider a two-type
model: each agent on a given side can have either an H type or an L type. Starting from
no price discrimination on the other side &', an H type of side k is assumed to have a larger
(expected) private benefit than an L type of side k from interacting with the agents on the
other side &’. However, this does not necessarily imply that an H type on side k generates
more positive externalities to the agents of the other side &’ than an L type on side k does. In
this environment, we show that the first-best allocation on side k can entail a non-monotonic
quality schedule on side & if an L type generates sufficiently large positive externalities than

an H type. Furthermore, if an H type obtains less private benefit than an L type when

2See Tom Huddleston, Jr. (2015) “YouTube plans video subscription service with-
out those annoying ads.” Fortune, April 8.  Available at http://fortune.com/2015/04/08/

youtube-subscription-service/



interacting with an L type agent on the other side, we say that there is a type reversal.

In order to address the question of when price discriminations on both sides are comple-
ments or substitutes,® we start by considering the case of asymmetric information on side
A only. We first show that without a type reversal on side A, the implementability con-
dition on side A coincides with the monotonicity condition regardless of whether a price
discrimination is applied to side B . We find, however, that in the presence of a type rever-
sal, a non-monotonic schedule can be implemented on side A when some appropriate price
discrimination is introduced onto side B unless the utility function uA(qA, q° ) is separable.
More specifically, we find that if the qualities are complements, it requires a non-monotonic
schedule on side B; if they are substitutes, it requires a monotonic schedule on side B.

The intuition behind this result is in what follows. The implementability condition means
that given the quality schedule on side B, an L type (on side A)’s gain from choosing qf
instead of qfl must be larger than an H type’s gain from choosing qf instead of qﬁ. Hence,
without discrimination on side B, a non-monotonic schedule cannot be implementable on
side A. However, if the qualities are complements and qg < q]L3 , under type reversal, an L
type’s gain from choosing qf instead of qf}(< qf) can be larger than an H type’s gain. This
is because an L type benefits much more from the quality than an H type when interacting
with an L type on side B. Symmetrically, if the qualities are substitutes and qg > qLB , then
an L type suffers much less from the substitution than an H type when interacting with an
L type on side B.

To answer the initial question of when price discriminations on both sides are complements
or substitutes, we consider a symmetric model with asymmetric information on both sides
and study the implementable allocations with symmetric mechanisms. When the qualities
on both sides are complements, we find that the implementable set includes all monotonic
schedules, and may also include some non-monotonic schedules. By contrast, when the qual-

ities are substitutes, we find that the implementable set includes only monotonic schedules,

3Note that the complements and substitutes between the price discriminations are used in different
meaning from the complements and substitutes between qualities offered to each side of the market.
The complementarity (substitutability) between the two price discriminations is said to exist when
a price discrimination on one side is more (less, respectively) likely to induce a price discrimination
on the other side. By contrast, the complementarity (substitutability) between the two qualities
means the cross-partial derivative of the utility with respect to the two qualities is positive (negative,

respectively). This distinction should be more clear in our analysis.



and possibly consists of a strict subset of monotonic schedules. Therefore, we can conclude
that price discriminations on both sides become complements (substitutes) when qualities
are complements (substitutes, respectively).

Interestingly, as we solve for the optimal symmetric mechanism in the symmetric setting,
we find two different kinds of non-responsiveness. The first is the one discovered by Guesnerie
and Laffont (1984) in one-sided market: a necessary condition for such non-responsiveness
is to have a non-monotonic first-best schedule. However, we also find a new kind of non-
responsiveness arising from cross-group interactions in a two-sided market. When there
exists a type reversal, extracting information rent from an H type on the side k requires
the platform to introduce an upward distortion in the quality allocated to an L type on
the other side k' and a downward distortion in the quality allocated to an H type on the
same side k. If these two distortions lead to a non-monotonic schedule which clashes with
the implementability condition, then a pooling contract can be optimal even if the first-best
schedule is monotonic.

After the analysis of the canonical principal-agent model, we provide two applications
to online media platforms who earn profits from consumers’ content consumption and from
advertisers’ advertising to the content users. In the first application, we focus on replicating
the main insight of the canonical model: we show how a price discrimination on advertiser side
helps to implement a non-monotonic advertising schedule on the consumer side. Specifically,
an H type consumer may choose to receive more advertising than an L type consumer even
though the former dislikes advertising more than the latter on average. This can occur in
the presence of type reversal as the former dislikes less some particular types of ads than the
latter.

The second application adopts more general framework in that consumers now care about
the privacy (the amount of personal information collected by the platform) as well as the ad-
vertising annoyance. This application studies the role played by the platform’s commitment
(in terms of the usage of personal information) in eliciting personal information for better tar-
geted advertising. Precisely, we find that with no commitment to the mechanism to be used
on advertising side, the platform ends up choosing either pooling or a monotonic disclosure
schedule. However, with commitment, the platform can implement a non-monotonic disclo-
sure schedule such that an H type (i.e. high aversion to disclosure) releases more personal

information to the platform than an L type. In addition, we point out that when the platform



can sell the collected personal information to a third-party, a platform without commitment
power may end up eliciting no personal information at all. In such situation, requiring the
platform to obtain consent from each consumer prior to the sale of the collected informa-
tion can partially mitigate the commitment problem, which gives support to the European
Commission’s recent data protection reform.

The rest of the article is organized as follows. We set up the model in Section 2, and derive
first-best allocations in Section 3. In Section 4, we study an intermediate situation in which
there is asymmetric information on one side only with complete information on the other side.
Then, we consider asymmetric information on both sides in Section 5. After the canonical
model analyses (Sections 2-5), we offer two applications in the context of advertising with no

targeting (Section 6) and privacy design with targeting (Section 7). Section 8 concludes.

B Related Literature

This article is related to several strands of literature. First, our paper is closely related to
the second-degree price discrimination from the principal-agent framework (e.g., Maskin and
Riley, 1984; Mussa and Rosen, 1978) and to the concept of non-responsiveness developed
by Guesnerie and Laffont (1984) and then explored by Caillaud and Tirole (2004) in the
context of financing an essential facility and by Jeon and Menicucci (2008) in the context
of allocation of talent between the private sector and the science sector. To our knowledge,
however, non-responsiveness has never been previously explored in two-sided markets; our
paper is the first in this direction.

Although the literature on two-sided platforms has been expanding rapidly,* to our knowl-
edge, there is little work that studies price discrimination in a two-sided market by explicitly
addressing type-dependent interactions. One exception is Gomes and Pavan (2014) who con-
sider heterogeneous agents on both sides in a centralized many-to-many matching setting.
They provide conditions on the primitives under which the optimal matching rule is a thresh-
old rule that each agent on one side is matched with agents on the other side having a large
enough type. They also provide a precise characterization of the thresholds. We do not con-
sider matching as in our model, all agents on one side interact with all agents on the other

side. Since we are particularly interested in the role of type reversal in the cross-side inter-

“The literature is vast including Anderson and Coast (2005), Armstrong(2006), Caillaud and
Jullien(2001, 2003), Hagiu(2006), Hagiu and Jullien(2011), Jeon and Rochet(2010), Rochet and Ti-
role(2003, 2006), Rysman(2009), and Weyl(2010).



actions and its impact on the optimal quality schedules, our work complements theirs. Choi,
Jeon and Kim (2015) study a second-degree price discrimination of a two-sided monopoly
platform in the context of network neutrality, and compares it with the case of no discrimi-
nation. However, they consider heterogeneous agents only on the content side and assumes
homogeneous agents on the consumer side. In this paper we consider heterogeneous agents
on both sides.

Our applications are closely related to the literature of the economics of privacy (Acquisti,
Taylor, and Wagman, 2015) and of Internet media (Peitz and Reisinger, 2014). Since we
provide a model of privacy design and targeted advertising, this paper is related to Johnson
(2013) who analyze targeted advertising by firms when consumers prefer blocking irrelevant
ads, and to Casadesus-Mansaanell and Hervas-Drane (2015) who analyze firms’ competition in
disclosure levels for consumer information. Distinguished from both, we study privacy design
from a mechanism design approach. Our paper delivers an important implication for the
recent data protection reform in Europe: giving users control over their personal information
already disclosed to the platform may play as a critical commitment mechanism so that the
platform can elicit useful personal information ex ante for better targeting. This implication
is consistent with Miller and Tucker (2014) who find empirically that limiting redisclosure
without the individual’s consent incentivizes individuals to obtain genetic tests. Lastly, our
application to privacy design is related to Hagiu (2006) who also considers sequential offers by
two-sided platforms. Without commitment, platforms announce their prices to sellers before
their prices to buyers; with commitment both prices are simultaneously announced. In his
model the lack of commitment is about the pricing on the buyer side, whereas in our model
the lack of commitment is about the use of collected personal information on the advertising

side.

2 A canonical principal-agent model in two-sided markets

We here consider a canonical principal-agent model (Laffont and Martimort, 2002; Mussa
and Rosen, 1978) and adapt it to a two-sided market where a monopoly platform (i.e.,
the principal) designs a mechanism to mediate interactions between agents from two sides,
k = A, B. On each side, there is a mass one of agents. Let Gf represent the type of agent 7 on

side k. 0?’ is similarly defined. For simplicity, we consider a two-type model: on each side,



an agent has either an H type or an L type, i.e., 0F € {H, L} and (9;?', € {H,L}. Although
we consider two types, two-sided interactions make the model very rich and involved. Let
v* € (0,1) represent the fraction of H-types on side k. The platform chooses quality qf for
each agent i of side k and quality qf/ for each agent j of side k'(# k). When an agent i of
side k interacts with an agent j of side &/, the utility the former obtains can be represented
as

U*(0F, 0%, qF, q¥).

1

As this is a very general formulation, in what follows we consider a particular class of utility

functions in which the types interact in a multiplicative way with qualities:
kipgk ok’ k K/ k ki k K
U (017‘93' 1 4; 545 ):giju (qi7Qj ),

where Hfj represents the consumption intensity of a side k£ agent as a function of both agents’
types. We assume that the utility function u* : Ri — R is strictly increasing and strictly
concave, and denote with uf“ the partial derivative of u* with respect to its I-th variable, for

I = 1,2. Moreover, we define u¥, as follows:

O*uk(qf, ')
8qf@q§?'

k (kKN _
ulQ(Qiaq]‘):

We assume that u’f2 has the same sign for each qf and qé?/; for side k£ the qualities are said
to be independent if u¥, = 0, complements if u}, > 0, and substitutes if u¥, < 0. The costs
of producing ¢! and qf are respectively denoted by C4(¢#') and CP (qJB ). We assume that
both cost functions are strictly increasing and convex.
Depending on the match of types, we may have the following four parameters of con-
sumption intensity on side k:
K\K'| H L
H | O Oy

L |0y 0L

Even with a two-type model and with the multiplicative specification, our model is still
rich enough as we have many parameters given exogenously: % = {6’}'{ e 9’1“{ I 9% e HE L vk,
and the utility function u*, for k = A, B. For this reason, when we characterize the second-

best mechanism, we focus on a symmetric model (see Section 5). Sometimes we consider the



case in which u*(¢¥, qk/) is separable such that there exist two one-variable functions w4, w?

satisfying

ut(g?, %) = uP (4P, ¢?) = wi(¢?) + wP(P). (1)

Of course, in this case we have uf, = uf = 0. In particular, if w?(-) = w?("), u?(-) = uB() is
symmetric. Such restriction allows us to isolate the distortions in quality schedule generated
by cross-group interactions through types as ¢ does not affect the marginal utility from ¢*.
Before we move on to our analysis, let us introduce notation for the differences in the quality

preference parameters as follows:

bk ok k bk _ ok k
Ay = Opgy— 01y, AP =05, 051,

ek k k ek _ pk k
AI’I - QHH - QHL? AL - QLH - 9LL7

where the superscript b means private benefit and the superscript e means externality. The
component A?’k captures the change in the benefit of an agent on side k when his type
changes from L to H for a given type of the side k'(# k) agent which is fixed at 9;?/ =H, L.
In other words, the superscript b stands for difference in private benefit generated by the own
side type change. In contrast, the component Af’k captures the change in the benefit of an
agent on side k when the type of the side k¥’ agent changes from L to H, given that side k

agent’s type is fixed at Hf =H,L.

3 First-best allocations

In this section we characterize the monopoly platform’s first-best quality schedule on both
sides of the market. Let q = (q}f‘l, qf, qfl, qf ) denote the vector of quality specifications. The

first-best quality schedule maximizes the total surplus which is given as follows:

178 (q) = v4? [0 yu (aft. aff) + 08 wu® (af. ait)] + v —vP) [0 0 (ai1, aF) + 0P gu® (aF . ait)]
+ (1= v P (08t (af, af) + 08 LuP (a8 af)]
+ (1 =vHA— P [08utaf, aF) + 02 uP (af . af))]

— v qpp) — 1 = v CNaf) — vPCPaft) — (1= vP)CP(af).



HFB

Given our assumptions, is concave, hence we can use the FOCs with respect to q’f{ and

qE in order to characterize the first-best quality schedule for side k as follows:

’ ’ ’ ’ ’ / ’ / / / dC’k qk
V¥ Oharh (alysal) + O afy af) | + (1= o) [0k (., af) + 08 (o L aln)| = d;ﬂ);
H
K [k ki k K KooK Kk Ky ok ke kK KooKk k dC*(q7)
v [QLHUI(QL7QH)+0HLU2 (QHaQL)}‘}'(l_V )[GLLul(QL7QL)+0LLu2 (QL7QL)] A
L

That is, the first-best quality vector q? is determined as a solution to the system composed
of the four FOCs, two from each £k = A and k = B.

In what follows, we assume:

Assumption 1. I/BA%}A > max {—(1 - Z/B)A%A,O} and I/AA?L}B > max {—(1 - I/A)A%B,O}.
Assumption 1 means that (i) the expected change in the private benefit on side k& when an L
type is replaced by an H type on the same side k is positive, i.e., I/BA%’(A +(1- VB)AI}J’A >0
and VAAI};,B +(1— VA)A%B > 0 (ii) an H type has a larger private benefit than an L type

for his interaction with an H type in the other side, i.e., AZ}A > (0 and A%’,B > 0. Thus,
Assumption 1 extends the standard meaning of an H type and of an L type to a two-sided
market. Note however that Assumption 1 does not restrict the sign of A%A and of A%B: if
they are negative, the L type on side k can have a larger private benefit than the H type on
side k for her interaction with the L type in side k'(# k).

As a benchmark, consider the case of quality independence such that v and u® satisfy
condition (1). The quality schedule on side B does not affect the FOCs determining the
quality schedule on side A, and wice versa. Hence, the quality schedule for each side is
determined independently from that of the other side. We find that the first-best quality

A,FB AFB

schedule is non-monotonic on side A (i.e., ¢~ < ¢q;’" ) if and only if

VBALA 4 (1 - uB)ARA < - [VBA;;B +(1—vB)A%P| . 2)

The L.H.S. of the inequality (2) represents the expected change in the private benefit on side
A when the focal agent’s type changes from L to H on side A, whereas the bracketed term
in the R.H.S. represents the expected change in the externality on side B from the same
change. If vBA%GP + (1 — vB)AS” > 0, the H type of side A generates more (positive)
externality to side B than the L type of side A. This, together with Assumption 1, implies

AFB A,FB

qy’ ~ > q;" . In contrast, if VBA?IB +(1 - VB)AEL’B < 0, then the L type generates more



(positive) externality than H does. Thus, we have qﬁ’FB < q?FB

if an H type’s relative gain
in terms of private benefit on side A is smaller than an L type’s relative contribution in terms

of externality on side B, which is exactly meant by (2).

Proposition 1. (First-best) Suppose that u? and u®P satisfy the separability condition of
(1). Then we have qg’FB < qé’FB if and only if an H type’s relative gain in terms of private
benefit on side A is smaller than an L type’s relative contribution in terms of externality
on side B (i.e., inequality (2) holds). A similar statement holds for the condition to have

B,FB B,FB
q <q, .

4 Information asymmetry on one side only

Let us begin our analysis by studying an intermediate situation in which there is asymmetric
information on one side only, say side A, but complete information on side B. Introducing
private information only on side A allows us to analyze how a given quality schedule on side
B affects the set of implementable quality schedules on side A, which applies as well to the
case of asymmetric information on both sides. In addition, we can identify possible quality
distortions generated by cross-side interactions separately from standard own-side quality
distortions.

The platform’s maximization problem under asymmetric information only on side A, is

stated as

Comax v [pf — O )|+ (1-v?) [pf — O )]+ [pf; — CP(ai)]+ (1) [pf — CP(aD)]
{(qupH)v(qupL)}
subject to

A
(1C3) vP0g pu(aiy, ab)+(1—vB) 05w (aiy, af ) —ppy > VPO pu (af, ) +(1—vP) 05 Lu? (0, aF) —pf

A
1cy) vPoiyut (e, a)+(1—vP)07 ut(a af ) —pi > vPO0L vt (afy. aff)+(1—vP)01 u (4t aF ) —pii

10



Let q°P represent the profit-maximizing quality vector. Obviously, on side B, the platform
will set its tariffs pg and pf such that both participation constraints IREI and IR? are binding.
Matters are less obvious on side A, and it is useful to distinguish the case of A%A > 0 from

that of AI}J’A < 0.
Definition. When AI}J’A < 0 holds, we say that there is a type reversal on side A.

Type reversal means that an H type of side A gets more benefit than an L type of side
A when each of them is matched with an H type on side B, but the reverse holds when each
is matched with an L type on side B. We show that the design problem is standard when
A%A > 0, but the analysis becomes more involved when a type reversal exists. Below we

offer the analysis for each case starting from no type reversal.

bA
4.1 The case of no type reversal: A;" >0

Given A%A > 0, we can use standard arguments to prove that (i) IRf and IC% make IR%
redundant so that IR‘I‘_‘I can be safely neglected; (ii) IR‘E1 and IC?I bind in the optimal menu

of contracts; (iii) given that IC4; binds, IC4 reduces to

(@) ot = vPAR [u (it i) — vt (af o))+ (=P AL [u(dh, af) — v (e, af))] > 0

3)
which we call the implementability condition on side A. Because A%A > 0 from Assumption
1 and currently we consider the case of A%A > 0, (I1) is equivalent to the standard mono-
tonicity constraint qfl > qf irrespective of the quality schedule on side B. From IR‘;} and ICﬁ,

we obtain the prices charged to the agents of side A:

pi = VPRt (a aB) + (1 — vP)0 u? (a7 4F), (4)

iy = VP05 (4 aff) + (1= vP)05 0™ (a1, af) — Qi ()

11



where Q‘é in the expression pf_‘l represents the information rent of the H type agent on side

A and is given by:
Qff = AbA aiam) +(1—v )AbA Aasap)- (6)
Substituting (4) and (5) into the objective of the platform yields
[I(q) = 1" (q) - vy (7)

which we need to maximize subject to (I4), that is, subject to qﬁ > qf. Our analysis

of the first-best in Section 3 has shown that the first-best quality schedule can be non-

monotonic, i.e. q’;{FB < qi FB when an L type’s contribution in terms of externality is

larger than an H type’s gain in terms of private benefit. If this phenomenon occurs on
side A, then the allocation the platform wants to achieve on side A may clash with the
allocations implementable given (IA)7 yielding a non-responsiveness situation. Let q denote
the maximizer of II when the constraint qfl > qf is neglected. While the information rent

does not depend on qﬁ, as in the standard model, in general we no longer obtain the standard

result of no distortion at top for qH That is, qH = qfl FB is not warranted in the two-sided

framework. This is because the distortions in qH and q from their first-best values change

the marginal value of qf,. In particular, if (jH > qfl FB and qL > q]li3 FB and the qualities are

complements (substitutes) for agents of both sides, then we get a upward distortion at the top

on side A, i.e., QH > qfl FB (then a downward distortion of qH < qfl FB) these conclusions

are reversed if (jg < qH’ FB and qL < qf FB.

Regarding the other variables, qL, qH, and qf , it is immediate that the partial derivatives

of II with respect to each of these variables is negative at q = q'? because of the term Q‘g.

( A, FB B,FB B,FB

Therefore, if for instance we fix (i}, ¢5, ¢P) = 9y T ay T.q; "), then qp is distorted

FB

downward with respect to qf’ , as in a standard setting of a one-sided market. Likewise, if

(91137 Qf; QE) (fo FB, qf FB, qLB FB) then we conclude that qg is distorted downward com-

( AFB AFB B,FB

pared to qH Slmﬂarly if (qH,qL,qH) ay” . ar" Cay" ), P is distorted downward

B,FB
from ¢

. Unlike the distortion on qL, the distortions in the qualities in side B are gener-
ated because of the two-sided market interactions as the information rent of the H type on
side A increases with both ¢& and ¢P from (6).

Notice however that ¢ is the second-best optimum only if it satisfies q}‘} > (jf. If this is

12



not the case, then a pooling contract must be implemented on side A, and the pooling quality
is determined by maximizing f[(qf, a3, g%, qP) with respect to (¢7, ¢5,¢P).

For an explicit condition, let us consider the case in which u* and u? satisfy the separa-
bility condition of (1). Then, § exhibits a non-monotonic schedule such that ¢z < cjf if and
only if

14

AbA AbA . .
B+ (=) < - [PAgT + (1 0P)ag”) (8)

This condition is similar to the condition for the first-best allocation (2). The difference

A
Y A%’[A} where

1—vA

arises only for the L.H.S.: A%A = HﬁH — HfH is replaced by HéH — [GfH —
A vA
0LH T 1A

A%’,A is the virtual valuation for 67, and similarly for AIZA =084, — 02, If (8) is
violated, then ¢ are confirmed to be the optimal second-best quantities, and given separable
u? and u®? , they are such that
ASB _ AFB A,SB A,FB B,SB B,FB B,SB B,FB
q =dg , qr, <qy s dy <dqy , qr, <4qy .
If (8) is satisfied, then q yields a non-monotonic schedule on side A, which clashes with

the constraint qfl > qf. Then agents on side A are offered a pooling contract.

4.2 The case of type reversal: A%A <0

If A%A < 0, then the platform’s design problem is more involved because satisfying IC%
and IRf does not imply that IRﬁ is satisfied, and because IC‘El does not necessarily reduce
to qﬁ, > qf. In what follows, we examine the set of points (qi,qs) such that satisfies
the implementability condition for given (qg, qf ). In particular, we have seen above that
the platform may want to achieve a non-monotonic schedule on side A, and therefore we
investigate what kind of quality schedule on side B allows the platform to implement a non-
monotonic schedule on side A by distinguishing the case of complements from the case of
substitutes.

Consider first the maximization problem in which IR% is neglected. Then, as in Subsection
4.1, we can prove that IRi1 and IC% bind in the optimum, therefore (4)-(5) hold and the
profit function is still IT in (7); moreover, IC4 is equivalent to (I4).

We denote with F the set of (g4}, q7) satisfying (I4), given (¢5, ¢P).% In order to describe

SHence, F' depends on (qﬁ, qf ) even though our notation does not make it explicit.
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F, we let
e M (from “monotonic”) denote the set of (qjr, ;') such that ¢ > ¢ > 0;
e N (from “non-monotonic”) denote the set of (qﬁ,, qf) such that 0 < qfl < qf;
e D (from “diagonal”) denote the set of (qfl, qf) such that 0 < q}f‘[ = qf.

Since 4 = 0 at each point satisfying qfl = qf, it follows that D C F. Moreover it is
immediate to identify F if ®4 is strictly monotone with respect to qf]. Precisely, if ®4 is
strictly increasing in ql‘f} then F = M U D; if ®4 is strictly decreasing with respect to ql‘f},
then F = NUD.

If v satisfies (1), then ®4 = (VBAI};,A +(1- Z/B)AI}J’A) (w(gf}) —w(qf")), which is
strictly increasing in qﬁ, by Assumption 1, and thus F' = M UD. In the case of complements,

we have that ®4 is strictly increasing in qf} if qg > qf (since in this case u‘f‘(q}f},qﬁ) >

uit (g4}, ¢P) and Assumption 1 holds) or if ¢& < ¢ and |(1— UB)A%A

is close to zero and/or
the effect of complementarity is small. Conversely, if |(1 — v? )A%Al is close to v? AI;’IA and
the effect of complementarity is strong, then ®4 is strictly decreasing with respect to qfl.
In the case of substitutes, we obtain opposite results: ®4 is strictly increasing in ‘]}41
if qfl < qf (again uf(q}‘},qg) > uf(ql’f},qf) and Assumption 1 holds), or if qg > qf and
(1 — UB)A%A’ is close to zero and/or the effect of substitution is small. Conversely, if
|(1— 0P )A%A| is close to v? A%’IA and the effect of substitution is strong, then ® is strictly

decreasing with respect to q}‘}. The following proposition summarizes the results.

Proposition 2. Consider the setting with private information on A side only under type

reversal (A%A < 0) for a given quality schedule on side B, (qg, qf).

(i) If u? satisfies the separability condition of (1), the implementable set is equal to the
set of the weakly monotonic schedules (i.e., F = M U D) no matter what the quality

schedule on side B (qg—, qf) .

(ii) Suppose that qualities are complements on side A (i.e. uih(q?,q®) > 0).

(a) If qfl > qLB, then the implementable set on side A is equal to the set of the weakly
monotonic schedules (i.e., F = M UD).

(b) If 4B < ¢B, the complementarity is sufficiently strong and |(1 — 'I}B)A%A’ is mot

close to 0, F includes some strictly non-monotonic schedules only (i.e. F C N ).
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(i4i) Suppose that qualities are substitutes on side A (i.e. uiy(q?,¢®) <0).

(a) If qﬁ < qLB, then the implementable set on side A is equal to the set of the weakly
monotonic schedules (i.e., F = M UD).

(b) If g8 > B, the substitution is sufficiently strong and |(1 — UB)A%A| is not close

to zero, F includes some strictly non-monotonic schedules only (i.e. F C N ).

The implementability condition (3) says that given the quality schedule on side B, an
H type (on side A)’s gain from choosing qfl instead of qf must be larger than an L type’s
gain from choosing qfl instead of qf. Therefore, absent price discrimination on side B, a non-
monotonic schedule (i.e., qf} < qf) is not implementable because an H type suffers more than
an L type when quality is reduced from qf to qﬁ. However, if the qualities are complements
on side A and qfl < qf , under type reversal, a non-monotonic schedule (i.e., qﬁ, < qf) can be
implemented as an L type’s loss can be larger than an H type’s one when the quality is reduced
from qf to qff. This is because an L type enjoys a high marginal utility from interacting
with an L type because of the complementarity between qualties, qf[ < qf and type reversal
(i.e., 9}3 L < GfL). Symmetrically, if qualities are substitutes, implementing a non-monotonic
schedule requires qg > q]L3 as an L type enjoys a high marginal from interacting with an L
type because of the substitutability, qfl > qLB and type reversal.

Note that both for complements and for substitutes there exist intermediate cases in
which ®4 is non-monotone and thus F includes both some points in M and some points in
N. Appendix B provides a more detailed description of F' under an additional assumption
which implies that ®4 is strictly concave in qﬁ,.ﬁ The discussions of the case with no type
reversal and the above proposition tell us when the implementable set is equal to the set of

the weakly monotonic schedules:

Corollary 1. The implementable set on side A is equal to the set of the weakly monotonic
schedules if any of the following conditions is satisfied.
. . b,A
(i) There is no type reversal (A7 >0).
(ii) u? satisfies the separability condition of (1).

(ii) There is no price discrimination on side B (i.e., ¢b = ¢2).

5Note that these findings hold even when there is asymmetric information on both sides.
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Finally, the constraint IR‘I‘}, is satisfied if
b,A b,A
VA WA ar aip) + (1= vP) AL (g1 af) > 0. (9)

Given Assumption 1, IR% is satisfied either when qfl > qu3 , or when qfl < qf and |(1 —

I/B)A%A is small.

5 Information asymmetry on both sides: symmetric model

We now consider asymmetric information on both sides. In order to address the question of
whether price discriminations on both sides are complements or substitutes, we will consider a
symmetric model. Although a symmetric model is detached from the real world, its simplicity
helps us to isolate the main driving forces that determine the answer to the question. We
augment our analysis by providing real world applications based on asymmetric models in
later sections. We introduce the following notation for the symmetric model: Gfl g = 65 g=
Oum, 04, = 08, = Our, 03y = 05, = 0w, 02, = 05, = 011, Ay = Oyn — 0L,
A =01 — 01, v =08 = v and u? = v = u. We focus on a symmetric mechanism with
an = qb = qu and q7' = ¢P = qp.
The profit function under complete information for this symmetric model is given by

™ Bqm,qr) = 20%0mulqm, ) + 2v(1 — v)Orru(qm, qn) + Orau(qr, gu))

+2(1 —v)*0rulqr, qr) — 2vC(qm) — 2(1 — v)C(qyr).

Consider now the standard approach in which we assume that only IR; and ICg bind.
Substituting the transfers obtained from the binding constraints into the platform’s objective
gives the following profit function:
7_‘,FB(

7(qu,qL) = qu,q1) — 2v [vAgu(qr,qu) + (1 —v)Aru(qr, qr)]

= 20%0mu(qr, qg) + 2v(1 —v) [0rrulqw, qr) + 0% pul(qr, qu )] (10)

+2(1 — v)*07 Lulqr, qr) — 2vC(qm) — 2(1 — v)C(qr)

where 07 ; = Opg — 7%5,Ar(< 0pyg) and 07, = 0, — %5 Ar. Hence 7 differs from nFB

only because 0y and 07, are replaced, respectively, by 07, and 07 ;. Regarding Ar, we
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distinguish the case of no type reversal (i.e., A > 0) from the case of type reversal (i.e.,

Ar € (—7%AHm,0)). Note that
Orr ; 07 ; if and only if A, z 0.
The first-order condition with respect to qg is given by

vOum [ui(qm, qm) + u2(qm, qu)] + (1 — v) 0L (qm, qn) + 07 gua(qr, )] = C'(qu), (11)

As 0%y < Orm, given qf, = qf B the qp that satisfies (11) is smaller than quB . This downward
distortion arises because of the cross-group interactions in a two-sided market. If an H type
on side k chooses the contract designed for type L, then he obtains a utility from interacting
with an H type on side k', and therefore reducing the quality allocated to an H type on side
k" helps to extract the information rent from an H type on side k. The first-order condition

with respect to qr, is given by

v[0mrua(qm, qr) + 07 pui(qn, q)] + (1 = v)07 1 [ui(qr, qr) +u2(qr, qn)] = C'(qr).  (12)

In the case of no type reversal, given qg = qZB , the g, that satisfies (12) is smaller than
qf B In this case, the well-known downward distortion in one-sided market is reinforced by
the downward distortion due to cross-group interactions in a two-sided market. In the case
of type reversal, as 0, < 69, the gz, that satisfies (12) given gy = ¢5P can be higher or
lower than qf B On the one hand, when we neglect the cross-group interactions and consider
one-sided market, there is a downward distortion as vAg+(1—v)Ar > 0 from Assumption 1.
On the other hand, the cross-group interaction induces an upward distortion. Type reversal
implies that when interacting with an L type on side &/, an H type on side k obtains a smaller
utility than an L type on side k, all other things being equal. Hence, increasing the quality
allocated to an L type on side k" allows to extract rent from an H type on side k.

Consider now a pooling contract such that gg = q;, = q. Then, from the binding IR}, we

find that the platform’s profit is given by

(g, q) =2Wra + (1 —v)0rr]u(q, q) — 2C(q).
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Let ¢P be the maximizer of 7(q, q).

Non-responsiveness refers to a situation in which there is a clash between the allocation
the platform wants to achieve and the incentive compatibility constraints. More precisely,
the platform wants to implement a non-monotonic schedule, but she cannot due to incentive
constraints and ends up choosing a pooling contract. In our model, we can distinguish two
kinds of non-responsiveness depending on whether the first-best schedule is monotonic or not
(i.e., quB is greater or smaller than qf B). In a one-sided market, non-responsiveness occurs
only if the first-best schedule is non-monotonic. To see this point, start from a monotonic
first-best schedule such that qu > qu . This, combined with the standard result of “no
distortion at the top and downward distortion at the bottom,” implies qI%B > qu . Hence,
a pooling cannot be optimal in one-sided market whenever qZB > qf B However, this is no
longer the case in a two-sided framework in which there are additional distortions due to
cross-group interactions. In particular, denoting by (g, qr) the maximizer of 7(qz,qr), in
the case of type reversal we can have qu > qy and qf B < qr such that ¢, > @ may hold
even if qIIf}B > qf B Then, a pooling contract can be optimal even when the first-best requires
a monotonic schedule, qu > qf B,

In what follows, we first study the implementable set of allocations when there is asym-
metric information on both sides. As we have seen in Section 4.1, in the case of no type
reversal, the implementable set coincides with the monotonic schedules. In the case of type
reversal, the result crucially depends on whether the qualities on the two sides are substi-
tutes or complements. If they are substitutes, the implementable set is a subset of monotonic
schedules, such that some monotonic schedules may not be implementable. If they are com-
plements, the implementable set includes all monotonic schedules and possibly also some
non-monotonic schedules.

Therefore, finding the second-best quality schedule can be complicated when there is
type reversal and the qualities are complements. If gy > gy, holds, then we have ¢?P = gy
and ¢?8 = gr. However, if gy < g holds, then (g,qr) can be implementable or not. If
it is implementable and satisfies IRy, then we have quB = ¢g and qu = qr. Otherwise,
we should compare the profit from the optimal pooling contract 7(¢”,¢”) and the highest
profit from implementable non-monotonic schedules. When we solve for the latter, we should
pay particular attention to IRy as the best outcome from the implementable non-monotonic

schedules may not satisfy IRy. We then illustrate these points by analyzing a quadratic

18



setting and the detailed results are relegated to Appendix B.

5.1 The simple case of no type reversal: A; > 0

As in Subsection 4.1, in the absence of type reversal, we find that IR; and ICy both bind
and the optimal contracts are found by maximizing & with respect to (qm,qr) subject to
qg > qr, since ICyp is equivalent to gy > qr. We then find the maximizer (Gg,qr) of 7
neglecting g > qr. If gy > qr then ICy, is satisfied by (qm, 1), thus we have obtained the
solution: quB = Z]\H,qu = qr. Conversely, if q;, > gy then IC;, must be taken into account
when maximizing 7(qm, qr,) with respect to (qm,qr). Then, the optimal quality schedule
entails pooling: qIS;B = qu = ¢”. This approach extends to the asymmetric model as long

as A%A >0 and A%B > 0.

5.2 The case of type reversal: A; <0

In the presence of type reversal, if IRy, and ICg bind, then ICy, reduces to

(I vAglulgw, qu) — ulgr, qu)]l + (1 — v)Ar[u(gm, qr) — u(qr, qr)] > 0. (13)

Here it is convenient to define r = %, such that r € (—1,0). Hence, the implementability

condition in (13) can be written as
(I) A+rB>0 (14)

where
qH

qn
A :/ ui(t, qm)dt and B :/ ui(t,qr)dt.
ar qr

We below study the set of (¢, qr,) that satisfies (I) by distinguishing the case of complements

from that of substitutes.

B The case of substitutes

Consider the case in which the qualities on the two sides are substitutes. Suppose g > qr.
Because of the substitution, we have u(t,qr) < wi(t,qr), implying B > A > 0. Therefore,
(I) is satisfied at (qm,qr) for r > —A/B and is violated for r < —A/B. In particular, any
pair (g, qr) with g > qr, satisfies the implementability condition (I) for » = 0, and no pair

(qm,qr) such that g > g, satisfies the implementability condition (I) for r = —1 from B > A.
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Next, consider now gy < qr. Because of the substitution, we have u(t,qmx) > u1(t,qr),
implying A < B < 0. Hence, for any r € (—1,0), no pair (¢z,qr) with gy < g1, satisfies the
implementability condition (I). Therefore the implementable set does not include any non-
monotonic schedule; some monotonic schedules are also excluded from the implementable set
if r is close to —1.

Consider the case in which u(qg, qr) = 4\/qn — quaqr +4/qr, with gy € [0,1], qr, € [0, 1]
in order for u to be concave. Let r* = —&8_ If r € (r*,0), then each (qp,qz) such that
qm > qr, satisfies (I). Conversely, if r € (—1,7*) then there exist some (qm,qr) with g > q1,
which do not satisfy (I). For instance, if r = —32 then (I) fails to hold for the points to the
right of the dashed curve in Figure 1-(a); if r = —22, then (I) fails to hold for the points to

the right of the thin curve in Figure 1-(a).

10

qr 1.0
0.8 1
oE 0.6
0.4 04
02 02
0.0 0.0

(a) The case for substitutes (b) The case for complements

Figure 1: The incentive compatible allocations for u(qy,qr) = 4/qu — quqr + 4\/qr, with
qgH € [07 1]’ qr € [0’ 1]

This suggests to maximize # in the set between the dashed curve (if r = —33) and the
45 degree line.” If we have g, > qp, then the second best contracts are given by the pooling
solution: qIS{B = qu = ¢P. Conversely, if g < qy (the “standard” case) then (qg,qr) may
be not feasible and, if so, the platform needs to maximize 7 subject to the constraint that

(g, qr) belongs to the dashed curve. However, IRy boils down to u(qr, qr) +ru(qr, qr,) > 0.

"Notice that IRy boils down to u(qr,qm) +ru(qr,qr) > 0, hence it is satisfied by each point such
that gy > qr, that is by each point in the feasible set.
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Hence it is satisfied by each point such that gz > qr, that is by each point in the feasible
set. This makes the mechanism design problem standard in the case of substitutes.

Recall from Corollary 1 that if there is price discrimination only on one side, then the
implementable set on that side coincides with all monotonic schedules. When price discrim-
ination occurs on both sides and qualities are substitutes, we see that with a symmetric
mechanism the feasible set shrinks, as the platform cannot implement any non-monotonic

schedule, and some monotonic schedules are not implementable either.

B The case of complements

Consider now the case in which the qualities on the two sides are complements. Suppose
g > qr. Because of the complementarity, we have wu;(¢,qp) > ui(t,qr) for any t, implying
A > B > 0. Therefore, for any r € (—1,0) any pair (qm, qr) satisfying gg > ¢, satisfies the
implementability condition (I). Suppose now gy < qr. Because of the complementarity, we
have ui(t,qm) < ui(t,qr) for any ¢, implying B < A < 0. Therefore, (14) is satisfied for
r < —|A|/|B| and is violated for » > —|A|/|B|. In particular, any pair (g, qr) satisfying
g < qr meets the implementability condition for » = —1 and no pair (qx, qr,) with ¢z < qr,
satisfies the implementability condition for » = 0. The previous arguments imply that the
implementable set consists of all points below the 45 degree line (i.e., gz > qr.), and possibly
some points which are above the 45 degree line.

Consider for instance u(qm,qr) = 4/qm + quqr + 4/qr, with gz € [0,1], g1 € [0,1] in
order for u to be concave. Let r* = —%. If r € (r*,0), then no (qm, qr,) such that qr, > qg
satisfies (I). If r € (—1,r*), then there exist some (qg, qr) such that q; > gy which satisfy
(I). For instance, if r = —% then they are the points above the dashed curve in Figure
1-(b); if r = —%’, then they are the points above the thin curve in Figure 1-(b).

Therefore, when qualities are complements, the price discrimination on both sides enlarges
the feasible set with respect to the case of price discrimination on a single side: with a
symmetric mechanism, the platform can implement any monotonic schedule, and possibly
also some non-monotonic schedule on both sides. In this sense, price discriminations on both

sides are complements.

Summarizing, we have

Proposition 3. Consider the symmetric model with asymmetric information on both sides,

and Ay, € (~1%580,0).
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(i) When qualities on both sides are substitutes,

(a) the price discrimination on both sides are substitutes in the sense that with a sym-
metric mechanism, the platform can never implement any non-monotonic schedule
and can implement only monotonic schedules with relatively small gap qir — qr, if

|AL| is not close to 0;

(b) The implementable set shrinks with |Ar].
(ii) When qualities on both sides are complements,

(a) the price discrimination on both sides are complements in the sense that with a
symmetric mechanism, the platform can always implement any monotonic schedule
and can tmplement also non-monotonic schedules with relatively large gap qr, — qpr

if |AL| is not close to 0.

(b) The implementable set expands with |Ap|.

6 Application I: advertising without targeting

We here provide a simple application of the insight from the canonical model to an advertising
platform. The primary goal of this application is to demonstrate our main result in one of
real-world two-sided markets. We aim to show clearly how a price discrimination on advertiser
side helps to implement a non-monotonic advertising schedule on the consumer side. Since
we consider asymmetric information on the consumer side only, it fits to Section 4 in our
canonical model.

On side A, there is a mass one of consumers, who have two different types H and L. On
side B there is a mass one of advertisers who also have two different types, H and L. Let

us consider the symmetric case such that v4 = v?

= 1/2. As in the canonical model, on
the consumer side there is asymmetric information. The platform offers a menu ¢p and qr,
with (qm,qr) € {0, 1}2 where ‘1’ means advertising and ‘0’ means no advertising. Targeted
advertising is not considered here in the sense that each consumer ¢ receives all advertising
(¢ = 1) or no advertising (¢; = 0); next section we will consider a different model with

targeted advertising. On side B we consider complete information on the advertising side;

the platform offers an advertising level depending on the type of an advertiser, ag or ar. A
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consumer earns a constant utility ug from consuming content from the platform if he does not
receive any advertising and thus no advertising nuisance. When the disutility of consumer
1 from watching advertisement of advertiser j is given by Gézﬁ(aj) where we assume ) is

increasing and convex. Then, with advertising a consumer ¢’s utility is given by

ug — %HﬁHw(aH) — %Hng(aL) if 0{4 = H

200y (am) — 304 (ar) if 0 = L

Similarly, the advertising revenue of advertiser j from consumer ¢ is given by HﬁR(aj)
where R is increasing and concave. Then, an advertiser j’s expected revenue from joining

the platform is given by

308 i R(ap) + 305 R(ay) if 07 = H
507y R(ar) + 507, R(ar) if 07 = L

We can reinterpret 1) and R in terms u” and u® in the canonical model as follows:

uA(q7a) = _w(a’) ' 1[(]:1]7 UB(Q7 CL) = R(a) : 1[q:1]
We impose the following assumptions on the parameters for the two-sided interactions:

A A A A . pA A A A .
Oup + 00 > 00 0005 Ouy <Oy, Oup>0r.;

B B B B
Opm > 00w, OnL > 07;

The assumptions in the first line are made to satisfy Assumption 1 and to introduce type
reversal. In other words, an H type consumer dislikes more advertising than an L type
consumer on average; however, there is type reversal such that, conditional on receiving
the ads from H type advertisers, an H type consumer’s nuisance is smaller than an L type
consumer’s nuisance. The second line implies that both types of advertisers find that an H
type consumer is more valuable than an L type consumer for their revenues.

To highlight the role of price discrimination on side B, we assume that the L type adver-
tisers’ parameters GEH and HLBL are so low that the first-best allocation requires qf B =0 and

quB =1, and hence ale and afB are determined by

O (am) = 05 g R (an), Orp (ar) = 0P R (ar).
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Consider now asymmetric information on side A. If there is no price discrimination on
side B (i.e., ar, = ag = a), it is impossible to implement an allocation satisfying ¢, = 0
and g = 1. To see it, suppose that the platform offers a menu {(q;, = 0,t1), (qg = 1,tx)}.

Then, the incentive constraints are given as

1 1
ICr, @ wy—tr >wug— iefH@D(a) - 59?,:@[)(&) —ty

1 1
ICx : wo— 59}31{@5(@) - §0§L¢(a) > ug —tr.

Summing the two constraints lead to 9?1 g+ 921[ 1 < QfH + GfL, which is a contradiction. Yet

the same logic allows us to show that g, = gy = 1 and (¢ = 0, qr, = 1) are implementable.
Hence, if we postulate that the platform is not viable without selling any advertising, the
platform will choose either q;, = qg =1 or (gqg = 0,q7 = 1).

Suppose now that the platform offers a;, < ag. Then, it may be possible to implement

(g =1, qr, = 0) as the implementability condition is given by

efH - eﬁm > Plar) _
91’31: - gfL ~ Ylan)

Therefore, if ay is large enough relative to ar, the non-monotonic schedule (¢ = 1, gz, = 0)
can be implemented. The intuition is simple. The H type consumer dislikes less the H type
ads than the L type consumer. In order to achieve a non-monotonic schedule such that the H
type consumers receive advertising while the L types do not, the platform should move from
ag = ay, toag > ar,.

From the canonical model analysis, this application clearly shows Proposition 2-(iii).
To see this point, we note that the marginal disutility from a is zero when ¢ = 0, but it
is positive when ¢ = 1. In other words, from u?(q,a) = —1(a) - Lig=1]s ufy is given by
uj (1,a) — u4'(0,a) = —¢'(a) < 0 and thus (g,a) are substitutes. According to Proposition
2-(iii)-(b), implementing a non-monotonic schedule (¢qg = 1,¢qz, = 0) on side A requires a
monotonic schedule on side B.

The above result can provide some insight about the actual or potential business practices
by real-world platforms such as YouTube and Kindle. Currently, YouTube adopts the pooling
with no subscription fee on the consumer side. But, as the plan is discussed (see footnote 2),

we may see soon that H type consumers pay a certain fee to avoid the ads while only L types
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watch the ads with no payment; in this sense, the platform would implement a monotonic
schedule. Also, Kindle users already can choose “Special Offers” to avoid ads with some
price ($15-$20), which still corresponds to a monotonic schedule in our model. However,
our results show that it may be possible and profitable that the ads are sent only to H type
consumers if they generate more advertising revenues than L types consumers and there exists
a type reversal such that for certain ads the H type consumers get less nuisance than the L
types. Then implementing such non-monotonic schedule on the consumer side would require

to increase those ads leading to the type reversal than other ads.

7 Application II: privacy design and targeted advertising

In this section, we consider the second application by extending the first application in Section
6. Here we focus on the role of commitment in eliciting personal information for better
targeted advertising. Although this application stands itself as an independent interest, we

try to keep a tight connection to the key insight of the canonical model.

7.1 The model

As in the first application, again we consider a mass one of consumers (or content users) and
a mass one of advertisers. There are two types of consumers, § € {H,L}. Let v € (0,1)
denote the proportion of H type consumers. Each H type consumer has a higher disutility
from releasing his personal information and from receiving advertising than each L type
consumer.® Let a € [0,1] represent the amount of advertising, where a = 1 is the maximum
possible amount of advertising, and a = 0 is ads-free environment. Let v € [0, 1] represent
the level of personal information released to the platform. The case of v = 0 corresponds to
perfect privacy or perfect anonymity, and v = 1 implies no privacy or mazimum disclosure.
Alternatively, 1 — v measures the level of privacy. A consumer of type 6 earns the utility

from joining the platform given (v, a) as follows:

uo — fo(7v) — go(a),

8 According to the recent Eurobarometer Special Survey 431 on “Data Protection”, 67% respon-
dents are concerned about not having complete control over the information they provide online
(Source: http://ec.europa.eu/public_opinion/archives/ebs/ebs_431_en.pdf). In our model

those concerned are represented by the H type and those not by the L type.
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where fp(7y) and gg(a) measure the disutility from releasing personal information and from
receiving advertising, respectively. We assume that both fy and gy is increasing and convex,

and that the marginal disutility is higher for an H type than for an L type in each dimension:

fa() > fr(v),  gula) > gi(a), (15)

Assuming fp(0) = gg(0) = 0, this implies fr(v) + gm(a) > fr(v) + gr(a).

For given (v, a), each advertiser’s surplus from a consumer € is given by

q0(7) + se(a)

where both gg and sy are concave. We assume that g is increasing in v because more personal
information can improve the targeting accuracy and thus elevate the targeting effectiveness.
On the contrary, we assume that sy is initially increasing but start to decrease as a gets close
to one.? Each advertiser obtains a greater marginal revenue from an H type than from an L
type:

ag(7) > dn(v),  sula) > sp(a), (16)

Assuming gg(0) = s¢(0) = 0, this implies gg () + sug(a) > qr(y) + sp(a). For analytical
simplicity, the platform is assumed to extract all the surplus on the advertising side, which is
the case if all advertisers are ex ante symmetric.!’ Also, the separable disutility function and
separable advertising surplus function are assumed for simplicity and our main insight would
carry out for non-separable functions, provided that for these functions the cross partial
second order derivatives are not too large in absolute value.

We distinguish two scenarios depending on whether the platform has a commitment power
or not. With commitment, the platform proposes a mechanism {¢(0),v(0), a(#)} to consumers

and {p, a(#)} to advertisers where t(6) is the payment from a 6 type consumer to the platform,

9This assumption is supported in the literature of online media and advertising (Peitz and
Reisinger, 2014). For instance, as the advertising amount increases, advertisers are more likely to

be engaged in product competition, reducing the profit that the platform can extract.

"We can introduce some rent due to asymmetric information by specifying a micro-foundation.
More precisely, given a type of consumer, each advertiser can receive a signal about the revenue it
can generate by showing an advertisement to the consumer. The platform can decide how many
advertising slots to auction off. Our main insight will carry over to such extension even if it will be

much more technically involved than the current model.
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1 — ~(0) the level of privacy to a 6 type, a(f) is the amount of advertising to a 6 type and
p is the price paid by each advertiser. Without commitment, the platform first proposes
{t(6),~v(0)} to consumers and then {p,a(f)} to advertisers. Hence, consumers expect that
the platform will choose a(f) ex post to maximize its payoff. More precisely, the timing of
1

events are as follows.!

Under commitment,
e Stage 0: Each consumer discovers his type.
e Stage 1: The platform proposes {t(6),7(0),a(0)} and {p,a(0)}

e Stage 2: Each consumer and advertiser simultaneously decides to accept or reject the
offer. If a consumer accepts the offer, he chooses one of the two contracts in the menu
and accordingly, pays ¢(6) and disclose the amount of personal information ~(6) and

the platform chooses the advertising level a(0).
Under no commitment,

e Stage 0: Each consumer discovers his type.

Stage 1: The platform proposes {¢(6),v(0)} to consumers.

Stage 2: Each consumer decides to accept or reject the offer. If a consumer accepts the
offer, he chooses one of the two contracts in the menu and accordingly pays t(f) and

disclose the amount of personal information ().

Stage 3: The platform proposes {p,a(6)} to advertisers.

Stage 4: Each advertiser accepts or rejects the offer.

We assume that the transfer ¢(f) cannot be negative: otherwise, consumers may cash in
and run without any interest in consuming the content. We say that a disclosure schedule
is monotonic (non-monotonic) if it satisfies vz, > v (v < 7yg). Similarly, an advertising

schedule is monotonic (non-monotonic) if it satisfies ar, > ay (ar, < ay).

"Haigu (2006) also consider two-sided platforms’ sequential pricings. Without commitment, plat-
forms announce their prices to sellers before their prices to buyers. By contrast, with commitment
they can announce the prices to buyers at the same time they announce the prices to sellers even if
buyers arrive to the market later than sellers. In his model the commitment is to the price to buyers

whereas in our model the commitment is on the advertising amount.
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7.2 First-best

Define the first-best privacy level and advertising level for type 6 as a solution to maximizing

the total surplus:

max q0(7y) + se(a) — fo(v) — go(a)

The first-order conditions for v and for a yield:

To focus on more interesting cases, we further assume that

da(v) = fu(y) > a.(v) = fL(9), (17)

q1.(0) = fL(0) >0, qy(1) — fu(1) <O.

Assumption (17) combined with (15)-(16) implies that the first-best level of  is higher for a
H type than for a L type. The second line in (17) ensures an interior solution for ’yg B e(0,1).

Regarding the first-best advertising level, similarly we assume that

!/

su(a) = gula) < sp(a) - gz(a) (18)

Under this assumption (18), the socially efficient advertising requires that an H type receives

less advertising than an L type. Therefore, we have

FB

7§B>’ny and ajp B

<ajp
We can envision H types as consumers with higher income and greater time opportunity
cost compared to L types. Then, an H type is likely to demand more anonymity because
of a positive correlation between income and privacy (e.g. Michael, Fuchs and Scott, 1980)
and to show greater advertising annoyance. However, an H type’s personal information is
more valuable than an L type to the advertisers’ business such that the first-best outcome

requires an H type to disclose more personal information than an L type. Note that we
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implicitly assume that the targeting accuracy is high enough. If the targeting accuracy were

low such that personal information is not much helpful to improve targeting, then the first-

best outcome would satisfy 'yII;B < ’yf B aZB < afB . As the analysis of this situation is

straightforward, we focus on more interesting situation of high targeting accuracy in which
the first-best disclosure schedule is non-monotonic, ’yfIB > 'yf B,

7.3 Second-best under commitment

Here we examine the second-best mechanism design under commitment; the platform offers
contracts {t(6),7(6),a(f)} to consumers and {p,a(f)} to advertisers. Under full surplus

extraction from the advertisers, the platform maximizes the following objective

vi{tag +qu(vu) +su(am)t + (1 —v) {tL +qr(vr) +splar)}

subject to

IR, : wo— fr(ye) —grlar) —tL, >0
IRy : uo— fu(ye) —gulag) —tg >0
ICr, : wo— fr(ve) —grlar) —tr > uo— fr(vu) —gr(am) — tu

ICh : wo— fu(ye) —gulan) —ta > vy — fu(ye) — gu(ar) — tr.

As usual, ICy, and IRy jointly implies IRy, because

uo — fr(ve) —grlar) —tr > vo— fo(ve) —grlany) —ty > vwo — fu(vyu) —gulan) —ty > 0.

Thus we can neglect IRy, but IRy and IC;, must bind; otherwise it is possible to increase

profitably ¢z and/or t;. Hence

tg = wo— fu(yu) —gulan),

tr. = wo— fr(ve) —9rlar) — (fu(ve) + gulan) — fr(ve) — gr(am))

and ICg is equivalent to

/ P ) — £ () + / a0 — g ()t > 0 (19)
:

H afg
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Since fp;(t) > f1(t) and gy (t) > g7 (t) for each ¢, it follows that the inequalities v;, > v

and ay, > ap are sufficient to satisfy (19), although not necessary. The platform maximizes

uo +v{qu(vm) + su(an) — fu(ym) — gu(am)}

+(1 =v){qc(ve) + sclar) — fr(ve) —gular) — (fa(ym) + guam) — fo(ve) — grlam))} -

Let us use hat () to denote the solution to the max problem when neglecting (19).
Then we have no distortion at the top: 7y = ’yf B and ay, = aIZB , but there are downward

FB

distortions at the bottom: vy < 'yfl and ag < ay)”, since 4y satisfies (24) and ay satisfies

shrlan) = ghy(an) + ——= (g lan) - gi(am))

If 7 < vEB holds, then (19) is satisfied and the optimal second-best contract is given by

Therefore, the question is to find the second-best optimal contracts when 7y > VF B In

this case, the first term in (19) is negative, but the second term is positive since ay < al'B.
This means that (19) may or may not be satisfied at the solution (Yg,am,vE?, afP). If it is

satisfied, then again

SB = SB ~
Yo =70, Ay = ag.

If it is not satisfied at (Y, am,vEB,alP), then (19) affects the solution, as described in the

second part of the following proposition.

Proposition 4. (Commitment) Consider the model of privacy design in which the plat-
form mediates interactions between consumers and advertisers. Suppose that the platform
has commitment power. Suppose that yg > 753 holds. Then, the second-best contract al-
ways entails a non-monotonic disclosure schedule (’yLB < 'y B) and a monotonic advertising
schedule (a%B < aEB). In other words, by committing to a monotonic advertising schedule,

the platform implements a non-monotonic disclosure schedule. More precisely we have:

(i) if (19) is satisfied at (yg,am, VL, ar) = (*yH,aH,fny FB) then7 —P)/H,alqu ay
cmdvf =~I'B, SB—afB,
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(i) if (19) is not satisfied at (yu,am,Vr,ar) = (Yu,am, vEE,afB), then the optimal con-
tracts are such that ’ny < *ny < ’ygB < 7g and a%B <apg < afB < QEB. That is, the
platform commits to an advertising schedule in which the difference ay, — ap is greater

than afB — ag in order to induce the H type to reveal more personal information than

(19) allows given (ag,al?).
If (19) is not satisfied at (v, am, VL, ar) = (Yu,am,vE B, af P), the platform should make
the disclosure schedule less non-monotonic by reducing the gap vy — vz. This together with

the binding (19) implies that the gap a;, — ag should increase.

7.4 Second-best with no commitment

Suppose that the platform has no commitment; this implies the platform can choose the

advertising amount to maximize its ex post profit.

7.4.1 Pooling contracts

Consider a pooling contract such that 71151 = 'yf = ~P. Since the platform is offering a unique

contract (vF, ") to both types, it does not learn any information about the consumer type

upon acceptance of the contract. Hence, it chooses a’ to maximize the advertisers’ surplus
from advertising;:

max vsg(a) + (1 —v)sp(a).

Because of the separability assumption, a” does not depend on v which is chosen in Stage

1. As t¥ is determined by the binding H type’s participation constraint,
t” =uo — fu(v") — gu(a”) > 0, (20)
7P is determined as the maximizer of

vau () + (1 = v)qr(y) — fu(y).

Then an L type gets an information rent equal to

UL = fu(y") = fL(07) + gu(a®) — gr(a”) > 0.
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The platform’s profit is

™ =g — fu(v") — gu(a”) + v(gg(v") + su(a®)) + (1 = v)(qL(v") + sL(a”))

In a pooling equilibrium there is a socially excessive advertising (i.e. a” > af?) because

consumers’ advertising annoyance is not internalized by the platform’s decision.

7.4.2 Separating contracts

Let us now study separating contracts such that vy # ~r. We start from the platform’s
choice of advertising at Stage 3 when each consumer has chosen a contract {¢(0),v(0)}. After
learning 6 from the contract, the platform will choose aév such that aév € argmax, so(a)
for § = L, H, and assumption (16) implies a% > ag . Therefore, even though formally the
platform offers two pairs {(vr,tr), (vi,tm)} to consumers, it is implicitly offering two triplets
{(ve,tr,a), (va, tu,al¥)}. Consequently, the participation and incentive compatibility con-
straints are obtained from those in the commitment case by replacing ar by ag and az by
N

ap. Proceeding as in the commitment case, we can show that IRy and IC; must bind.

Hence, we have:

tn = uo— fu(yn) — gu(aky), (21)

tr = uo— fo(ve) —gular) — (fu(ve) + gulayy) — fo(va) — gulary)) (22)

Moreover, ICy reduces to

N

[ - sinae+ [ g - gho)de = 0 (23)
YH g

in which both the integrand functions are positive because of (15). This together with
a% > ag implies that the second term in (23) is negative. Therefore, 77, > 7y is necessary to
satisfy (23): a non-monotonic disclosure schedule can never be implemented with separating
contracts.

Using (21) and (22), we can write the profit of the platform as follows:

m = wuo+v[gu(vu) + su(ayy) — fu(ve) — gu(ay)]

+(1=)lgr(ve) + spar) — folve) — go(ar) — (fu(va) + gu(ary) — folve) — grlafy))]
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which we need to maximize with respect to v, vz subject to (23). Let (7}3, V}?) denote the
solution and 7% the resulting maximum value of 7.

We identify the optimal contracts by comparing 7° with 7F. The comparison will tell us
whether we have a pooling equilibrium or a separating equilibrium. We denote with 4r, ¥y

the maximum point for 7, neglecting (23), and find that 4, = vf'B, and 4y satisfies

dir ) = Firlrm) + 2 (FhaCom) = i) (24

hence 4y < 'ygB . In words, we find that there is no distortion for an L type’s disclosure level
from the first-best level, while a downward distortion arises for an H type’s disclosure level
from its first-best counterpart.

Suppose to fix the ideas that 4y > 41 (and recall that vE'P < ~4EP). Then, in the
space (yr,vmH), there are points on the diagonal (i.e., such that vz = vg) which are closer
to (4r,4m) than any point satisfying (23), and thus it may seem intuitive that the optimal
pooling contract is superior to the best separating contracts. However, this is not necessarily
the case, essentially because when vy = =7, the platform loses the ability to learn the type
of the consumer, and thus chooses a;, = ap. Intuitively, the possibility to choose ar # ap
is more valuable when aﬁ is sufficiently higher than af, which is confirmed in the numerical

example offered in Appendix C.

In summary, we have:

Proposition 5. (No Commitment) Consider the model of privacy design in which the plat-
form mediates interactions between consumers and advertisers. Suppose that the platform

has no commitment.

(i) The platform can never implement any non-monotonic disclosure schedule of personal

information satisfying v > YL-

(i) The optimal privacy design entails either pooling (v = Y = v¥) accompanied by
pooling level of advertising (ag = af =a®) or a strictly monotonic disclosure schedule

(’yf > ’yg) accompanied by a strictly non- monotonic advertising schedule (a% > ag).

Comparing Proposition 5 with Proposition 4, we draw our key statement: With commit-
ment, the platform chooses a non-monotonic disclosure schedule and a monotonic advertising

schedule. However, with no commitment the platform ends up choosing either pooling in
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both schedules or a monotonic disclosure schedule followed with a non-monotonic advertising

schedule.

7.5 Implication for the EU data protection reform

A recent document by Furopean Commission on data protection reform!? proposes many
agenda to improve data protection in the EU. At least two are notable from our application
model perspective. First, the reform will allow people to ask for deletion of their data when
they want and there are no legitimate grounds to deny such request. Another action item is to
require data operators to seek each individual’s consent before his or her personal information
is redisclosed to any third party.'

Note that within our model a consumer in general has no incentive to exercise such right
as each individual rationality constraint is satisfied ex post regardless of whether the platform
has commitment power or not. However, the platform, in addition to making revenue from
advertising, might be able to generate a certain revenue by selling the collected personal
information to a third party. If this sale leads to increased nuisance possibly because of
the increased advertising and risk of data breach, the individual rationality constraint can be
violated ex post when the platform has no commitment power. In other words, after disclosing
personal information, even if the individual rationality constraint within the platform is
satisfied, the constraint can be violated when such additional nuisance from a third-party
starts to be taken into account. In particular, it would be impossible for a consumer to
monitor whether any given nuisance experiencing outside the platform is originated from
the backdoor sale of the personal information that the individual initially disclosed to the
platform. Therefore, the possibility to trade the personal information to a third-party can
significantly exacerbate the commitment problem such that the platform may not be able

to elicit any personal information without commitment power, which in turn makes the ad

2http://ec.europa.eu/justice/data-protection/document/review2012/factsheets/1_en.
pdf

3These agenda are related to broadly-defined “the right to be forgotten”. An individual can request
search engines such as Google, Bing, and Yahoo to remove allegedly inadequate, irrelevant or no longer
relevant, or excessive information in search results upon the individual’s name (Kim and Kim, 2015).
Also, people may have the right to ask data operators to delete self-provided personal information at
any time and to ask the removal of even reposted content when the original content provider wants.
See Rosen (2012) for further details.
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targeting difficult.

In this situation, if the platform is required to obtain consent from each consumer prior
to its disclosure personal information to any third-party, then the consumer is likely to veto
such activity. Therefore, the platform without commitment power can achieve the outcome
described by Proposition 5 when the data protection reform gives consumers more control
right over personal data even after its initial disclosure. As we mentioned in the introduction,
this implication is consistent with Miller and Tucker (2014), albeit the empirical setting is

different.

8 Concluding Remarks

Our results show that when designing price discrimination on one side, a two-sided platform
should pay particular attention to how it would affect the incentives of the agents on the other
side. In particular, price discriminations on both sides can be substitutes or complements. If
they are substitutes, the optimal mechanism can involve no price discrimination (i.e., pooling)
at least on one side. No price discrimination is likely to be optimal on the side generating large
externalities to the other side if the type generating large externalities receives less private
benefit than the type generating smaller externalities. However, if price discriminations are
complements, price discrimination on the side that benefits from the externalities can help
screen agents on the side generating externalities.

Our results also point out the role of commitment in the platform’s ability to discriminate.
In particular, in the context of eliciting personal information to improve targeted advertising,
the platform is unlikely to be able to commit not to profitably use the collected information
once it is collected. In other words, the platform is likely to choose too high advertising
level ex post. This lack of commitment on the advertising side in turn affects consumers’
incentive to disclose personal information such that the platform may find pooling optimal.
In addition, when the platform cannot commit not to sell the collected information to a third-
party, consumers may disclose no personal information at all, which significantly reduces
the platform’s ability to target advertising. Then, empowering consumers by requiring the
platform to obtain each consumer’s consent prior to sale of the personal information may

partially mitigate its commitment problem.
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Appendices

A Mathematical Proofs

The proofs for Proposition 1, Proposition 3, and Proposition 4 are discussed in the text.

Thus, here we provide mathematical proofs for Proposition 2 and Proposition 5.

A.1 Proof of Proposition 2

Here we prove a more detailed version of Proposition 2, and for that purpose we let
A BAbA A/ A B B\AbLA A/ A B
o(qy) = v A i (g, qm) + (1 — vP) AT i (a5, 91)

denote the derivative of ®* with respect to qfl: notice that ¢ does not depend on qf.

Refined version of Proposition 2

(i) Suppose that uj2 > 0 and u112 > 0 (not needed for part (a)).
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(a) When gy > g1, we have F = M U D.
(b) When gy < qr, we have that
(bl) If $(0) < 0, then F = N U D if ¢(0) < 0.
(b2) If p(0) > 0 > lim_a #(g5r), then let g4 be uniquely defined by ¢(g4;) = 0.

q—+0o0
The set F' has the shape of a sandglass, such that it includes some points in
M if qp, < qf}, and some points in N if g7, > Qg.

(b3) If limga . ¢(qj;) = O,then F = M U D.
(ii) Suppose that w12 < 0 and w112 < 0 (not needed for part (a)).
(a) when gy < qr, we have F' = M U D.

(b) When gg > qr,, we have that (b1-b3) from part (i) hold.

Proof of part (i): Complements: u(¢?,¢%) > 0 and uf,(¢?, ¢%) > 0 for each ¢4, ¢”

bA bA
1. IfqB > P, thenui' (¢, ¢5) > uit(gft, ¢F) and ¢(qh) > (VBAY +(1-vP) AT i (g, ¢F) >

0. Since ®4(q7, ¢7) = 0, it follows that (I?) is equivalent to g7t > g3

2. If qg < qu3 , then assume u{‘u > 0, that is u’f‘l is increasing with respect to ¢, or
equivalently qu is increasing with respect to ¢*. Then ¢/ (qﬁ) =B AI;’IAuﬁ(qfl, qg) +
b,A b,A b,A .

(1= vB)AY ud (¢, ¢P) < WPAY + (1 — vB)AT il (¢, ¢5) < 0. Therefore ¢ is

strictly decreasing.

e If »(0) <0, then gb(qf}) < 0 for each qf} > 0. Since @A(qf, qf) =0, it follows that
®4(gh, q7}) < 0 for each g5t > q2, but ®*(qi, ¢7t) > 0 for each ¢it < qi'. Hence

(I4) is equivalent to qfl < qf.

o If (0) >0 > limga . o #(qsr), then let g4 be uniquely defined by ¢(g5;) = 0.
Now fix qf, and consider qf < ﬁﬁ. Then gb(qf}) > 0 in (0, qf) and @A(qﬁ, qf) <0
for each ql’f_‘[ < qf. Conversely, @A(qﬁ, qf) > 0 at least for qfl S (qf,qff], because
®4 is increasing in g5 for g5 € (¢}, q5). Since ¢(qy) < 0 for g > Gp, it is
possible that @A(qfl, qf) < 0 for qfl sufficiently larger than qg.

Now consider ¢i' > G4. Then ¢(qi}) < 0 for each qjy > ¢}, hence &4 (g}, qf') < 0
for each ql’f} > qf. Conversely, @A(qﬁ,qf) > 0 at least for qﬁ— € [@’]‘_‘I,qf) because
d4 is decreasing in qfl for q}f‘l S (G‘é,q?). Since qﬁ(q}f‘[) > 0 for q}f‘[ < qlf_‘[, it is

possible that @A(qfl, qf) < 0 for qfl sufficiently smaller than qg.
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In this case the feasible set is non convex, and has vaguely the shape of a sandglass.

o If limqﬁlﬁJroo #(q;y) > 0, then &4 is strictly increasing in gi}, hence (I4) is satisfied

if and only if (¢f},¢7') € MU D.

Proof of part (ii): Substitutes: u{,(¢”,¢®) <0 and uf},(¢*, ¢®) <0 for each ¢*,¢"

bA b,A
1. IfqB < ¢B, thenui' (g, ¢5) > uit(gft, ¢P) and ¢(qh) > (vBAY +(1-vP) AT (gft, dF) >

0. Therefore (I4) is equivalent to g > g3

2. If & > ¢P, then assume uf}, < 0, that is uf} is decreasing with respect to ¢?, or

equivalently uf} is decreasing with respect to ¢**. Then ¢/(g5) = v/? A?}Au’f‘l(qﬁ, q5) +
b,A b,A b,A

(1 = vB)AT ) (g, ¢P) < (WPAY + (1 — vB)ATMuf (¢, ¢P) < 0. Therefore ¢

is strictly decreasing and we obtain a feasible set similar to the case 2 above: (i)

N UD if ¢(0) < 0; (ii) a sandglass if ¢(0) > 0 > lim_a o(qy); (ili) M U D if

Qg —+00
limga_, 400 $(g77) > 0. W

A.2 Proofs of Proposition 5

1. Case (i): Discussed in the text.

2. Case (ii): Since (19) is violated at (v, am,vL,ar) = (Yu,am,vE>

,al’B), the optimal
contracts satisfy (19) with equality and we can earn insights about them using the

lagrangian function

c=mia( / CACEY RO MUACEY AR

H apg

since (v3f, a3, V1", a7¥) satisfy the following equalities

§;+A(f}{(n)f£(%)) _ gj{A(mH)fz(vH)):o (A1)
O Nghalan) ~ i) = 0 T\l (am) — gl am) =0 (A2)
ay, ag

The value of A cannot be zero, otherwise we obtain (yu, am, Ve, ar) = (Y, am, vE P, al'B),

which violates (19) by assumption. Hence A > 0, and from (A.1)-(A.2) we can conclude
that v7* > ’ny,’ijI* < AH,a} > afB,aff < ap. Moreover, since aj; < aj”, it follows

from (19) written with equality that 47* <~;/. B
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B Symmetric quadratic setting: complements with type-reversal

When qualities on both sides are complements and there is type-reversal, the implementable
set is composed of all monotonic schedules and possibly some non-monotonic schedules with
relatively large gap q;, — qg. Thus, the implementable set itself may not be a convex set
and thus finding the optimal mechanism can be challenging. We here analyze the optimal
mechanism for a symmetric quadratic setting with the complementarity in the qualities. This
analysis confirms the general insight in a more visible manner through explicit solutions. Let
us begin by specifying the utility function:

1
~(d®)* + ag?d”

X 1
i(q*,q%) = ¢ - §(qA)2 N 5

with a € [0,1). We assume that Ay, € (—=Ay,0), v =% and C(q) = ¢*/2.

Unfortunately, @ is not monotone increasing in ¢, ¢?, as it has a global max point at

1

(¢, ¢P) = (2, +1-); this suggests to consider @ as defined in the square S = [0, ol X

-’ 1—«
[0, ﬁ] Even in this refined domain, @ is not monotone increasing in ¢4, ¢®: for instance, it

is decreasing with respect to ¢® for ¢® > 1 + ag?. For this reason, we consider the function

u defined below, after introducing a suitable partition of the set S:

A B B A B
= : - 1
Rl {(q » q ) q e[oal_a)7q E( +C¥q 71—04]}7
Ry = {(¢%4"):¢" €0, =), ¢" €[¢”, 1+ aq"]},
Ry = {(¢"q"):q" €[0,7—). ¢" € (¢" 1+ ag’]},
1 1
A B A B A
= : RS 1 N
Ry {(@"¢7):a" €0 =] ¢" €I+ ag”, . —]}

The Figure B.1 illustrates the partitions of the domain set S.

Then we define v in S as follows:
i(l1+aq?,q¢%)  if (¢*,¢%) e Ry
u(@®,q®) =14 alg*,¢®)  if (¢*¢®) € RaURy

(g, 1+aq?)  if (¢*,¢%) € Ry

In order to understand this definition, consider for instance ¢* € [0, ﬁ), and recall that «

is strictly decreasing with respect to ¢? if ¢® > 1+ ag?. Then, for ¢® > 1+ aq?, u(qA, qB)
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l1—a
qA
R4 B,;l*d
q
1
R o
3
N
+
N
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R, S
Rl
g4
0 1 1
1—«a

Figure B.1: The domain with partitions for the symmetric quadratic setting

is defined as ﬁ(qA, 1+ an), such that w is constant with respect to ¢” in the set Ry.

For this setting, it is interesting to notice the following;:
a” > qi® it O > 0pp, a” <aqi” if Ogm <0ip

Under incomplete information, if we assume that IRy and ICg bind, and neglect IRz and

ICL, then we find 7 in (10) and g, ¢z, is such that
qu > qr it Opg >0y, qu <qp if Oy <0jp

Since Az, < 0, we have 07; > 0rr. Therefore, if the first-best schedule is non-monotonic,
then (g, qr) is non-monotonic as well. Moreover, (¢x, 1) can be non-monotonic even if the
first-best schedule is monotonic. As we explained previously, this is because 67, > 01, can
create an upward distortion in qf,.

SB SB

Under incomplete information, (qH .47 ) does not necessarily coincide with (g, qr.)

because (qp,qr) may fail to satisfy IC;, and/or IRy. Precisely, given that IRy and ICgy
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bind, IC; and IRy reduce to

Y
o

(I) [u(gm,qm) —uw(ar, qm)] + rlulgm, qr) — w(ar, qr)] (B.1)

w(qr, qu) +rulqr,qr) = 0 (B.2)

with r = ﬁ—z € (—1,0). Next lemma identifies the subset of S in which (B.1) is satisfied, as

a function of o € [0, 1).

Lemma 1.
1—|r| 1—|r|
Let o = —, Qg = and
! 1+ |r] 27 2
1 1 1+|r 2(1—|r|) (2a — 1) + |r|
b = /z(1——=+ a), = >0, d=
\/2( 7| |7] ) 1+ |r] (2a—1) 1+ |rl (2a—1).

(i) If r < —%, then aig < 1 and the set of (qm, qr) which satisfy (B.1) depends on « as follows:

Rl U R2 'LfOZ S [O, Oél]
RiURyU{(qm,qr) : qu € [0, 12=) and gz € [{=2 + bqm, 1221} if a € (a1, a2)

R1UR2U{(qm,qr) : g € [0, ﬁ) and qr, € [c+ dqm, ﬁ]} if a € [ag, 1)

(ii) If r > —%, then cg > 1 and the set of (qm,qr) which satisfy (B.1) depends on « as

follows:

Rl U R2 lfOé S [O, 041]

RiURyU{(qu,qr) : qu € [0, 1) and q1, € [1=2 + bgm, ==} if a € (a1,1)

The inequality (B.1) has a different expression depending on whether we consider (qg, qr.)

in Ry, or in Ro U R3, or in Ry. Precisely, it is equivalent to

w(qm,qm) — u(qr, 1 + aqr) + rla(l + aqr,qr) — u(qr,qr)] > 0if (qu,qr) € Ry (B.3)
(g, —qu) (qn. —c—dqy) > 0if (qu,qr) € R2URs (B.4)
w(qm,qn) — w(1 + aqm, qu) + rla(gr, 1 + aqr) — 4(qr,qr)] > 0if (qu,qr) € R4 (B.5)

Figure B.2 represents this set in the three cases of a € [0, 1], @ € (1, 2), and « € [ag, 1).

Notice that for a € (aq, a9), the line q7, = % + bqy lies above the line q;, = 1+ aqy, that is
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it is entirely in R4 and the feasible set consists of the points in S which are on or below the
diagonal, plus a subset of Ry. For a = ag, the two lines q;, = % + bqy and qr, = ¢+ dqyg
both coincide with g7, = 1 + aqy, and for a > g, the line q;, = ¢ + dqg is included in Rg,
but is bounded away from the line q;, = gy even as @ — 1: when « tends to 1, the line
qr, = c+dqg tends to the line g5, = 2aq +qp. Thus the set Ry UR2U{(qm,q1) : g € [0, ﬁ)

and qr, € [c + dgm, 7221} is a strict subset of S for each o € [ao, 1).

qL
qL
R 1-Db \ pau
< a= ﬁ
4 1
Rs Rs
R, R,
qu=1q;
qu >4y Rl Rl
0 " p 0 i qH
(a) a € [0, ] (b) a € (ar, az)
qL
R4
1 = ‘{x e
a R,
R2
Rl
qn
0 1
(¢c) a € [as, 1)

Figure B.2: The set of feasible allocations for the symmetric quadratic setting: complements

The proof for Lemma 1 is in what follows.

Step 1 (B.1) holds for each point in Ry U Rs.
For each (¢m,qr) € Rz, we find that (B.4) holds because ¢q1, — gy < 0 and ¢q1, — ¢ — dqg <
qg — ¢ — dqm < 0, given that gy € (0, ﬁ) . Hence, each (qp,qr) € Ry satisfies (B.1).

Regarding R;, the term (g, qr) in the left hand side in (B.3) is at least as large as @(1 +
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aqr, 1+ agr), therefore the left hand side in (B.3) is at least as large as 1(1 4 r + 2a)(1 —

qr + aqr)? > 0. Hence ICy, holds at each point in Rj.
Step 2 The subset of R3 U Ry in which (B.1) is satisfied depends on « as follows

1o if a €0, a1]

1

{(qm,qz) s qu €10, 1 Lo

) and qr, € [{=¢ + bqu, ﬁ]} if o € (a1, 2)

«

{(qm,q1) : g € [0, ﬁ) and qr, € [c¢+ dqm, ﬁ]} if a € [ag, 1)

Step 2.1 o € [0, a1].

For each (qm,qr) € Rs, (B.1) is equivalent to q;, — ¢ — dqyg > 0, but q;, — ¢ — dqyg <

— (1 =gy + aqy) ﬁ:fgz: < 0, in which the first inequality follows from ¢y, < 1+ aqp, and

the second inequality follows from a < 1. Regarding Ry, if o < oy then the left hand side in
(B.5) has a unique maximizer at ¢y = ﬁ, qr, = ﬁ, and the maximum value is 0. Hence
(B.1) is violated in Rs U Ry for each « € [0, aq].

Step 2.2 a € (a1, a2).
For o € (a1, a2), we can argue as in the proof of Step 2.1 to establish that (B.1) is violated
in R3. Regarding Ry, the left hand side in (B.5) is non negative at (qm,qr) € Ry if and only
if =0 +bgy < qr < 1.

Step 2.3 «a € [a2,1).
Regarding Rs, for each qg € [0, ﬁ] the inequality ¢ + dgqg < 1 + aqy holds given that
a > a9,' hence (B.1) is satisfied in Rj3 if and only if g > ¢ + dqy. Regarding Ry, the term
u(qr, qr) in the left hand side in (B.5) is at least as large as @(1 + aqm, 1 + aqp), therefore
the left hand side in (B.5) is at least as large as —4 (1 — gy + aqr)? (14 r + 2ar), which is

non-negative because o > ag. Hence (B.1) holds at each point in Ry. B

Proposition 6. Consider the symmetric quadratic setting with type reversal. Suppose that

the qualities are complements.
(i) If Onn > 03y, then qi” = qu, az” = .-
(it) Assume gy < 07 ;. Then,

(a) If a € [0,a1], then qle = ¢P, qu = qP.

4The inequality holds at z = 0 and at z = ﬁ, hence it holds for each = € (0, —1-).

11—«
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(b) If O > %9HL — %, then q2P = qP, 7B = ¢P for each o € (a1,9). If Oy <
%GHL — %, then there exist parameter values (with « close to ag) such that the

q%B, qu belong to region R4, implying quB < q*LqB.

The result in this proposition is immediate, as 0z > 07, implies ¢y > qr, which
satisfies (B.1) because Ry U Ry is the set of points in S such that gy > qr. Moreover, from
(B.2) it is immediate that ¢y > §r makes IRy satisfied, given that r € (—1,0). Hence
93" = dma7” = qu.-

The case of 0 < 07 ; is more difficult to deal with, since we have ¢y < ¢r, and precisely
(qm,qr) € Rs3, and we know from Lemma 1 that ICy, is violated at some points in R3 U Ry.

Part (ii)-(a) holds since when a € [0,aq], the feasible set is Ry U Ry hence (Gm,qr) is

infeasible. Then we maximize 7(q,q) = (Org + 0rr) u(q,q) — 2C(q) with respect to ¢, and

find the maximizer ¢ = (1—a)6(LeIZ;iL612L)+1 (with 7(¢?,¢”) = (OLu + 611)¢"). Since also IRy
is satisfied when qr, = qp, it follows that qle = ¢P, qu = qP.

Part (ii)-(b) is about the case in which some non monotonic allocation is feasible. Pre-
cisely, if a € (a1, ), then the feasible set consists of R; U Rg, and a subset of Ry. Yet, it is
still the case that (¢, qr) is infeasible, since our assumptions (included 6}, > 0y p) imply
(G, dr) € Rs. In order to find qf[B, qu we need to evaluate maxy,, T(qq, % +bqy) = 7R,
and compare it with 7(¢?, ¢?). If 7(¢?, ¢?) > 7R,, then quB = qP, qu = ¢ if 7(¢P, ¢*) < TR,,
then (qu ,qu ) belongs to Ry, as it is possible to prove that IRy is satisfied. Characteriz-
ing exactly when 7(¢P, qP) > g, as « varies in (aq, ) is possible in principle, as we can
always obtain closed form solutions, but those closed forms are quite complicated. Part (ii)-
(b) establishes that if 0y — @y is negative, or not too positive, then 7 (P, ¢?) > 7, for
each a € (a1, ag), whereas if 07, is sufficiently larger than 0, then for some parameters
7(qP, qP) < 7R, if a is close to ag.??

We now move to consider a € [ag,1), and we find that dealing with this case is quite
difficult. In detail, it is possible that (G, ¢r.) is infeasible, and then we need to compare the
optimal pooling contract with the optimal (¢, gz) in R3U Ry, which is found by maximizing
7(qm, c + dgm) with respect to qp. Precisely, let gy = arg maxy, 7(qm,c+ dgm), and G, =
c+dgy. If 7(¢P,qP) > 7(Gm, qr), then qu = q”,qu = ¢?, but if 7(¢*, ¢*) < 7(qm,qr), then

qf[B = ch,qu = {r,, provided that Gy, q;, satisfies IRy. However, it is also possible that

5This is the case, for instance, if 0z = 3,05 = 5.1,0ry = 1.6,0r; = 5.7, and o = %
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(4u,dr) € Rs, and thus it is feasible. In this case ¢7° = Gu,q7? = ¢, if IRy is satisfied.
We are no longer able to cover these cases for general parameter values; instead, we offer a
particular numeric example with full characterization for every possible a € [0,1) below.'6

Consider parameter values such that gy = 0.8, g = 0.81, 0y = 0.6, 0,7, = 1. Then,

we can compute 07 ; = 0.4, 07, = 1.19 and r = —%—8, o = %, Qg = ?Tlsv b= ,/gga— 318,

_ 40a-1
€= 38a+1’ d= 383+1
(i) If o« € [0, 5], then ¢7P = ¢?, ¢7% = ¢¥;

(ii) If a € (35, ¢), then ¢7P = ¢?, ¢7% = ¢¥;

(ili) If o« € (§,0.1913], then g7, ¢7P is such that ¢7% = ¢+ dg;P and such that IR binds;
(iv) If a € (0.1913, £%], then ¢72 = Gu, ¢7% = qr;

(v) If o € (75%,0.8671], then ¢2P = dm, ¢77 = dr;

(vi) If @ € (0.8671,1), then ¢?7, g7 is obtained by maximizing # subject to IRy binding.

Part (i) is a corollary of Proposition 6 to the case of a € (0, %), since Oy > %QHL — % is

satisfied. The remaining parts can be distinguished between (ii)-(iv), which refer to the case
in which (¢, qr) is infeasible, and (v)-(vi), which refers to the case in which ¢z, §r, belongs
to Rs.

When « € (35, 2%, (4u,qr) is infeasible. Therefore we need to identify the best (qm, qz)
on the line q;, = ¢ + dqp, denoted (G, 4r.), and to compare it with the pooling contract. It
turns out that the pooling contract is superior for o € (38, 6] whereas (¢m,Gr) is superior

However, ¢, qr satisfies IRy only for a € (0.1913, %] but violates IRy for

1
for a > 3.
€ (%, 0.1913]; in such a case the optimal contract is such that all the four constraints bind.
For a > %, (Gm, qr) is feasible (i.e., it satisfies ICy,), therefore it is the optimal contract

if it satisfies IR gy, which occurs if « € (fgog,() 8671). For greater values of o, we need to take

into account also IRy to find the optimal contracts.

C A numeric example for Proposition 5

Consider the following explicit functions of

$Detailed mathematical derivations are available upon request.
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qo(y) = Ny — %72, with 0 < A\p, < Ay < 1;

e sg(a) = ppa — %(12, with 0 < pp < pg < 1;

fo(v) = By, with 1, < By;

go(a) = dpa, with o, < 0.

with the following parameters of v = %, AL = %, Ag = %, Br =i, By =3, 0 = =

o = %—(1]. Notice that pr and py have not been specified.

In the separating case, we derive ag = pH, ag = pr, and (23) reduces to 2(yr, —vm)+(pr —
pm) > 0. Once we solve for the unconstrained max point, the solution vz = 0.25, v = 0.15
does not satisfy (23). Thus, we impose the constraint as binding 2(vz, —vg) + (pr — p) = 0,

and derive the maximized profit under the optimal separating contrast as follows:

S + 7T + 1 27 n 7T 17 n 1
™ =u — — - — —pPL — == —
0 32PH 16PHPL SOpH 32,01: 80pL 50

In the case of pooling case, we derive o’ = %pH + %pL and y*' = % Hence, substituting

these into the value, we get

VSR S S | SN S S C S
= Uug 8PH 4PHPL 40'0H 8PL 4OpL 50

The difference 7% — 7% is equal to

= (o —pr—3) (o= 1)
32,0HPL3PH,0L

S

and recall that pg > pr. Hence 7% — 7 < 0 if py is only slightly larger than py, but is

positive if pg > pr + %, for instance if p;, = 0.1 and py = 0.8.
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