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Abstract

We consider an expected-utility-maximizing consumer living two periods who
can invest in two assets, one of which is risk free. We do not restrict relative
risk aversion to be constant. We first examine the effect that a change in the
opportunity set in the second period has on the optimal saving in the first
period. We show that an increase in the future risk free rate (keeping the
equity premium unchanged) reduces savings if relative risk aversion is uni-
formly larger than unity. An increase in the equity premium or a reduction
in the volatility of the risky asset raises savings if the index of cautious-
ness, i.e., the derivative of absolute risk tolerance, is smaller than unity. In
a second stage, we use these results to determine the sign of the hedging
demand for the risky asset for the following three types of predictability:
predictable changes in the interest rate, mean-reversion in stock returns, and
predictable changes in volatility. Depending upon the type of predictability
under scrutiny, what matters to sign the hedging demand is whether relative
risk aversion or cautiousness is smaller or larger than unity.

Keywords: predictability, precautionary saving, cautiousness, mean re-
version, stochastic volatility, strategic asset allocation.



1 Introduction

The investment opportunity set available to investors is not constant over
time. Moreover, it fluctuates stochastically, and these fluctuations are seri-
ally correlated with economic and financial variables that are observable, i.e.,
they are predictable. Three types of predictable changes in the investment
opportunity set have been pointed out in the literature. First, the short
term interest rate is negatively correlated with the past return of long-term
bonds. The theory of the term structure of interest rates (Vasicek (1977),
Cox, Ingersoll and Ross (1985)) describes this relationship. Second, there is
evidence of mean-reversion in stock returns, as first shown by Poterba and
Summers (1988). This implies that the future equity premium is negatively
correlated with the past returns of equity. Third, French, Schwert and Stam-
baugh (1987) have shown that the volatility of stock returns is predictable,
because it is negatively correlated with past stock returns.

The existence of these various forms of predictability in assets returns
has generated a revival of interest in the Merton’s notion of intertemporal
hedging demand (see Merton (1969,1971) and Mossin (1968)). Campbell
and Viceira (2002) provide an overview of this recent literature, and they
quantify the importance of the impact of predictability on the optimal port-
folio structure. The predictability of future asset returns has two important
consequences for the optimal dynamic portfolio strategy. First, a change in
the instantaneous interest rate, in the equity premium or in the volatility
of asset returns modifies the optimal structure of the portfolio. For exam-
ple, an increase in the volatility of the stocks returns should typically reduce
the demand for stocks by all risk-averse investors.! This "market timing” of
the optimal portfolio would be the typical reaction of myopic investors. But,
when determining their optimal portfolio today, rational investors should also
take into account of the change in the set of future investment opportunities.
This yields a second term to the assets demand, which is usually referred to
as the "hedging demand”.

IThis comparative static property does hold only under some conditions on the in-
vestor’s utility function, as first shown by Rothschild and Stiglitz (1971). Gollier (1995)
characterizes the stochastic dominance order that guarantees that all risk-averse agents
reduce their demand for the risky asset. Abel (2002) provides some sufficient conditions
for a change in the distribution of returns to reduce the equilibrium expected return of
the risky asset.



The objective of this paper is to derive sufficient conditions for signing
this hedging demand. There is an important literature on this question.
Most papers solve the problem by restricting the set of utility functions to
those that exhibit linear risk tolerance. We define the index of cautiousness
as the derivative of risk tolerance with respect to consumption. An important
special case of utility functions with linear risk tolerance is given by power
functions, for which (constant) relative risk aversion equals the inverse of
the index of cautiousness. Under this condition, some simple and convergent
comparative static properties emerge. In the special case of the logarithmic
utility function, i.e., when the index of cautiousness equals unity, the hedging
demand for the risky asset is zero. In this case, myopia is always optimal.
On the contrary, when the index of cautiousness is constant and smaller than
unity, one obtains the intuitive sign for the hedging demand. For example,
Brennan, Schwartz and Lagnado (1997) have shown that it implies that the
rational investor should invest more in long bonds than the myopic agent
to take into account of the negative correlation between the instantaneous
(risky) return of this asset and the future interest rate. Under the same as-
sumption on the investor’s preferences, Kim and Omberg (1996) have shown
that the existence of mean reversion in stock returns yields a positive hedg-
ing demand for stocks. In these two illustrations, the idea is that the risky
asset is safer in the long run due to the negative serial correlation of returns.
When the index of cautiouness is a constant larger than unity, the counter-
intuitive sign holds for the hedging demand of the risky asset. For example,
the existence of mean reversion in stock returns should induce investors with
a long horizon to reduce their demand for stocks if their constant relative
risk aversion is less than unity.

The main objective of this paper is twofold. First, using a two-period
model, we generalize these results by considering any concave utility func-
tions, not only those that exhibit linear risk tolerance, i.e., constant cautious-
ness. Second, we provide simple intuitions to these results. To do this, we
consider the simplest dynamic model with predictability. This model entails
only two decision dates and two assets, one of which is risk free. The investor
is endowed with some initial wealth which is invested over the two periods
to finance consumption at the end of each period. At the beginning of the
second period, the agent can rebalance her portfolio. We measure the impact
of the predictability of the change of the investment opportunity set in the
second period on the optimal portfolio in the first period. To do this, we



need to characterize the value function of the wealth accumulated from the
first period investment. By backward induction, this value function equals
the maximum expected utility of wealth, which depends upon the distribu-
tion of assets returns available during the second period. Suppose that the
stochastic structure of predictability is such that the period-2 distribution of
assets returns is more favorable” when the accumulated wealth is lower. By
"more favorable”, we mean that it reduces the marginal value of wealth. In
that case, the predictability of the second period assets returns reduces the
marginal value of wealth where it is large (low wealth), and it raises it where
it is small (large wealth). In short, this form of predictability reduces the
concavity of the value function, thereby yielding a positive demand for the
risky asset in the first period. From this discussion, we see that the relevant
question is when does a change in the opportunity set can be considered as
favorable, i.e. when does it reduce the marginal value of wealth?

An important message emerges from this work. In spite of the apparent
homogeneity of the above-mentioned literature on the sign of the hedging
demand, the mechanisms at work are quite different in nature. An increase
either in the return of the riskless asset or in the expected return of the risky
asset has two contradictory effects on the marginal value of wealth. In the case
of an increase in the interest rate, keeping the equity premium unchanged,
there is a positive substitution effect and a negative wealth effect, the latter
being increasing in the investor’s risk aversion. According to this observation,
we show that the wealth effect dominates the substitution effect if relative
risk aversion is uniformly larger than unity. Consider alternatively the effect
of an increase in the expected return of the risky asset on the marginal value
of wealth. Compared to the effect of an increase in the interest rate, there
is here an additional positive effect due to the rebalancement in favor of the
risky asset. An increase in the riskiness of future wealth raises the expected
marginal utility if marginal utility is convex, an assumption referred to as
"prudence” by Kimball (1990). This positive precautionary effect must be
small enough in order to guarantee that an increase in the equity premium
reduces the marginal value of wealth. We show that the precise condition
for this is that relative prudence be uniformly smaller than twice the relative
risk aversion. It happens that for constant relative risk aversion -, relative
prudence equals 1+, which implies that the above condition is equivalent to
~ > 1 for this specific set of utility functions. Different types of predictability
generally lead to different sufficient conditions to sign the hedging demand.
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These conditions are identical only in the special case of constant relative
risk aversion.

Gollier (2004) examined the same problem in a different framework. The
main difference is that Gollier (2004) assumes that financial markets are com-
plete, whereas we assume here that there are only two assets. The assumption
of the existence of only two aggregate assets, stocks and bonds, makes this
paper closer to the existing literature on predictability. Our results are also
easier to interpret when there are only two assets. For example, Gollier (2004)
is confronted with the difficulty of defining the notion of a riskier price kernel
of Arrow-Debreu securities. If our two-asset model is easier to interpret, the
proofs of our results are more complex to derive. It has been a surprise to
us that the two models lead to the same qualitative conditions on the utility
function.

We have explained above why the core of the paper is about deriving
the conditions under which a change in the distribution of future returns
reduces the marginal value of wealth. This work has its own interest for
solving a different dynamic decision problem. Indeed, suppose that the first
period problem of the agent is not a portfolio choice as assumed above, but
rather a consumption-saving problem similar to the one examined by Dreze
and Modigliani (1972) and Sandmo (1970). The agent must determine how
much to consume in the first period from initial wealth, the remaining being
invested in a risk free asset and in a risky asset. In this alternative decision
problem, the question is to determine the relationship between the optimal
saving and the distribution of assets returns. We examine this alternative
question in the first part of this paper because it is a side result of the
characterization of the relationship between the distribution of assets returns
in the second period and the marginal value of wealth. Obviously, any change
in this distribution that reduces the marginal value of wealth reduces the
optimal saving in the first period. Section 2 is devoted to the analysis of the
saving problem, whereas section 3 deals with the dynamic saving-portfolio
problem.



2 The effect of optimism and doubts on sav-
ing

A consumer lives for two periods. She is endowed with wealth wg > 0 at
the beginning of the first period. The agent has no future labour income.
From wy, the agent saves s and consumes the remaining wo — s in the first
period. The felicity function ug associated to the first period consumption is
supposed to be continuously differentiable, increasing and concave. There
are two assets in the economy. The first asset is risk free and yields a gross
return p > 0. The second asset has a random return 7 in excess of the risk
free rate. From total saving s, an amount « is invested in the risky asset and
s — « is invested in the risk free asset. It implies that the agent will consume
sp~+ ar in the second period. The felicity function u associated to the second
period consumption is three times continuously differentiable, increasing and
concave. It satisfies the Inada condition lim, ,u'(¢) = +00. Notice that
this specification entails Samuelson’s discounted utility model u = Pug as a
special case. The consumer’s objective at the beginning of the first period is
to select s and « in order to maximize her lifetime expected utility:
IE%XUO(wO — 5)+ Fu(sp + ar). (1)
In this section, we are interested in determining the effect of a change in
the investment opportunity set characterized by (p,7) on the optimal saving.
Suppose that both the interest rate p and the distribution of excess returns
r are parametrized by € which is observable by the consumer. It is useful to
decompose the above decision problem into two programs. Let us first define
the value of saving as the maximum expected utility of future consumption:

v(s,0) = mng [u(sp+ ar)|6]. (2)

As is well-known, v is increasing and concave in s. Using this definition,
program (1) can be rewritten as

max up(wo — s) + v(s, ). (3)

The first-order condition associated to this program is necessary and suffi-
cient:
ug(wo — 8¥) = vy(s*, 0). (4)

5



It yields a unique solution s* > 0. Using the standard comparative statics
method, the optimal saving is increasing in 6 if and only if vg(s*, 0) is pos-
itive. In short, an increase in # raises saving if it raises the marginal value
of wealth vs. Observe that the envelop theorem implies that the marginal
value of wealth equals the product of the gross risk free rate by the expected
marginal utility of final consumption:

vs(s,0) = pE [u'(sp+ afs,0)7) 0], ()
where «(s, 0) is the optimal demand for the risky asset given (s, 0) :

E[rd (sp+ a(s,0)r) 0] = 0. (6)

2.1 An increase in the future interest rate

We first examine the effect of an increase in the interest rate p = 6 on
the optimal saving. The distribution of the excess return of equity is here
assumed to be independent of . The relationship between the value of saving
and the interest rate is given by

v(s,p) = max Eu(sp+ ar). (7)

Let us first consider the classical case without any risky asset, i.e., with ¥ = 0,
or equivalently, with vs(s,p) = u/(sp). We obtain in this simple case that
Usp(s*, p) = W (s*p)[1 — R(s*p)], where R(z) = —zu"(z)/u'(2) is the Arrow-
Pratt index of relative risk aversion. From this observation, we conclude that
when saving must be invested in a risk free asset, an increase in the risk free
rate reduces (increases) saving if relative risk aversion is uniformly larger
(smaller) than unity. If wqg is arbitrary, these are necessary and sufficient
conditions. A change in the interest rate p yields both a wealth effect and
a substitution effect. An increase in p reduces the relative price of future
consumption, which induces the agent to substitute current consumption by
future consumption. In addition, for a given s, an increase in p raises future
consumption. Because the agent has a preference for consumption smoothing
over time, this wealth effect induces him to rebalance consumption in favor
of current consumption. The strength of this wealth effect is measured by
the elasticity of marginal utility, which is given by R. This explains why the



wealth effect dominates the substitution effect (s% < 0) only if relative risk
aversion is large enough.

We now consider the more general case with two assets. An increase in
the interest rate is likely to induce a rebalancement of the portfolio structure
of the consumer. Notice however that, because the distribution of the excess
return is unaffected by this change, this rebalancement is only due to the
increase in wealth. In particular, an increase in p would have no effect on
the demand for the risky asset if absolute risk aversion would be constant.
In the other cases, the portfolio rebalancement affects the expected marginal
utility of future consumption, i.e., it affects the marginal value of wealth or
the willingness to save. Using the first-order condition (6), the impact of the
increase in p on the demand for the risky asset equals

__ E[fu(sp+an)
O@(S, p) - E [?%L”(S,O + a;f)] : (8)

It is well known that, if 7 > 0, the demand for the risky asset is increasing
in sp if and only if u exhibits decreasing absolute risk aversion. Combining
equality (8) with the full differentiation of condition (5) with respect to p
yields

B+ o] o
E [ (s*p+ ar)]

Usp(s, p) = E/(s"p+ar) +s"pEu"(s"p+ar) —s"p

where o« = a(s*, p). The first term Fu' in the right-hand side of equation (9)
is the substitution effect, which is positive. The second term s*pFEu” is the
negative wealth effect. As explained earlier, in the absence of the risky asset
(r = 0), the sign of the sum of these two effects depends upon whether relative
risk aversion is smaller or larger than unity. The last term in (9) comes from
the ability of the consumer to rebalance her portfolio as a reaction to the
change in the interest rate. This rebalancement effect unambiguously raises
the willingness to save.

We would like to determine the condition under which v, is negative
independent of the distribution of excess returns. This problem can be
simplified by the following change of notation: y = s*p, ¥ = ar, and
Ef(z) = Ef(x)u"(y+7)/Eu"(y + 7). Variables y and = denote respectively
the future value of the riskfree portfolio and the excess value of the optimal
portfolio, whereas F' is some sort of risk-neutral expectation operator. With
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this notation, the marginal value of wealth is reduced by an increase in the
risk-free rate if

72
~ _ ET ~ [E:C]
ExT(y+2)=0 = MS 1 — ==—, (10)

Yy Ex?
where T'(z) = —u/(z)/u”(2) is the index of absolute risk tolerance evaluated

at z. Indeed, the equality in (10) is just a rewriting of the first-order con-
dition (6) on «, evaluated at s = s*. The inequality in (10) corresponds to
Usp(s*,p) < 0. We use this characterization in the Appendix to prove the
following Proposition.?

Proposition 1 An increase in the risk free rate reduces (raises) the marginal
value of wealth if relative risk aversion is uniformly larger (smaller) than
unity: vsp(s*, p) < (>)0 if R(c) > (<)1 for all c € Ry.

We conclude that an increase in the interest rate reduces saving if relative
risk aversion is larger than unity, and that it raises saving when relative risk
aversion is less than unity. This result generalizes what has long been known
when the investment opportunity set is limited to a risk free asset.

2.2 An increase in the equity premium: Optimism

We now examine the relationship between savings and the equity premium.
Let 7 be the sum of the equity premium 6 and a zero-mean noise q. When
the equity premium 6 is zero, it is optimal not to invest in the risky asset.
When the equity premium is positive, the demand for the risky asset becomes
positive. How does this increase in the equity premium affect the willingness
to save? We can identify two contradictory effects. The first one is a wealth
effect: the investment in the risky asset with a positive risk premium raises
the expected future consumption. Because of the willingness to smooth con-
sumption over time, this wealth effect tends to reduce savings in the first
period. The second effect comes from the optimal rebalancement of the asset
portfolio in favor of the risky asset. The uncertainty on the portfolio return
affects the willingness to save. Relying on the precautionary saving motive,

2Bhamra and Uppal (2006) obtained a similar result in a recursive utility framework
with power functions.



the intuition suggests that taking into account of this uncertainty has a pos-
itive effect on the willingness to save. This induced portfolio rebalancement
yields a precautionary effect. Notice that there is no substitution effect, since
the relative price of future sure consumption is unchanged.

The portfolio problem is written as

v(s,0) :moe}xEu(sp—l—a(Ej—i— g)). (11)

We hereafter suppose that Fq+0 is positive, so that the optimal « is positive.
Fully differentiating the first-order condition (6) implies that

_Eu(sp+a(qg+0)) +aE[(g+0)u"(sp+ a(qg +0))]
E[(q+0)*u"(sp+ a(g+0))] '
It can easily be proved that ay is positive under DARA. As it is intuitive,

the demand for the risky asset is increasing with the expected excess return.
Fully differentiating vs(s, #) given by (5) with respect to 6 yields

Qg = (12)

pvse(s,0) = aBu(sp + (G +0)) + g E[(T+ 0)u"(sp + a(q+ 0))], (13)

We recognize in the right-hand side the wealth effect and the rebalance-
ment /precautionary effect. Replacing oy in the above equation by its ex-
pression given by (12), we obtain that
. . BuU(y+DEW"(y+7) [Eiu(y+7))
(14)
where y = sp and T = a(q + 0). Using the same risk-neutral expectation
operator Ef(f) = Ef(x)u"(y + 2)/Eu"(y + ) as defined in the previous
section, the marginal value of wealth is decreasing with the expected excess
return @ if and only if the following condition is satisfied:

~ ~_ o~ ~ 72 ~
EiT(y+7) =0 = E7 ET(y+7) > [E&E} —B@? (15)

The following proposition exhibits the condition under which this property
holds. It relies on the index of cautiousness which is defined by C(z) =
T'(2), or equivalently, C(z) = [u/(2)u"(z) — u"*(2)]/u"?(z). The concept of
cautiousness has first been introduced by Wilson (1968). It has been used
by Leland (1968) and Huang (2004) who showed that investors with a larger
index of cautiousness are more willing to purchase portfolio insurance.
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Proposition 2 Define the index of cautiousness as the derivative of the in-
dex of absolute risk tolerance. An increase in the equity premium reduces
(raises) the marginal value of wealth if the index of cautiousness is uni-
formly smaller (larger) than unity.

Proof: Suppose that 7" is uniformly smaller than unity. It implies that
T(y 4+ x) — x is decreasing in z. By the covariance rule, it implies in turn
that R R R R

EF#T(y+7) —7) < EF [ET(y +F) - Eza} ,
or, equivalently, that

~

~ ~ —~ 2
—E#?* < E7ET(y+7) — [Ez] ,

because EfT(y—l—f) = 0. This implies that v, is negative. The same method
can be applied to prove the other case.ll

A direct consequence of this proposition is that an increase in the ex-
pected return of the risky asset reduces savings when cautiousness is less
than unity. It may be useful to rewrite the index of cautiousness as

C(2) = P(:)T(2) — 1, (16)

where P(z) = —u"'(z)/u"(z) is the index of absolute prudence defined by
Kimball (1990) to measure the intensity of the precautionary saving motive.
It is an index of convexity of marginal utility, which measures the impact of
a zero-mean risk on the marginal value of wealth, i.e. the expected marginal
utility of future consumption. Observe that C'is less than unity if and only if
absolute prudence is less than twice the absolute risk aversion 1/7". From this
observation, we can derive an intuition to Proposition 2. The increase in the
equity premium has a negative wealth effect on initial savings. The intensity
of this wealth effect is measured by the willingness to smooth consumption
over time given by absolute risk aversion 1/7T. Because the increase in the
equity premium induces the agent to take more risk, there is also a positive
precautionary effect on savings that is measured by P, as shown by Kimball
(1990). Requiring that P be smaller than 2/7" has the intuitive meaning that
the precautionary effect be small enough compared to the wealth effect.
Both propositions 1 and 2 provide a condition for an unambiguous re-
duction of the marginal value of wealth due to the increase in the expected

10



return of one of the two assets. When the return of the risk free asset is
increased, the condition is that relative risk aversion be smaller than unity.
When the expected return of the risky asset is increased, the condition is
that the index of cautiousness be smaller than unity. These two conditions
have a different nature. In particular, the second one refers to the third
derivative of the utility function, whereas the first one is limited to risk aver-
sion. It is easy to find utility functions that satisfy the first condition and
not the other, and vice versa. However, there exists a family of functions for
which the two conditions are equivalent. Suppose that relative risk aversion
R(z) = 7 is constant, i.e. u(z) = z77/(1 — 7). For that family of functions,
the index of cautiousness C(z) equals y~1. It implies that when relative risk
aversion is constant, the index of cautiousness equals the inverse of relative
risk aversion. This yields the following result.

Corollary 1 Suppose that relative risk aversion is constant. If relative risk
aversion is larger (less) than unity, the marginal value of wealth is reduced
(increased) by an increase in the risk free rate and by an increase in the equity
premium.

Observe that R(z) > 1 is equivalent to T(z) < z, whereas C'(z) < 1
is equivalent to 7"(z) < 1. If we assume that absolute risk aversion tends
to infinity when wealth tends to zero, i.e., that T(0) = 0, then, obviously
the second condition implies the first one. In this sense, condition C' <1 is
stronger than condition R > 1. This observation leads to the following result.

Corollary 2 Suppose that absolute risk aversion tends to infinity when wealth
tends to zero. Suppose also that an increase in the equity premium always
reduces the marginal value of wealth, for any distribution of the excess return
and any initial wealth. Then, an increase in the risk free rate always reduces
the marginal value of wealth.

The opposite result is not true, except in the special case of constant
relative risk aversion.

2.3 Anincrease in the volatility of equity returns: Doubts

We finally consider the effect of an increase in the volatility of equity returns
on savings. Abel (2002) refers to this (subjective) increase in volatility as an
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increase in doubts. Suppose that the equity premium 7 has a positive mean
i plus a zero-mean noise 0g. We are interested by the effect of an increase
in 6 on savings in the first period. The value of wealth v is rewritten in this
case as

v(z,0) = max Eu(zR + a(0g + ).

Notice that this problem can be rewritten as
v(z,0) = max Bu(zR + oG+ 07 p)).

It implies that an increase in volatility 6 has an effect on the marginal value
of wealth and saving that is equivalent to a reduction in the equity premium.
We thus immediately obtain the following result as a corollary of Proposition
2.

Proposition 3 The marginal value of wealth is increasing (decreasing) in
the volatility of equity returns if the index of cautiousness is uniformly smaller
(larger) than unity.

In the standard case of constant relative risk aversion larger than unity,
this proposition implies that the willingness to save is increasing in the riski-
ness of equity returns. When constant relative risk aversion is less than unity,
the opposite comparative static property holds.

3 Predictability of future asset returns and
the hedging demand for the risky asset

In this section, we consider an alternative dynamic choice problem. At the
beginning of the first period, the agent is endowed with initial wealth wy.
She can invest this wealth in a riskfree asset and a risky asset. During period
t, t =1 or 2, the riskfree asset has a gross return p;, whereas the risky asset
has a return 7;. We assume that the expectation of r; is positive. At the
beginning of the first period, p; is certain, whereas the level of py and the
distribution of 75 may depend upon the realization of the first period state
given by r. This statistical dependency describes the nature of predictability
of asset returns. We are interested in determining how does the predictability
of future asset returns affect the initial optimal portfolio allocation.

12



Within each period ¢, the investor first selects her investment «; in the
risky asset. She then determines her consumption level ¢; after the state of
nature 7 is realized. We use backward induction to solve this dynamic
portfolio choice problem. Consider the interim date in the first period where
r1 is realized, but before consumption takes place. Given the accumulated
wealth w = wop; + 71 at that interim date, and given the state of nature r;
realized in the first period, the consumer selects the (c1, ) that maximizes
the expected utility of her final wealth:?

V(w,r) = max ug(cy) + v(w — c1,r7) (17)

with
v(s, ) = mng [u(sps + ar) |r1]. (18)

The first-period portfolio problem can then be written as

a) € argmax  M(ay) = EV(wopr + a171,71). (19)

Because V' is concave in its first argument, this program is well-behaved,
and its first-order condition is necessary and sufficient. We compare the
optimal risky investment a7 in this predictable economy to the optimal risky
investment in another economy where future returns are unpredictable. In
this unpredictable economy, the distribution of returns of the two assets in
the first period are as in the predictable economy. But the distribution of
returns of the two assets in the second period are unpredictable in the sense
that they are independent of r;. They are assumed to be those prevailing
in the predictable economy conditional to r; = 0. It implies that the first
period portfolio problem in the unpredictable economy can be written as:

&1 € arg max EV(w0p1 + 041771, 0)
aq

We obtain the following Lemma.*

3In an earlier version of this paper, we considered the dynamic investment problem in
which ¢; is constrained to be zero. The same results hold.

4A weaker condition to yield the same result is that v, satisfies the following single-
crossing condition 71 [vs(s,71) — vs(s,0)] > 0 for all r1 and all s.
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Lemma 1 The predictability of future asset returns has a positive (negative)
effect on the initial demand for the risky asset if the marginal value of wealth
vs(8,71) is increasing (decreasing) in 1.

Proof: Fully differentiating the first-order condition uy(c;) = vs(w—cq,71)
with respect to r; yields

dey Vsry (w — (1, 7“1)

dr, ug(cr) + vss(w —¢1,m1)

Fully differentiating in turn the equation V,,(w,r1) = ug(c1) yields

dey ug(cr)
v — o - _ 0 . .
wry (wa 711) Uy (Cl) d?“l Uf)'(C1) 1., (U) s Tl) Vsry (w C1, 7"1)

Because the ratio in the right-hand side of this equality is positive, V,,., and
vsr, have the same sign. Suppose that vg(s,r;) is increasing in r;. It implies
that V,, is increasing in ry.

Observe that because ET7 is positive, aj is positive. Because V' is concave
in its first argument, function M is concave in «. It implies that o is larger
than &y if M'(@y) is positive. Because V,,(w, ;) is increasing in r;, we have
that

Tlvw(w0,0l + &17’1, 7“1) Z rlvw(wopl + @17"1, 0)

for all r1. It implies that
M'(aq) = ErVy(wopr + @171,71) > ET Vi (wopr + @171,0) = 0.

The last equality is the first-order condition for &;. We concludes that of
is larger than a;. A symmetric proof holds for the case where wvy(s,r;) is
decreasing in ;.1

When the marginal value of wealth is increasing in the first-period return
of the risky asset, predictability affects the initial attitude towards portfolio
risk in a manner similar to a reduction in risk aversion. Indeed, it raises
the marginal value of wealth where it is small (large 71), and it reduces it
where it is large (small r1). This is a situation where the bad luck in the
first period is (partially) compensated by a change in the future opportunity
set that reduces the marginal value of wealth. In such circumstances, the
predictability has a stabilizing effect on vs; and V,,. This has a positive effect
on the portfolio risk tolerance in the first period.
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Lemma 1 builds a bridge between the predictability problem under scrutiny
in this section and what we have done earlier in this paper. In the next
subsections, we combine Lemma 1 with our earlier propositions that charac-
terize the conditions under which a change in the opportunity set increases
the marginal value of wealth.

3.1 Predictable future interest rates

In this section, we assume that there is no serial correlation in the returns
of the risky asset. On the contrary, we assume that the riskfree rate in the
second period is unknown at the beginning of the first period. It will be
learned during the first period. Finally, we assume that the return of the
risky asset in the first period is informative for the return of the riskfree
asset in the second period. This situation arises on the market for bonds
with different maturities. When considering the first period in isolation, the
riskfree asset is the bond with maturity at the end of the first period, whereas
the bond with a two-period maturity is risky. Its first period return depends
upon the information obtained during the first period about the riskfree rate
in the second period. All models of bond pricing predicts that an increase
in the expected future interest rate reduces the instantaneous return of long
bonds. Thus, there is a negative relationship between 77 and p;. We compare
the optimal portfolio of short and long bonds of two agents with the same
degree of risk aversion and the same initial wealth. The first agent is fully
rational and takes into account of the negative serial correlation of the long
bond. The second agent is myopic in the sense that she believes that the
returns of the long bond are independent over time.

The optimal investment in the short and long bonds must take into ac-
count of the difference in current returns, but also of the recognition that
long bonds have larger short-term returns when future short-term rates are
expected to be lower. Thus, long bonds can hedge against changes in the
future investment opportunity set. The hedging demand for long bonds is
measured by the additional demand from a rational investor in comparison
to what would decide a myopic investor treating the long bond as simply
another risky asset whose returns would have no serial correlation. Brennan,
Schwartz and Lagnado (1997) solve this problem by using a power utility
function, together with assuming the pure expectations hypothesis for bond
prices. The following proposition provides a more general result. It is more
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general because we do not assume constant relative risk aversion, and because
we do not make any restriction on bond pricing other than the assumption
that a larger future interest rate reduces the current return of long bonds.

Proposition 4 Suppose that there is a negative relationship between the re-
turn of the risky asset in the first period and the riskfree rate in the second
period. This form of predictability has a positive (negative) effect on the de-
mand for the risky asset in the first period if relative risk aversion is uniformly
larger (smaller) than unity.

Proof: Suppose that relative risk aversion is uniformly larger than unity.
We know from Proposition 1 that an increase in ps reduces the marginal value
of wealth in that case. Because there is a negative relationship between p,
and r1, we obtain that v, is increasing in r;. Using Lemma 1 concludes the
proof. W

Because of the negative correlation between the current and the future
return of long-term bonds, the intuition is that investors should hedge the
future risk by raising their demand for the long bond in the first period. The
above proposition confirms this intuition only when relative risk aversion is
larger than unity. Brennan, Schwartz and Lagnado (1997) solve numerically
a simple version of this model to motivate their paper. They show that the
intuition is correct only if the constant relative risk aversion is larger than
unity. Campbell and Viceira (2001) calibrated a more complex version of
this model to quantify the optimal mix of short-term and long-term bonds.

When relative risk aversion is smaller than unity, the optimal investment
in the long bond is less than the myopic one, i.e., the hedging demand for
long bonds is negative. The intuition in that case is that the substitution
effect of an increase of the future interest rate dominates the wealth effect,
which is proportional to relative risk aversion. This means that consumers
are willing to transfer wealth from the states where p, is small to those where
po is large. The problem is that holding long bonds do exactly the opposite,
because long bonds have a smaller return when the future interest rate is
larger. This explain the negative demand for long bonds when relative risk
aversion is less than unity.
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3.2 Predictable equity premium

Suppose alternatively that the interest rate evolves over time in a determinis-
tic way, but that the equity premium in the second period is contingent to the
equity return in the first period. The most obvious illustration of this phe-
nomenon is the existence of mean-reversion in equity returns, as documented
for example by Poterba and Summers (1988), Campbell (1996), Campbell,
Lo and MacKinlay (1997) and Cochrane (2001). Barberis (2000) for example
estimates significant predictability of US stocks returns. The implied stan-
dard deviation of ten-year returns is 23.7 percents, much smaller than the
45.2 percents value implied by the standard deviation of monthly returns.

Our comparative statics exercise aims at determining the sign of the hedg-
ing demand for equity, i.e., the sign of the difference between the dynamically
optimal demand for equity and the demand for equity by an investor believ-
ing that there is no mean reversion. Because mean-reversion implies that
stocks are safer in the long run, the intuition suggests that a rational agent
should purchase more stocks in the first period than a myopic agent: of > a;.
Campbell and Viceira (1999) and Barberis (2000) numerically estimated this
hedging demand. The effect of return predictability on the optimal structure
of the initial portfolio is surprising large. For an agent with a relative risk
aversion equaling 10 and a ten-year time horizon, the optimal investment in
stocks is about 40% of current wealth without predictability. It goes up to
100% when mean-reversion is taken into account. These results are obtained
either by numerical simulations, or analytically in the special case of constant
relative risk aversion. In the next proposition, we show that what really mat-
ters is not whether relative risk aversion is large enough, but rather whether
the degree of cautiousness is uniformly smaller than unity. This result will
allow us to provide an intuition to this literature on mean-reverting asset
returns. It generalizes the result obtained by Kim and Omberg (1996) in the
special case of linear risk tolerance.

Proposition 5 Suppose that there is a negative relationship between the re-
turn of the risky asset in the first period and the equity premium in the second
period. This form of predictability has a positive (negative) effect on the de-
mand for the risky asset in the first period if the index of cautiousness is
uniformly smaller (larger) than unity.

Proof: Suppose that the index of cautiousness is uniformly smaller than
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unity. We know from Proposition 2 that an increase in the equity premium in
the second period reduces the marginal value of wealth in that case. Because
there is a negative relationship between the equity premium in the second
period and ry, we obtain that v, is increasing in ;. Using Lemma 1 concludes
the proof. W

Proposition 5 tells us that what matters for the sign of the hedging de-
mand is whether the index of cautiousness is larger or smaller than unity, or
whether risk aversion is sufficiently stronger than prudence. This proposition
also provides an intuition for the result: an increase in the equity premium
reduces the marginal value of wealth only if the wealth effect is sufficiently
stronger than the precautionary effect. Thus, when the first period return
is low, i.e., when the marginal value of wealth is large, the increased antic-
ipated equity premium in the second period reduces this marginal value of
wealth. This reduces the aversion towards the first period risk. When the
precautionary effect dominates the wealth effect, mean reversion raises the
marginal value of wealth in the bad first period states, thereby raising risk
aversion.

3.3 Predictable volatility

Finally, we consider the case of predictable volatility. There is ample evidence
that large negative returns tend to be associated with increases in volatility
over long periods of time (French, Schwert and Stambaugh (1987)). Chacko
and Viceira (2005) shows that when changes in volatility are negatively cor-
related with excess stock returns, there is a negative hedging demand when
constant relative risk aversion is larger than unity. The opposite result holds
when constant relative risk aversion is less than unity. In our next proposi-
tion, we extend this result to the case of non-constant relative risk aversion,
and we show that the relevant condition is whether the index of cautiousness
is smaller or larger than unity.

Proposition 6 Suppose that there is a negative relationship between the re-
turn of the risky asset in the first period and the volatility of its return in the
second period. This form of predictability has a negative (positive) effect on
the demand for the risky asset in the first period if the index of cautiousness
is uniformly smaller (larger) than unity.
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Proof: Suppose that the index of cautiousness is uniformly smaller than
unity. We know from Proposition 3 that an increase in volatility in the second
period increases the marginal value of wealth in that case. Because there is a
negative relationship between the volatility in the second period and ry, we
obtain that v, is decreasing in r;. Using Lemma 1 concludes the proof. W

The increase in volatility has an impact on the marginal value of wealth
that is equivalent to a reduction in the equity premium. The relationship
between our last two propositions is thus obvious. The same comments apply
for these two results.

4 Conclusion

When relative risk aversion is uniformly larger than unity, an increase in the
future interest rate reduces the marginal value of wealth. This is because
the wealth effect — which is measured by the index of relative risk aversion —
dominates the substitution effect in that case. We conclude from this property
that an increase in the interest rate should reduce savings for agent with
no labour income. Moreover, given the negative correlation between the
instantaneous return of long bonds and the future interest rate, the hedging
demand for the long bond is positive. The opposite comparative static results
hold when relative risk aversion is uniformly less than unity.

Following Wilson (1968), we defined the index of cautiousness as the
derivative of the index of absolute risk tolerance. We showed that when the
index of cautiousness is uniformly smaller than unity, an increase in the eq-
uity premium also reduces the marginal value of wealth. This is because the
wealth effect dominates a precautionary effect in that case. This precaution-
ary effect comes from the fact that an increase in the equity premium induces
the agent to raise her risk exposure, which raises the expected marginal util-
ity of consumption if marginal utility is convex, i.e., if the agent is prudent.
This observation implies that, when cautiousness is smaller than unity, an
increase in the future equity premium reduces initial savings. If there is mean
reversion in stock returns, this also implies that there is a positive hedging
demand for stocks. The opposite comparative static results hold when the
index of cautiousness is uniformly larger than unity.

When relative risk aversion is assumed to be constant, as in most models
in dynamic finance, the index of cautiousness is uniformly smaller than unity
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if and only if relative risk aversion is larger than unity. In that specific case, as
is well known, signing the hedging demand due to any type of predictability
of future assets returns just requires knowing whether relative risk aversion
is smaller or larger than unity. We have shown that relaxing the assumption
that relative risk aversion is constant allows us to better understand the
different intuitions of the above-mentioned results.
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Appendix : Proof of Proposition 1

Proof: We prove that an increase in the risk free rate raises the marginal
value of wealth when the index of relative risk aversion is uniformly less than
unity. A symmetric proof can be written for the case with R > 1. Observe
that R(c) <1 if and only if T'(¢) > ¢. Thus, our assumption in this proof is
that T'(c) > ¢ for all ¢ > 0. We need to prove that

12
i bry+s

SR A _ET(y—l—x)SO
E7? Y

for all (y,) such that EZT(y + %) = 0. Our strategy is to search for the
function 7" that is the best candidate to violate condition H < 0. In order
to escape technical difficulties, we suppose that = has a bounded support
in [a, b].Of course, we must have ¢ < 0 < b, and y +a > 0. Let G denote
the risk-neutral cumulative distribution function of . The best candidate is
obtained by solving the following program:

b
mil/ T(y + 2)dG(x) (20)

T()

b
s.t. 0 = / =T (y + x)dG(x)
Ty+z) > y+x  Vrelab).

Using the standard technique of the calculus of variation, the necessary and
sufficient conditions to this problem are written as, for all x,

=0 if Ty+z)>y+x
1+)\I{ >0 if Tly+z)=y+ux. (21)

Two cases must be considered depending upon the sign of E\E(y + ).

e Consider first the case where EZ(y + &) > 0. In that case, conditions
(21) are satisfied with A equaling —1/a, and
Ei(y+7)

Ty+z)=y+ax— -

0o ()
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for all x € [a,b], where 6,(.) is the Dirac function taking value zero
everywhere except when = = a, with [ ,(2)dG(z) = 1. It implies that
the smallest value of ET equals

E(a—3)(y+7)

ET(y+7) = - .

From this, we deduce that the largest possible H under this risk-neutral
distribution of 7 is equal to

~ ~

Elz(y+ 1) E[Z(r —a)l

ay Er?
We want to prove that this H is negative. Suppose by contradiction
that it is strictly positive, i.e., that

EZ(Z —a) <0and EZ(y +7) >0

H:

or, equivalently, that

—yEf < BE7% < aE7.
Observe first that —yEE <aE% implies that E7 must be strictly pos-
itive, since —y < a. Observe also that

Ei? > (E7)? > aE7. (22)
The second inequality comes from combining EZ > 0 and E7 > a.
Inequality (22) implies that E7(Z—a) is positive, a contradiction. Thus,

the largest possible H is negative and the result is proved when Ef(y—i—
z) > 0.

Let us now consider the second possible case where E\f(y + T) is nega-
tive. In that case, the solution to (21) is with A = —1/b, and

Ei(y+7)
b

for all € [a,b], where 0,(.) is the Dirac function taking value zero
everywhere except when x = b, with [ &,(x)dG(z) = 1. After some
tedious manipulations, we obtain for this optimal 7" function that

Ty+az)=y+x— 0p()
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It implies that the largest possible H under this risk-neutral distribu-
tion of ¥ is equal to

A~ ~

Elz(y+7)] EzE - b)
byEf2

H =

We want to prove that this H is negative. Suppose by contradiction
that it is strictly positive, i.e., that

EF(Z—b) <0and EZ(y+7) <0
or, equivalently, that
E#* < bET
E7? < —yET

Observe first that E7? < —yEi is possible only if E7 is strictly nega-
tive. Observe also that

E#* > (E7)? > bET. (23)
The second inequality comes from the fact that E7 < 0 and EZ < b.

Inequality (23) implies that EZ(Z —b) is positive, a contradiction. This
concludes the proof of Proposition 1.1
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