Regulation and Taxation of a Monopoly
generating Externalities

Etienne Billette de Villemeur*
University of Toulouse (IDEI & GREMAQ)

Benedetto Gui
University of Padova

PRELIMINARY DRAFT - DO NOT QUOTE

Abstract

We consider a model with a monopolist that generates externalities.
Externalities depend on either the volume of services provided X, or the
number of clients N, or both. We study the socially optimal prices and
propose a regulatory mechanism to decentralize the optimum allocation.
We then compare the merits of this approach and of optimal taxation and
discuss how regulatory policy should be amended if both taxation and
regulation coexist.

J.E.L. Classification Numbers: D42, D62, L51, H21, H23.
Keywords: Monopoly, Externalities, Regulation, Taxation.

*Corresponding author; e-mail: etienne.devillemeur@univ-tlsel.fr.



1 Long summary

While often regulated monopolists operate in industries where externalities
abound, the implications of their presence have seldom been investigated by
the regulation literature. Moreover, the industries in question are also subject
to taxation, which means that some distortions are introduced by state interven-
tion. Both the presence of externalities and taxes have important implications
for providers and regulators alike. In particular, what is the optimal structure
of prices when we account for externalities (e.g. network effects), and/or for
taxation? And, furthermore, is regulation to be preferred to taxation, or does
the opposite hold true?

In this paper we consider the possibility that externalities depend on either
the volume of services provided X (an instance is lower quality of service as
an effect of greater of use of a network), or the number of clients N (as is
usually assumed for modelling “network externalities”), or both. We assume
that producers have access to two-part tariffs, so they can price both access to
the service (i.e. connection to the network) and intensity of use. Consistently,
we will assume that the state may tax both access and consumption.

We first study the consumer behaviour and decompose the effect of price
changes into a direct effect and an indirect effect, that follows from the presence
of the externality. This decomposition allows to identify the impact of externali-
ties on market demand properties. Then we turn to a rather standard normative
analysis and characterize in turn the first-best situation, the profit-maximising
prices and the second-best allocation.

First-best prices are shown to equate the marginal costs of production net of
the marginal impact of consumption on welfare. The study of profit-maximisation
and of second-best allocation lead us to introduce the concept of virtual connec-

tion cost and virtual marginal costs. These “virtual costs” are the costs faced



by the firm when the composed effects of externalities are accounted for. We
provide explicit formulae for these costs and analyze how they depend on the
various externalities at work. At this point we are able to show that profit-
maximising prices essentially do not differ from those provided by the Lerner
formula. Similarly, the second-best allocation is characterised by optimal prices
that have a Ramsey flavour. However an additional correction has to be made
to account for the (direct) impact of externalities on social welfare.
Interestingly enough, the second-best allocation can be implemented trough
a decentralised regulatory mechanism. In fact. we show that it is sufficient to
impose an “extended global price-cap”. This scheme does only require account-
ing data and an estimate of the marginal impact of both commodities on social
welfare. We conclude by comparing the merits of this approach and of optimal
taxation and discuss how regulatory policy should be amended if both taxation

and regulation coexist.



2 Introduction

While often regulated monopolists operate in industries where externalities
abound, the implications of their presence have seldom been investigated by
the regulation literature. Moreover, the industries in question are also subject
to taxation, which means that some distortions are introduced by state interven-
tion. Both the presence of externalities and taxes have important implications
for providers and regulators alike. In particular, what is the optimal structure
of prices when we account for externalities (e.g. network effects), and/or for
taxation? And, furthermore, is regulation to be preferred to taxation, or does
the opposite hold true?

In this paper we consider the possibility that externalities depend on either
the volume of services provided X (an instance is lower quality of service as
an effect of greater of use of a network), or the number of clients N (as is
usually assumed for modelling “network externalities”), or both. We assume
that producers have access to two-part tariffs, so they can price both access to
the service (i.e. connection to the network) and intensity of use. Consistently,
we will assume that the state may tax both access and consumption.

We first study the consumer behaviour and decompose the effect of price
changes into a direct effect and an indirect effect, that follows from the presence
of the externality. This decomposition allows to identify the impact of externali-
ties on market demand properties. Then we turn to a rather standard normative
analysis and characterize in turn the first-best situation, the profit-maximising
prices and the second-best allocation.

First-best prices are shown to equate the marginal costs of production net of
the marginal impact of consumption on welfare. The study of profit-maximisation
and of second-best allocation lead us to introduce the concept of virtual connec-

tion cost and virtual marginal costs. These “virtual costs” are the costs faced



by the firm when the composed effects of externalities are accounted for. We
provide explicit formulae for these costs and analyze how they depend on the
various externalities at work. At this point we are able to show that profit-
maximising prices essentially do not differ from those provided by the Lerner
formula. Similarly, the second-best allocation is characterised by optimal prices
that have a Ramsey flavour. However an additional correction has to be made
to account for the (direct) impact of externalities on social welfare.

Interestingly enough, the second-best allocation can be implemented trough
a decentralised regulatory mechanism. In fact. we show that it is sufficient to
impose an “extended global price-cap”. This scheme does only require account-
ing data and an estimate of the marginal impact of both commodities on social
welfare. We conclude by comparing the merits of this approach and of optimal
taxation and discuss how regulatory policy should be amended if both taxation
and regulation coexist.

This paper is organised as follows. Next section introduces the model and
studies the market demand. We then turn to the study of the First-best (Section
3), the profit-maximising price structure (Section 4) and the socially optimum
prices, when the producer is required to break-even (Section 5). We then intro-
duce a regulatory mechanism that allows to decentralize the later (second-best)

allocation. Last section concludes.

3 The model

A monopolist delivers to N consumers a service produced in quantity X at a
cost C' (X, N). The service is sold at a unit price b. In addition each client is
charged a fee equal to a for having access to the service.

Let Sy (29, X, N) be the (gross) surplus of a client of type 6, where zy denotes

his consumption. Net individual surplus is obtained by subtracting individual



expenditure for the service. Since the demand of inframarginal consumers does

not depend on a, we can write
xg(b,X,N):argI;l%({Sg(:r,X,N)f(a+bx)}, (1)
whenever the corresponding net surplus
Vo (a,b) = Sp[zg (b, X,N), X, N] —[a+ bz (b, X,N)]. (2a)

is higher than Sy (0, X, N), i.e. when the client finds it beneficial to patronize
the firm.

Assume that the population of types is distributed over [0, +00] according
to the density function g (f) and the cumulative distribution function G (). We
also assume that the (gross) surplus Sy is increasing with 6,that is 9Ss/96 > 0.
As a result of the envelope theorem, the net surplus Vjp is also increasing with
0. Let 0,, be the type of the marginal consumer, who is indifferent between

consuming the service or not, i.e.:
max {Sp, (x,X,N)—(a+bx)} =Sy, (0,X,N). (3)
x

Cosnumers with 8 < 6, do not consume, while those with § > 6,, find it

profitable to get access to the services. Aggregate demand is
+oo
X (a,b) = / 20 (a,b) g (6) b, @)
9m
while the number of consumers is
+oo
Nab= [ g)d. (5)
0’7774

Given the assumed externalities, a preliminary step is a careful study of the

impact of price changes on demand.



3.1 Consumer Behaviour

3.1.1 Impact of changes in the access fee a :

A change in a induces a shift in the marginal type 6,,, hence a change in the

number of consumer N. More precisely, we know from equation (5) that

dN do
— = —g(0,n) ==, 6
= =g (0m) " (6)

where, from the monotonicity of Vy, the derivative (df,,/da) is certainly positive.
As already pointed out, the access fee a has no direct impact on the indi-
vidual demand of inframarginal consumers. However it does impact ¢ (b, X, N)
indirectly as a consequence of the externalities. To assess this changes we con-
sider the first-order condition that follows from the consumer program (1) that
writes:
08y (z, X, N)

b= (7)

Differentiating with respect to a gives

drg _ (—0°Sy)\ '[9Sy dX  0°Sy AN
da ~ \ Oa2 020X da =~ OxON da |’

We now turn to the study of the aggregate demand. By definition,

AX _ [ day
da 0,, da

e
0)do — g (6,, Em
g(0) g (0m) z,, 70

By using equation (8) and (6), the latter equation can be rewritten! as

AX _ 0t Buy dN
doe  1—E,x da’

where

O L9259\ T 928,
E = 0) do,
X /em ( 92 ) azax? ¥
oo/ 928,\ ! 928,
E = 0) de.
N /9m ( 92 ) azon? ¥
INote that, in order to do so, we need to assume that externalities are “sufficiently small”

so that F,x < 1. This appears to be quite reasonable, since it amounts to suppose that
cross-effects are smaller (in absolute value) than direct effects.




3.1.2 Impact of changes in the price b:

The effect of the price b on the consumption of X can be decomposed into a

marginal effect and an infra-marginal effect:

dx db,, /+°° dzg
0

b = —¢,,9 (Om) b Eg (0) do, (10)

where, from equation (5) ,we know that the marginal effect can be rewritten as:

do,, dN

~20,,9 (Om) b = Lo (11)

The effect of the price b on the consumption of an infra-marginal individual
consumer can be decomposed in turn as a direct effect and as an indirect effect,
the latter resulting from the presence of externalities. Indeed, differentiating

with respect to b equation (7) that defines individual consumption gives
L (20 deo , (0Sy\dX (0%, ) aN
~\ 022 ) db 0x0X ) db OxON ) db’
It follows that

dg _ (=0°S0\TN[( %0\ dX | (0%, \ N
db 0z2 0z0X ) db OzON ) db

T day 0X dX dN
A Eg(@)d@—%JrExX%JrExN% (12)

so that

m

where (8)? /8()) is nothing but the direct effect of b on the demand of infra-

marginal consumers, given by

0X too r928,\ ! % 9g
o, (W;) 9(9)d9:/9 a—beg(@)d@’

while the two other terms on the right-hand side of (12) reflect the indirect effect
of b on the demand of infra-marginal consumers.
Plugging (11) and (12) into (10) yields to:

dX _ 19X (we, + Eev)dN
db~ 1—FE,x 0b 1-E,x db’



4 First-best optimum

Let us start by characterizing the first-best allocation, that is the allocation that
maximizes total surplus (sum of consumer surplus and profits). At this point
the provider is not required to break even. We thus implicitly assume that fixed
costs can be financed at no efficiency cost through a subsidy financed from the
general budget. Such a solution is usually not feasible in practice. Nevertheless
it provides us with an interesting benchmark.

We consider two formulations of the problem. The first one is direct and
intuitive: we optimize with respect to individual decisions (access and consump-
tion) and directly derive the optimal allocation. It appears that the latter can
be decentralised by the means a two-part tariff. This allows us to propose a
second approach that uses prices as decision variables. It is more complicated

in a first-best setting but it will simplify the second-best problem significantly.

4.1 Direct approach

Social welfare writes as the difference between aggregate social surplus and total

costs:

+oo
Wi :/0 So (26, X,N) g (0)df — C (X,N). (14)

By definition, X and N verify

X

+oo
/ rog (9) d97
0

+oo
N / 1,09 (6) d6.
0

Consider first the determination of individual consumption. Differentiating (14)
with respect to zy yields the following first-order condition:

+oo
0Sp / 0Sp " oC (15)
0

920 ax 700 = 5%



Given the pricing scheme, consumer maximizing behavior implies (0Sp/0xg) =

b if zp > 0. Substituting this expression into (15) yields

b= ﬁ *EX, (16&)

where Ex denote the marginal impact of X on aggregate (gross) surplus:

Ex — /m% () do. (17)
0

We now shift to the access decision. Differentiating (14) with respect to
0., making use of the characterization of the marginal type (3) in our pricing
scheme, of the two relations (dN/df,,) = —¢ (0,,,) and (dX/d0,,) = —g (Om) 29, ,
and of the first order condition (16a) just obtained, we isolate this second first-

order condition (See Appendix 9.1):

a= 55— En, (18)

where En denote the marginal impact of N on aggregate (gross) surplus:

+oo 859
E :/ 920 1 (9) do. 19
S (0) (19)

Expressions (18) and (16a) do not come as a surprise. They show that the
first-best allocation can be decentralized through prices and have a number of
interesting implications. First, despite the externalities, the service should be
sold at the same price whatever the quantity consumed. Second, both prices a
and b do not depend on consumer characteristics. Even if we allowed for per-
fect discrimination, it would not be desirable (on efficiency grounds) to charge
different prices to different types; this is because social marginal costs do not
depend on type. Third, both prices generally differ from marginal costs. In
particular, if externalities are negative, the prices just obtained are higher than

the corresponding marginal costs; as a result, the efficient allocation requires the

10



monopolist to make strictly positive margins. In this case, marginal cost pric-
ing would indeed imply over-consumption. Conversely, if the externality terms
F and/or Ex are positive, the first-best allocation requires access and/or
consumption to be subzidized.

Finally, one can easily verify that this pricing policy does not necessarily
allow the provider to break even. For instance, in the presence of constant mar-
ginal costs, the provider may be unable to cover the fixed cost. Consequently,
the first-best solution may not feasible if the provider faces a break-even con-
straint. One then has to adopt a second-best solution where prices are set above
marginal cost in order to recover fixed cost. This is studied in Section ?7?. How-
ever, to facilitate the transition to the second-best setting, it is interesting to
consider an alternative specification of the first-best problem.

Observe that the first-best access pricing rule (18) that defines a depends
on the very fact that equation (16a) holds (i.e. that the consumption price b
is set correctly). By contrast, the first-best pricing rule (16a) that defines b
does not require equation (18) to hold. Tt follows that, if the access price is
exogenously determined, the (consumption) pricing rule (16a) can still be used.
In particular, it continues to hold true if prices are restricted to be linear i.e.

a=0.
4.2 Indirect approach

Alternatively we express total surplus as a function of prices (rather than quan-
tities) which then also become our decision variables. The objective function is

then given by:

Wy — /0+00V9(a,b)g(6)d9

+aN (a,b) + bX (a,b) — C[X (a,b), N (a,b)].

11



The impact of prices on the indirect (net) utility function write

dVo _ 9SpdX  9SydN

da  0X da ' ON da 920w

dVe _ 05 dX 95 dN b
db ox @ T on oy  lezome(a:h).

Thus, differentiating Wo with respect to a and b and rearranging yields the

FOCs :
aw, ac AN aC\ dXx
da (a_8N+EN> da +(Ex+b_ax) da
aw, ac N aC\ dX
&b (“ 8N+EN) b +<Ex+b ax) db

that yield the very same marginal cost pricing conditions (18) and (16a). Not
surprisingly, both approaches thus yield the same results. While the direct
approach is convenient in a first-best setting it is difficult to handle when a

budget constraint is introduced.

5 Profit-maximising price structure

The firm may be subject to a taxation scheme (7x,7xy) so that the general

expression for its profits is given by:
D=(@—7n)N+(b—-7x)X -C(X,N). (20)

Profit maximization gives thus rise to the following system of F.O.Cs:

dIl oC dN oC dX
i N+(a_a_N_TN)E+<b_a_X_TX>%_O’ 21)
dll oC dN oC dX
o X+(a_a_N_TN)%+(b_a_x_”(>%_0' (22)

5.0.1 Profit-maximising price a

By using (9), equation (21) can be rewritten to characterize the optimal access
price a as
z9 + FE.n a

aC aC B
a_a_N_TN+(b_8_X_TX>m_eN’ (23)

12



where €y is the “price-elasticity” of number of users IV with respect to the access

price a (i.e. the price-elasticity of the demand for connection)

en = (%%) . (24)

Observe that (23) is nothing but a “standard” Lerner formula.

To see that, it may be useful to consider the case without taxes and exter-
nalities. In this case the equation (23) that characterizes the profit maximizing
price a simplifies to

a— 35+ (0 )z, _ 1

- —. (25)
a EN

While connection is priced at a, the marginal cost of an additional connection to
the provider (OC/ON) is compensated by benefits derived from the consump-
tion xg,, of the additional (marginal) consumer. It is “as if” the firm were

contemplating a “virtual cost” of connection

oC oC
oy~ (- ) oo (26)

which is lower than the marginal cost of connection (9C/IN). Indeed, when
there are no externalities, it can be shown easily that b > (9C/0X) . Thus when
a two part pricing scheme is used, the access price a should be lower than what
a bold (but erroneous) application of the Lerner principle would predict.

In the presence of taxes, the firm bases its decisions on prices net of taxes;
and in presence of externalities the connection of an additional consumer also
impacts on the behaviour of other consumers, so this “virtual cost” contem-
plated by the firm is somewhat more complex than (26). However both (23)
and (25) have the very same interpretation. Indeed, equation (9) makes it clear
that the ratio (zg,, + Fxn) /(1 — E,x) that appears in (23) is nothing but the
marginal change in demand that result from extending access to an additional

consumer,i.e:

:I?gm—FExN_ d_X dN
1—-FE.x '

“\da' da

13



In other words, (23) may be rewritten as

a—CN’N i

a EN
where the “virtual cost” of connection Cy is defined by

~ oC

O¥ =N

N ox ' Y)T1-E.x

5.0.2 Profit-maximising price b

In the same manner as a change in a impacts on the (aggregate) quantity of
services X sold by the firm, a variation in b impacts on the desirability of
connection, hence on the number of consumers N who actually get access to
services. A simple rewriting of (22) yields to a modified or “virtual” marginal

cost of services that writes

~ oC oC dN dX
Ox=3x +7x— {“— (W“Nﬂ (%%) (28)

that enters into a “standard” Lerner formula

b—Cx 1
= (29)

where ex is the standard price elasticity:

om (Y, 0

The interpretation of 29 strictly parallels the interpretation given above with
reference to connections. However, while the impact of an additional connection
on total consumption is relativily easy to determine, the impact of an increase
in total consumption on the number of consumers is less easy to evaluate. In-
deed, while (% %) admits an explicit formulation, there is no closed form for
(LY /2X) . So the formulae (28) and (29) are rather provided to illustrate the

mechanisms at hand (and enhance their similarity) than for actual use. Thus

we now turn to a more convenient formulation of the optimal pricing rule, which

14



holds true when the price a is set to its profit-maximizing level (23), i.e. when
both prices a and b can be used as instruments by the monopolist.
Building on the analysis of consumer behaviour conducted above, in partic-

ular on equation (13), we rewrite now the FOC (22) as
oC 19X
= X - — — -
0 +<b ax TX) (1—sz 6b>

ac aC @, + Eon |\ AN
*(“WW*@WTX) (ﬁ)) » BY

If the price a is set to its profit-maximizing level (23), the later equation boils

down to:

aC 18X dN ,dN
0—“(””&) (71_%%) N(% %)-

Plugging into this equation the expression (51) derived in appendix, one gets:

b—aX l—mgm/f

= — 32
7 = (32)
where T = X/N is average consumption,
~ 9C oS, 9S8,
CX_&'_X+TX_N<6_X_8_X (33)
is an alternative definition of virtual cost and
b dX/ob
=2 0X/0%b (34)

X 1- B,y

is the price elasticity of infra-marginal consumers when the changes induced by
a variation in the number of consumers N are ignored (or cannot be accounted
for).

Note that, despite its seeming complexity, the elasticity €x appears to be
much simpler to estimate than the standard price elasticity ex since it can be

based on data streaming from the sole actual consumers.

15



The Lerner formula (32) merits a few comments. First the “apparent elas-
ticity” that is considered, namely €x/ (1 — zy, /T), is always larger? than €x,
whatever the nature of the externalities. Second, everything happens as if the
firm where contemplating a virtual marginal cost C 'x. If there are no taxes and
furthermore either (i) there are no externalities or (ii) economic agents bear the
cost / enjoy the benefit of the externalities that derive from X whether they
are connected or not, this virtual marginal cost C 'x is exactly identical to plain
marginal cost (0C/0X). If instead the externality that derive from X only ac-
crues to those who have access, then the virtual marginal cost may be lower
or higher than (0C/0X) depending on the sign of (BS; /0X ) . Interestingly,
this result contrasts with those obtained for the virtual cost to be considered
when pricing access. In the absence of externalities, C v is indeed always strictly
smaller than (0C/IN) . However, the elasticity ey was not corrected in the for-
mula that defines the profit-maximising price a. As a result, in the absence of
externalities, both the access price a and the marginal price b should be lower
than what would predict the bold (and erroneous) application of the standard

Lerner formula.

6 Socially Optimum Prices

We now turn to the second-best solution which consists in maximizing Wy sub-
ject to the operator break even constraint II > 0. Let £ be the Lagrangean

expression associated with this problem while A is the multiplier of the break-

2However, the more heterogeneous the population, the smaller the correction. In a very
heterogeneous population, the consumption of the marginal consumer as compared to the
total (average) consumption is indeed negligible.

16



even constraint. We obtain the following first-order conditions:

3,6 +o0 _859 dX 059 AN
% = ) _W%*W%ﬂezem}gwm

[ dN OC\ dX]
‘|‘(1+>\) N+(a—TN—C)%+<b—TX—6—X)E (35)

0 [ [asdX 0% dy
o L0X db

L N g (a,b) 19>0m} g9(0)de

[ dN OC\ dX |
+(1+>\) X"‘(G—TN—C)%"‘(b—TX—a—X)% (36)

To rearrange and interpret these conditions, we make use of the notations
introduced in (17), (19), (24), (28), (30), as well as in (34), and build on previous
results, in particular equations (9) and (13). This allows us to obtain for the

socially optimal price a the following characterization (See Appendix 9.3):

E, 1 E,
a—(c+TN)+<b—TX _ @> Zop TEon __A_a [EN+EX (W—Nﬂ

0X) 1—FE,x 1+Xey 1+ 1— F,x
(37)
or
~ A a 1 Ty, + FE.N
— On = L En + Ey [ Z0m T 22N 38
R A P 1+)\{ N X< 1— Eox )] (38)

Similarily, the optimal price b should obey the equation

- a b1 AN dX
b Oy =22 Ex +Ey (/220 39
X T Tiaex 1+/\[ X N(db/dbﬂ (39)

As for the equation (29) that defines the profit-maximising price b, this formula-
tion, although usefull to highlight the mechanisms at hand, have the drawback
to rest on the ratio (% %) which is a priori difficult to estimate . However,
if a is indeed an instrument, so equation (37) holds true, the latter expression
can be rewritten as (See Appendix 9.3)
n _

b_<g_§ +TX>+1iAEX+1iAN (aab;? N aai? ) - 1i>\ (1 - ;j]\f) %

(40)

or

~ A o, \ b 1 8Sy  aSy
b_CX_lJr)\(l_X/N)e/;?_lJr/\{EX_N<8X_6'X - 4D

17



In what follows we will use a star to denote the second-best solution derived

in this section: (a*,b*).
7 Decentralization and global price-cap

So far we have concentrated on the pricing policy that would be chosen by
a welfare maximizing (and well-informed) regulator. Let us now examine how
this solution can be decentralized through a regulatory policy when the regulator
faces a profit-maximizing provider. In other words, we study how the socially
optimal prices (a,b) as defined by (37) and (39) can be achieved as a solution
to the provider’s profit maximization problem. It is plain that in the absence
of regulation, the (monopoly) operator will generally not choose the socially
optimal policy.®> Some regulatory intervention is thus necessary to achieve the
optimal outcome. The question is then, how “tight” this regulation has to
be. Specifically, is it necessary to regulate every single price, or is some more
“global” regulation sufficient?

To address these questions, we study the problem of a firm which is subject
to a global price cap, i.e., a constraint imposing an upper limit on the weighted
average of its prices. Throughout the section we consider price cap formulae
under which the weights (of the different prices) are exogenous for the provider.

Let the provider maximize its profits as defined in (20) subject to the global

price-cap constraint given by
aa+ b <p+ N +9X, (42)

where a and § are the weights of goods access and service, respectively.

Let £ be the Lagrangean expression of the provider’s problem while y is the

3Except of course when the maximum achievable profit is equal to zero. In that case, the
budget constraint can only be met if profit is maximized. Profit maximization and welfare
maximization subject to a break even constraint then yield the same result.

18



multiplier of the constraint (42). The first-order conditions are given by:

oL oC dN oC dX
Da N+<CLWTN+MD)%+<Z7 aXTXJrM//)_I(‘@a)

oL oC dN oC dX
5 X+<a—a—N— N"‘M‘P) b <b—a—X—TX+M¢> — fBh)

Equation (43) rewrites simply as (See appendix 9.4) :

a—éN:(l—’u%>%_'u< ey m“rEEzN).

Again, if a is endogenous (can be chosen by the firm) so that it obeys (45),

(45)

equation (44) rewrites (See appendix 9.4)
e oSy 0S,
b_(aX+TX)+“¢+N(1_ )(ax‘ax)
_ B ﬁ (1= na/NY\ g, i
= (k) - (i) 3w & (40)

The decentralization of the second-best solution requires that the solution

(a,b) defined by (45) and (46) solves (35)—(36) for the appropriate value of .
Comparing (38) and (41), the expressions determining the second-best solution

o (45) and (46), we show that this is the case when

1
- 4
and
a = N(ab), B=X(a"b),
¢ = En, v¢=EFEx. (48)

In words, the appropriate weights are simply equal to the aggregate demand
levels at the second-best solution. Once these weights are determined, one
can set p such that profits goes to zero. One readily verifies that (47) is then

automatically also satisfied.
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9 Appendix

9.1 First-Best Allocation

The welfare function writes

Om +oo
le/ Sg(O,X,N)g(G)d0+/ So (e, X, N)g(0)do —C (X,N).
0 O
Differentiate with respect to ,, :

dWy
db,,

= [S,, (0,X,N)—Sq,, (xg,,, X, N)| g ()

oC dX oC dN

}g(mde ——————

N /+°° 8Sy dX  8Sy AN
0 8X db,, ON db,,

X d0.,. | oN o,

= [Sem(vaaN)_SGm(mevxaN)]g(em)
aC\ dX aC\ dN

# (2 g )i+ (5~ o)

oC

= g(9m){[59m (0, X,N) - Sq,, (zg,,,X,N)] — KEX = —) zg,, + (EN—

0X
From the first FOC (16a), we know that b = 0C/0X — Ex, hence

W,
0.,

oC
= —g (Hm) |:Sem (SCgm,X, N) — ng (O,X,N) — b:L’gm + <EN — W):|

and since the marginal consumer is such that Sy  (zg, , X, N) — (a+bxy,,) =

m m

Sp,, (0,X,N), one gets the FOC :

m

9.2 Relationship between changes in N that follow from
changes in prices

By differentiating with respect to a equation (3) that defines the marginal type

01, it follows that

88y dwg,,  0Sy dX  9Sy dN N 8Sy dm Lo,
Oox da 0X da ON da 00 da da
0S5, dX 0S, dN 0S5, db,,

9X da T ON da " 90 da
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where S stands for Sy, (xg,,,X,N), i.e. the surplus function of the mar-
ginal consumer who actually gets access to the service, while S, stands for
Sp,. (0, X, N), i.e. the surplus of the marginal consumer who actually opts for

not accessing the service.? By the envelope theorem, this boils down to:

=1. (49)

ON ON

05, 95, \dX (0S] 05,\dN (05 05, dby
X 0X

da da 00 00 ) da

Similarily, differentiating with respect to b equation (3) gives

077L
dr db oX db ' ON db ' 00 db db
08y dX N 98y dN N 88y do,,
0X db " ON db ' 00 db

dSy dxg,  9S; dX 9SS dN  0S; db., (x L pde )
Do Tm (g 4 pZlm

hence
89Sy  9Sy\dX  (98Sy 39Sy \dN (9SS ISy \ dbm _
oxX  ox ) b ON  ON ) db 90 00 ) ap o
(50)

From (6) and (9), equation (49) rewrites:

{xgm + Eun (as; 059> . <059+ asa> 1 <059+ asaﬂ N _

1—E,x \0X 0X ON ON ) g\ 00 00 )| da —

From (11) and (13) ,equation (49) rewrites:

Zo

(asg 659> 10X
1—

" X 90X Eyx Ob
g, + Eon (0S5 0S5 89Sy 9S;\ 1 [(38S5 9S;\]dN
1-FE,x \0X 0X ON  ON g(0n)\ 00 00 )| db
hence
dN ,dN Sy 98, 10X
—_——— =Xy, — - ar (51)
db ' da 0X 090X ) |1-E,x 0b

4Remind that the marginal consumer is precisely indifferent between accessing or not so
that the values of both functions are equals. Of course, the differentials generally differ.
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9.3 Second best
9.3.1 Computation of equations (37) — (38)

Making use of equation (9) and of notations (17) and (19), the FOC condition

(35) yields directly

E, dN
AN = (EN_FEXM) o

oC E, dN
_+(1+)\)|:(a_7-N_C)+<b_7-X_ )M}
1 - E,x

With the elasticity ey defined in (24) ,this rewrites (37). Equation (38) is ob-
tained by plugging the definition of the virtual connection cost introduced in

(27).
9.3.2 Computation of equations (40) — (41)

Making use of equation (13) and of notations (17) and (19), the FOC condition

(36) writes directly

aC 1 10X
A= (HA)Kb_TX_a_X)*HAEX}1—sz%
2o, + Eon') AN
+<EN+EX |~ oy > 7
oC zp,, + Ezn dN

From (35) we know that:

E, dN
—)\N:<EN+EXW—N) =

0C\ zg,, + Exn | AN
1 Fox d—a-&-(l—i-)\)[(a—ﬁv—c)—i-(b—rx— )—}

0X) 1-E,x

hence condition (36) rewrites

xx_(1+m[(b¢xac>4 ! E] 1 ox AN(dN MV).

X ) "1+ XN M T—Ex o 7 \db/ da

By using (51) ,one gets

oC 1 10X
x = 0| (b5 ) T TR
10X

oSy 08y
MVC””<6§6§)
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With the price elasticity of infra-marginal consumers €x defined in (34) this
rewrites (40) . Equation (41) is obtained by plugging the definition of the virtual

marginal cost introduced in (33).

9.4 Regulation and Global Price Cap
9.4.1 Computation of equation (45)

By using (9), equation (43) rewrites directly as:

—N+pup [a— (90+¢7$9’" +EIN) ﬂ} = [a— @ — TN + (b— @ —Tx) Lom T BN +EmN] ﬂ

1-FE,.x da ON 0X 1-FE,.x da’
(52)
It follows that
oC oC xg,, + Een a\ a xg,, + Exn
aa_NTN+(ba_X X) 1—FE,y _(1 “N) N “(‘pﬂb 1—FE,y )

With the definition (27) of the virtual connection cost Ci, one gets directly
(45).

9.4.2 Computation of equation (46)

Plugging (13) and (51) into (44) gives

oC 1 08X
0 = X_“B‘L(b_a_X_TXJ“W) (m%)

g, + ExN:| dN

1_ECEX db

a8 ot (6-2C + b
@TN T TNTHY ox X TH db

el 1 oX
= X—W*(b—a—x”ﬂw) (m%)

x‘gnz + E$N:|

ocC oC
tla—s=—Tntpp+ (b— 5% —7Tx +u 1 Eox

ON 0X
5 as;  aS, 1 9X|\adN
T m\0X T 90X ) |T-FEux b | ) da”
Now from (52), the later expression rewrites
B a\ Ty
= x|(1-p2) - (1-p2) Lm
0 [( Fx ( ’“‘N) X/N

aC ay (0S5 aS, 10X
*(bﬁ”www(l“ﬁ)(axe)x» [—Eox 0b
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that gives directly (46).
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