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I- Introduction'

e The elementary model:

Y random variable valued in [0, ¢]

Y1, ..., Yp iid sample of ¥ Question : Estimation of ¢ 7

A

density of Y

yl yn y2

Sample
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What is the maximum possible value for Y7
Identical theory for the minimum.

Important hypothesis: we assume that ¢ bounded exists.
e Numerous applications
finance
insurance
efficiency in production theory

e Standard question in statistics: many books and papers on that field (e.g. de

Haan and Ferreira, Extreme Value Theory. Springer 2006).

e Three solutions to this problem
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i) : maximum likelihood estimation Well established theory of the property of the

maximuin.

Intuition about the speed of convergence of max(y;) to ¢

A A

Density of ¥

v
v

7 4
Fast speed convergence Slow speed convergence

Depends on the shape of the density at the boundary (intuition: the number of

derivatives equal to 0 at ¢).
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ii) max(y;) + something depending on the shape of the density closed to the
extreme value.

Better small sample properties
Correction of the asymptotic bias
extrapolation "out of the sample".

Main question: Extreme sensitivity to outliers!!!
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Common practice : elimination of a part of the observations before the estimation of

the maximum (errors on the data, heterogenous observations...)
iii) We propose two solutions to address this question:

e (Quantile estimation

— _ ~ _
—~ —~—

a % sample l-a % sample

@, : estimator
(or ¢,+ correction term)

Idea : select &« — 1 where n — oo at a correct speed in order to be robust, consistent
and to preserve simple asymptotic properties (asymptotic normality instead of

complex extreme value distribution).

- /
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e m extreme value estimation:
— drawing of subsamples of size m of the sample

— computation of the mean of the maxima of these subsamples.

Same analysis but m — oo with n — oo. Convergence to the true extreme, robust to

outliers and good asymptotic properties.

(original paper : Cazals, Florens and Simar (2002)).
e A more general presentation in the paper: conditional analysis:
(Y, X))
=~
Explanatory variables
Extreme of Y conditional on X < x : ¢(x) function

Frontier of the joint distribution.

- /
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o(x)
/’: ) iid sample

° i ) ° ° —
° o ° L 4./
. ..° i IR * . > Support of (X,Y)
o ©® ° ’ * ¢ * J

Important application: Production theory
X: outputs € R’
Y: input
e the objective is to estimate non parametrically a function ¢(z) : R? — R
Theory of regularized estimation: ¢, (z) or ¢,,(x)
(ov and m are regularization parameters)

The true function ¢ is assumed to have some regularity property characterized by a

regularity index function p(x).

10
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11 - Deﬁnitions'

— Probabilistic definitions: (X,Y) random element of RP x RY >0 X >0
joint c.d.f

F(x,y) = Proba (X <z,Y <y)
Fx(z) = marginal c.d.f. = Proba(X < z)
F(ylr) = Proba (Y <y|X <z)
_ Flz,y)
FX <.CE)

e Conditional extreme value function (frontier)

p(r) = sup{y > 0/F(y|z) < 1}

11
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e « quantile function:
palz) =inf{y = 0/F(y|z) > o}

a—1 ()= pi(x) =p(x)
— m-frontier:
o) = [ (1= (Fl)y

Yy, ..., Y,, m sample conditional on X < z c.d.f. of max(fﬁ, ey ffm)

Mean of max = integral of the survivor function 1 — F'(.|z)™

N

F(.|z)™
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S e
—— F(y|x)"
/ | I=F(ylx)
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Plug in estimators:

distribution.

N

Fo(x,y

— Estimation: (z;,y;)i = 1,...,n iid sample

171,
= — Iz; < x,y; <
)=—D Mz <y <y)

1=1

FXn<x)7Fn(y‘x)

= sup{y > 0|F,(y|z) < 1}
= sup{y > 0|F,(y|r) > a}

. Amu—ﬁumwmmy

Om may be equivalently computed by resampling in the conditional empirical

14
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IIT - Regularity Scale for F'(.|x)

— The general C scale:

p(x) : R” — R index function

Fylr) € C; if

1—F —
e 1= Flp(n) — uzl)

— P
ulo 1 — F(p(x) — ulz)

o Vi F(a)(1 — Fylz)) = Lu(elz) — )(olx) — )"
where L,(p(x) —y) € C;

— A particular subclass: C,

Vo Li(p(r) —y) = ()

15
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<~

y closed to ¢(x)

Filo)  =1- 505
Fulx <o) = S

(p(z) — )

(p(z) —y) !

The index function measures the smoothness at the boundary.

16
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e Examples

— Uniform: (X,Y) are uniformly distributed on {(x,y) |0 <y < x < 1}:
pr=2and {, =1

— Cobb Douglass: Y = X2 exp(—U) with U ~ Expo(A = 3) and X ~ U(0, 1):

[p(2)]?

— See below why p, = 2 in these examples, ...

2
z

pe =2 and L,(z) =

[3@(3}) ] Vz>0 Yz €0,1]
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IV - Asymptotic theoryl

— Non regularized conditional extreme value estimation:

o If F(y|lz) € C; b, such that

b (p(x) — p(x)) = Weibull (1, p(x))
by = p(x) — 11 __(x) spacing

e A more explicit result:
If F(y|lx) € C, wherep(z) > p

¢(.) differentiable and strictly monotone increasing

-
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Then:
i) flz,y) = LAp(x) =y} +0((p(z) —y)*)
i) B, = p(a) — (p+1) > -1

(nlx) 771 (p(7) — Hz)) == Weibull (1, 8, +p + 1)

Conditioning increases the smoothness at the boundary.

19
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— Behavior of regularized conditional extreme values estimation with

fixed regularization parameters (a and m).

Two stochastic process convergence (w.r.t. z):

VI(@al.) = wal)) = N(O,T)
V(om() —em(.)) = N(0,Q)

gaussian processes

m estimation: Cazals, Florens and Simar (2002)

« estimation: Daouia, Florens and Simar (2008)

20
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— Behavior of regularized conditional extreme values estimation with fast

varying regularization parameter.
If a —1orm — oo "very fast":
Po(x) and @,,(x) have the same behavior as ¢(z) (see Aragon, Daouia, Thomas

(2005) and Cazals, Florens and Simar (2002)

— Main interesting results: behavior of the regularized conditional extreme

values estimation with slow varying regularization parameter.

21
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e « quantile
If F(y|z) € Cpmy and if k,,(x) satisfies
— k() — o0

o

Then, Vz:

— 1 — _kn—1
Sequence an(x) =1 nﬁx(l‘)

an(z) — 1 such that n(1 — «a,) — oo

N

22
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Bias corrected a quantile estimation:

1
Do, (T) = ¢ _1 () 4+ — c 1 = 4 (
Pan (T) 901_ by — 1 (z) L ]‘7"@ 1 @1_ 2]‘/‘7"@ 1 (2)
nFx(z) nFx(x) nk,(x)

Asymptotically normal without bias

Very powerfull for computation of confidence intervals and tests.

23
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e m-estimation
If F(.]x) € C, and if m,,(z) satisfies

i) my(r) — o0

ii) % — 00 then, Vz,
\/ﬁ A 1 mn(:;:)—i—l
= (Pt ) = @)+ ale) | 5
()7 (2

= N(0,0%(2))
a(x) and o?(z) depend on £(x), p(z) and Fx(x).
— Two questions:
— optimal choice of k,(x) and m,(x) if ¢(z) and p(x) are given.

— estimation of ¢(z) and p(z).

24
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V - A decision theoretic framework'

for the choice of the regularization parameter. Rates of convergence

The choice of v or m is view as a decision based on the minimisation of a risk

function

Usual choice of risk function in non parametric statistic: the mean square error
which leads to balance the bias square and the variance. Not adapted to extreme

value estimation.
Proposed risk function: biais -+ robustness
Bias p(x) — pa(z) a quantile estimation o(x) — @m(x) m estimation

Robustness @, (x) = To(F(.|z)) = [F(.|2)] 7' (1 — )

25
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['(.|z) the empirical conditional c.d.f

Gs(.|z) empirical conditional c.d.f where the maximum of the y; such that 2; < x is
perturbated by the addition of 4.

T}, p(jx)() Frechet derivative of T, at F'.

Robutness:

{% [ o (Gl J2) = F("x))”

measurement of the sensitivity of the estimation to an infinitisimal perturbation of

6=0

the maximum.

-
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Identical for the m-estimation.

(@) = R (F(2)) = / 11— Plyla)™dy

0 T ; Z
%E m,F(.Ix)(G‘S('m) B F(’x»} |l5=0

— The optimal a or m are theoretic (depending on the unknown F(.|x)) but may

be estimated (plug in method).

27
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— Main questions: what are the rate of convergence of a and m selected by the
risk minimization? Do this rate satisfied the asymptotic normality condition?

What the deduced rates of convergence?

— Solution for the o quantile:

kn(x) ~ In[nFx(x)] ~ In(n,)

n, number of observations such that z; < x.

_1
Px

N

Rate: ¢, () converges to p(x) at the rate nr%w(ln n)

28
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e Solution for the m estimation:

p(z)+1
My, (gg) ~ C(gj)n p(z)+2

2
Rate nr(@)+2

Regularized estimation have a better rate as the conditional maximum if

p(x) > 2. (rata of the maximum: nﬁ)
Recall p(x) = B(x) + D 1
~ ~~

regularity of the joint dimension ofx

distribution

29
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Estimation of the Regularity index pxI

e Pickands estimate

— Pickands type estimator (needs large sample sizes n):

- os (1) — @ ()
b = log2 | log — X _ nix(@)
@1 k1 (x) — P 2k ()

— Property: Under regularity conditions and if F(- | x) € C,

VEka(pe = pa) == N(0,0%(p.)),

where 02(p,) is given and k,, — oo at an appropriate rate (see DFS (2008b) for
details.

e Bias corrected estimator of the frontier

As above by plugging p, in the formula: the expression of the asymptotic variance
has to be changed (see DF'S, 2008b, for details).

-
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e Uniform

Examples I
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Figure 1: Uniform case with one outlier, n = 1000:

left panel p, = 2 is known
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e Cobb Douglas

Examples I

and right panel, p, 15 used.
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Figure 2: Cobb Douglas case with one outlier, n = 1000: left panel p, = 2 is known
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Examples I

e Uniform and Cobb Douglas, p, unknwon and n = 5000

Cobb Douglas case.
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Examples I

e French Post Data: p, = 2 known

!

!

!

!

!

deleted.

N

x 10* x 10
3r 3r
Data points Data points
FDH frontier FDH frontier
25| = = tideq 25|| = - e
Biased cpu" Biased (pmr1
2t . 2t
. I \
R
_ h -
1.5} ’ ; r— 15¢
N 1= e
N Rt =
1r ——— 1r
05r 0.5F
0 1 1 1 1 1 1 1 1 O 1
0 500 1000 1500 2000 2500 3000 3500 4000 0 500

1000 1500 2000 2500 3000 3500 4000

Figure 4: Post data: p, = 2, left panel all the data, right panel 2 potential outliers
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e French Post Data: p, unknown
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Conclusions I

e Theory of robust estimation of conditional extreme value.

e Many applications in production efficiency theory
— Postal delivery or sorting offices
— Hospitals

— University ranking

e Main theoretical questions

— Improvement of the regularity index estimation use of the regularity of ¢(x)

and p(x) as functions of x
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