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Abstract

High quality search results have the potential to eat into a search engine’s profits. However
few people would use a lousy search engine. While there is clearly a tradeoff governing a search
engine’s quality choice, it is far from straightforward. A search engine must attract users, direct
them to relevant websites, some of which are paid ads and some of which are not, while creating
conditions that are profitable for the former.

This paper examines this tradeoff. It shows that the quality choice is closely tied with users’
post-search interaction with advertisers. Quality serves as a demand booster for users, causing
them to tolerate a search engine on which advertisers do not offer the lowest possible prices. It
argues, however, that websites that do not pay to appear still have an incentive to compete in
the same market as advertisers, and shows that if this is the case, then adding quality reduces
the prices advertisers will in fact charge. Thus, even if quality were free to produce, in order
to allow advertisers to charge a positive markup, the search engine must set quality below the
highest possible level.
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The goals of the advertising business model do not always correspond to providing quality
search to users. [...] we expect that advertising funded search engines will be inherently
biased towards the advertisers and away from the needs of the consumers.

– Sergey Brin and Larry Page (1998), founders of Google, before Google was advertising funded

1 Introduction

Google’s founders seem to believe that they face mixed motives. As Page and Brin suggest, there

are costs and benefits to a search engine of showing users the best possible search results. However,

precisely what these are is by no means obvious. This paper explores the way a search engine’s

choice of quality fits in with its incentives to maximize profits.

Search engines allow web users to enter a “search term” or “query” and, in response, display a

“results page”. A potential conflict of interest facing a search engine arises from the combination

of two types of results that are displayed. One type are those typically found on the left side of

the results page. These “organic” or “unpaid” results are links to other websites that the search

engine selects using a complicated set of criteria, which I refer to as its “algorithm”. The other

type of result, typically found on the right side, are paid advertisements, linking to websites that

have offered to pay the search engine in order to appear when a user enters a particular term. Each

time a user clicks on a right side link, the search engine receives a payment; when a user clicks on

a left side link, the search engine receives nothing.

In light of this arrangement and for a broad set of other reasons, it is important to understand

the forces determining whether a search engine chooses to provide users with high quality results.

The vast majority of Internet users rely on search engines to get information, which can be on any

topic imaginable. A dominant search engine is thus in a position to wield a great deal of influence.

This position is made particularly strong by at least two factors. First, a search engine projects a

rather false sense of objectivity. By primarily pointing to other websites, rather than providing its

own content, a search engine may not seem explicitly to express opinion or bias, but the selection

of results can implicitly incorporate such leanings.

Second, as search engines get more sophisticated, variation in their results gets harder to track

and to interpret in a systematic way. Since many factors, such as a user’s location and recent search

history affect which results are displayed, there is often some variation in the results that appear

for searches for the same term, performed under nearly identical conditions. Thus, were a search
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engine to vary results in some way that was somehow “manipulative”, there would be no clear way

to distinguish this from ordinary, prima facia helpful variation.

Given a search engine’s potential to be both influential and opaque,1 the theoretical framework

of this paper helps to clarify the forces driving the choice of search quality it provides to users. In

particular, the model illustrates the way that these forces relate to search advertisement. It does

so by developing, sequentially, three versions of the model. The first version (section 2), ignores

the issue of search quality and focuses on the search engine’s particular structure as a platform

connecting users and advertisers for a good that is pre-specified via users’ queries. The subsequent

two versions of the model add to this structure a quality decision for the search engine.

The tradeoff determining this quality choice takes two different forms in the following two

versions of the model. In the second version of the model (section 3), the search engine’s quality

decision is very straightforward. In order to provide users with high search quality, the search

engine must make a costly investment. This version of the model ignores a form of interaction

that I argue is likely to occur between high quality organic results and advertisement. The third

and final version of the model (section 4) takes this interaction into account. This version of the

model considers the fact that relevant websites appearing among the organic links have incentive

to participate in the same market as paying advertisers.

Together, these two versions of the model show that the search engine’s incentives depend

greatly on whether this interaction occurs. In the absence of this interaction, providing users with

high quality allows the search engine to charge advertisers more by attracting more users. In this

case, when users benefit from high quality search results they typically also face advertisers who

charge high prices for their goods. By contrast, when this interaction between the left side and the

right side is significant, high quality search results typically go hand in hand with low prices for

advertised goods.

This result appears to be of significance to the intensifying regulatory concern over search

engines, particularly regarding Google’s increasing dominance. Section 4 considers this result in

the context of the Google/DoubleClick merger. Significantly, it shows that when one takes into

account the incentives for a search engine to adjust quality endogenously, an important aspect of

the debate may be reversed. Finally, section 5 reviews related literature and section 6 concludes.
1For a wide-ranging, fascinating discussion of these issues, see the book, The Search by John Battelle (2005) as

well his “searchblog”, at www.battellemedia.com.
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2 Baseline Case

I begin by considering the simplest case in order to illustrate the overarching problem the search

engine faces. Search engines are platforms that make money by charging websites in exchange for

connecting them with web surfers. At the same time, its service to users is two-fold: by showing

to them a set of websites, as a function of their query,2 a search engine not only points to a set

of potential trading partners, it also allows users to learn a great deal about the subject of their

query terms. The model in this section captures these key characteristics.

Two features of the model are of particular note. First, the search engine has very precise control

over how many merchants users can interact with. This represents the idea that, in choosing the

links to be shown as well style and format of the results page, the search engine has significant

influence over the degree of market power held by individual websites.3

Second, users learn their valuation for the good only after they have searched and incurred a

“query cost”. This reflects the fact that, by searching for an item and looking at the results, a

user can “get up to speed” about the item and figure out whether or not it is of interest. In the

model, query costs vary from one user to another. This can be interpreted in two ways: it can be

thought to reflect the fact that different people are more or less skilled at using a search engine.

Alternatively, it can be seen to capture the fact that people search for goods in varying degrees of

ignorance as to what the goods are, and that when one is more ignorant about a particular good,

searching for it (and deciding how much its worth) requires more effort.

In this section, I take users’ query costs to be exogenously given. In sections 3 and 4, which

analyze the search engine’s incentive to provide left side, or organic search results, query costs are

endogenous.

2.1 A Simple Model

The model has three kinds of players: a “search engine”, an arbitrarily large set of “merchants”,

and a continuum of “users” of mass one. In the game, the search engine sets an advertising fee,

merchants decide whether to advertise and how much of a good to produce, and users decide
2In addition to using the terms in a user’s query, search engines increasingly use additional information, such as

the user’s location and browsing history as the basis for the group of websites that are displayed on the results page.
For more on the search engine’s tradeoff between privacy versus personalization, see Krause & Horvitz (2007).

3This is in contrast with Baye & Morgan’s (2001) model in which Bertrand competition among sellers limits the
precision of the “gatekeeper’s” control.
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whether to search and whether or not to buy the good.

Preferences. Each user i has a privately known “query cost”, θi, which is drawn from a

continuous distribution, with cdf F (·) and pdf f(·), with positive support on the interval [θ, θ̄],

where 0 ≤ θ < θ̄. A user who doesn’t search gets a payoff of zero and, by assumption, is not able

to access any merchants. By searching, user i learns her valuation for the good, vi, which is drawn

from a continuous distribution, with cdf G(·) and pdf g(·), with positive support on the interval

[v, v̄], where 0 ≤ v < v̄. I assume that the two distributions are independent of one another. Letting

ui denote user i’s (risk-neutral) utility function, we can write,

ui =


vi − p− θi, if searches and buys good at price p

−θi, if searches and does not buy good

0, if does not search.

Merchant profits are straightforward. Each merchant either pays a fee, A, to the search engine,

in order to advertise and access users, or doesn’t and gets a payoff of zero. I assume that merchants

produce the good at a common marginal cost, c. So, merchant j who advertises receives profits

(p− c)qj −A.

Here, qj denotes the quantity j sells, and p denotes the price of the good. Advertising merchants

engage in Cournot competition and thus the price of the good is a function of the total quantity

merchants sell.

Search engine profits come exclusively from advertising and are given by

n×A,

where n, the number of merchants who advertise, is determined by a “zero profits” condition.4 A

crucial feature of the model is that, in setting A, the search engine affects not only the number of

advertisers but also the number of users who search. In effect, the search engine is a monopolist in

a particular kind of two-sided market, an issue that I discuss in the next subsection.
4In this regard, the present model builds upon those of “free entry” with fixed costs. See, for instance, Mankiw &

Whinston (1986).
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Timing. The stages of the game are as follows:

1. The search engine sets the advertising fee, A.

2. Merchants choose whether to advertise, and users choose whether to search.

3. Each user who searches learns her valuation for the good, vi.

4. The n merchants who advertise compete à la Cournot, to sell to the users who searched.

5. Users who searched either buy or don’t buy the good from an advertising merchant.

Note that the assumption that merchants compete à la Cournot is not essential to the model. It

is, rather, a convenient way to represent that idea that price decreases as the number of competing

advertisers increases, but, that it does not drop to marginal cost as soon as there are two merchants

as in Bertrand competition.5 The model can be readily written in a more general form in which

one assumes only that price decreases with the number of advertisers. All of the following results

carry through in such a model except for the analytic solution for the equilibrium number of firms.

Also, throughout the rest of the paper, I ignore the constraint the number of firms should be an

integer and instead treat this as a continuous quantity.

2.2 Equilibrium Analysis

I look for pure-strategy Perfect Bayesian Equilibria in which merchants act symmetrically and

assume throughout that the search engine’s problem has a unique, interior solution.6 Define the

function D(·) ≡ 1 − G(·). In the fourth-stage Cournot game, n advertisers face demand given

by mD(·), where m denotes the mass of users who searched. Since m is set in a prior stage, the

equilibrium price of this Cournot game depends only on D(·). Thus, in any equilibrium, the price,

p∗, must satisfy
p∗ − c
p∗

=
1
n

1
εD
,

where εD is the price-elasticity of demand. Let p∗(n) denote the equilibrium price as a function of

the number of advertisers. Then, when n merchants advertise and m users search, each merchant’s
5On this issue, see, in particular, Ellison and Ellison (2007), including the supplemental materials associated with

that article, which discuss this issue and give a different, somewhat richer form of competition that could be used
here to the same effect.

6To avoid distraction, I assume that all players have beliefs that are both correct in equilibrium and consistent with
maximal participation. This eliminates, for instance, the uninteresting equilibrium in which A = 0, no merchants
advertise and no users search.
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profits are equal to
m

n
D(p∗(n))[p∗(n)− c]−A.

A key feature of the model is the search engine’s control over the equilibrium price that emerges

from the merchant competition. In setting the advertising fee, A, the search engine determines both

the number of advertisers, n, and the mass of users, m. Consequently, we can view the search engine

as if were solving a monopoly pricing problem. The following lemma establishes this.

Lemma 1. The problem facing the search engine when choosing its advertising fee, A, can

be expressed as a problem of choosing the equilibrium price, p∗, of the good. This problem can be

written as

max
p
{m(p)D(p)[p− c]} , (1)

where m(p), the mass of users who search is

m(p) = F

(∫ v̄

p
D(p̃) dp̃

)
. (2)

Proof: See Appendix.

Setting the problem up in this way allows us to isolate the key issues facing search engine,

illustrated by proposition 1.

Proposition 1. The equilibrium price of the good, p∗, induced by the search engine, must

satisfy the following dual inverse-elasticity rule:

p∗ − c
p∗

=
1

εm + εD
, (3)

where εm is the elasticity of the mass of users who search with respect to price.

Proof: See Appendix.

This proposition provides the basis for an interesting comparison between a search engine and a

conventional two-sided market. In contrast to the latter, here, just one kind of agent – advertisers –

benefits directly from the presence of more of the other kind of agent. Users benefit only indirectly

from the presence of more merchants, through their effect on the price of the good. Meanwhile,

rather than levying separate charges on both sides of the market, the search engine’s sole instrument

is the advertising fee for merchants.
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In setting this fee, however, the issues the search engine faces include those faced by other

multi-sided platforms. The optimal fee, A∗, reflects merchants’ willingness of merchants to pay,

satisfying

A∗ = − n

dn/dA∗
. (4)

At the same time, by inducing a price for the good that satisfies equation (3), the search engine takes

on the role of attracting users. Since it is costly for users to search, they do so only if the market

price for the good is low enough to compensate for their query cost. Consequently, the search engine

sets an advertising fee that is low enough to attract multiple advertisers. The following corollary

gives the expression for the number of advertisers as a function of the aforementioned elasticities.

Corollary to Proposition 1. As search demand becomes more elastic with respect to purchas-

ing demand, the search engine’s optimal number of advertisers increases. Specifically, this number,

n∗, is given by

n∗ = 1 +
εm
εD
. (5)

Proof: See Appendix.

This corollary reflects the search engine’s use of competition as a way to commit to offering

users a sufficiently low price to justify searching. Note that if the number of users were set first, and

the search engine could choose its advertising fee, afterwards, then the search engine would induce

standard monopoly pricing, satisfying the classical Lerner formula. Here, however, the mass of

demand that is present in the market depends on the expected price. Therefore, the search engine

induces a lower price by allowing for competition among advertisers. The intensity of competition

it induces (i.e. the number of merchants it chooses to let advertise) grows with the sensitivity of

users to price before they search relative to their sensitivity afterwards.

Using expression (2) to calculate εm as well as the definition of εD gives the following expression

for the ratio of these elasticities. Omitting the notationally cumbersome arguments of the functions,

we have,

εm
εD

= − f
F

D2

D′
. (6)

This formula helps convey the intuition for how the ratio of elasticities varies as the distributions

of the users’ private valuations change. This result, on the one hand, confirms the straightforward
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intuition that, from the search engine’s perspective, the optimal level of competition is higher when

new many new users are readily attracted by a small decrease in prices. Of particular note, however,

is the quadratic term in the numerator. This term reflects the fact that the final stage demand,

D(·), plays two roles “in support” of letting in more advertisers.

The first role follows from the standard result that in Cournot competition, if demand is less

elastic a given number of competing firms will set higher prices. The second role D(·) plays is in

the marginal user’s decision whether or not to query. Since her expected utility from searching is

given by the expression,

(E[vi|vi ≥ p]− p) Pr[vi ≥ p] =
∫ v̄

p
D(p̃) dp̃, (7)

ceteris paribus, a higher D(·), evaluated at the candidate price, means that this marginal user’s

expected utility from searching increases faster as competition increases.

2.3 Example with Uniform Distributions

I now give a simple example which allows us to examine closed-form solutions to the game. Assume

that both the users’ query costs and their valuations for the good are uniformly distributed, each

over some non-negative interval: θi ∼ U
[
θ, θ̄
]

and vi ∼ U [v, v̄]. With these assumptions, the game

can readily be solved.

In the final stage, there are n advertisers competing à la Cournot for total demand given by

m ·D(p) = m · v̄ − p
∆v

,

where ∆v ≡ v̄ − v. This implies the inverse-demand function, p(·), is given by

p

qj +
∑
k 6=j

qk

 = v̄ −
∆v
[
qj +

∑
k 6=j qk

]
m

.

Advertisers then solve the problem:

max
qj

qj × [p(qj +
∑
k 6=j

qk)− c]

 .
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This leads to an equilibrium price among advertisers, p∗ad(n), given, as a function of the number of

competitors, by

p∗ad(n) =
v̄ + nc

n+ 1
.

Note that, for a given number of advertisers, n, this price is independent of m, the mass of users

who decide to search. Moreover, note that, as discussed above, this independence does not depend

on the specific demand function used in this example.

At the “entry stage” during which merchants decide whether or not to advertise and users

decide whether or not to search, user i will search if and only if

[E[vi|vi > p]− p]× Pr[vi > p] =
[v̄ − p]2

2∆v
≥ θi.

The mass of users who search is then given by

m(p) = F

(
[v̄ − p]2

2∆v

)
=

[v̄ − p]2

2∆v∆θ
,

where ∆θ ≡ θ̄ − θ.

Rather than performing the remaining calculations demanded by conventional “backward in-

duction”, we can jump directly to the search engine’s pricing problem – to maximize the function

m(p)D(p)(p − c), with respect to p. Plugging in the specific functions m(p) and D(p), the search

engine’s problem writes as

max
p

{
1

2(∆v)2∆θ
× [v̄ − p]3(p− c)

}
.

The solution to this, p∗SE , is

p∗SE =
v̄ + 3c

4
. (8)

Search engine profits are
27/512

(∆v)2∆θ
[v̄ − c]4. (9)

Setting p∗SE = p∗ad(n), we can then back out the optimal number of advertisers for the search engine,

n∗, which is

n∗ = 3. (10)
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Thus we see that for with uniformly distributed valuations and query costs, regardless of the

supported intervals, the optimal number of advertisers is constant. This is of course consistent

with the fact that, with uniform distributions, it is always the case that εm/εD = 2.

3 Endogenous Search Quality

Thus far, users’ query costs have been exogenous; I now drop this assumption. Clearly, the various

characteristics over which the search engine has control, such as the relevance of its results, its

speed and the organization and features of its results page, affect the amount of effort one must

exert and the level of (in)convenience one experiences when searching. In the framework of this

model, it is appropriate, as an approximation, to consider a one-dimensional variable called “search

quality”, which, as it increases, lowers the query cost for each user.

I now add, to the baseline model, the additional decision for the search engine of setting this

search quality variable. Here, I assume the trade-off to be straightforward. On the one hand,

increasing quality reduces the query cost each user incurs if he searches. On the other hand, in

order to increase search quality, the search engine must undertake a costly investment. This costly

investment could be thought to take the form, for instance, of the building of additional data centers

or the employment of additional algorithm designers.

The key lessons of this section are the following. If increasing search quality reduces users’ query

costs in a relatively uniform fashion, then, when a technological improvement causes the search

engine to make a quality improvement, it will, at the same time, have an incentive to increase

in the price of the good. If, on the other hand, an increase in search quality causes a greater

improvement for users with high query costs, then the opposite may hold – when the search engine

increases quality, it will also have an incentive to make the market for the good more competitive.

In other words, in the most straightforward case, where search quality affects users proportionally,

the two are “Edgeworth complements”,7 whereas in the subtler case of disproportionate query cost

reduction, the two can be substitutes. Proposition 2a gives a general result regarding this issue,

and Proposition 2b makes one simplifying assumption in order to give a richer intuition.
7For a detailed discussion of this concept, see Milgrom & Roberts (1995).
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3.1 The Model: Investment in Quality

Technology. The search engine can increase its quality, denoted by s, at a cost, h(s, α), where α

is a cost parameter. I assume ∂h
∂s > 0, ∂2h

∂s2
≥ 0 and ∂2h

∂α∂s > 0.

Preferences. Since increased quality reduces each user’s query cost, we can now express user

i’s utility as,

ui =


vi − p− ϕ(θi, s), if searches and buys good at price p

−ϕ(θi, s), if searches and does not buy good

0, if does not search.

Under this specification, user i’s type is still drawn from an interval [θ, θ̄] with cdf F (·). Now,

however, her query cost also depends negatively on search quality. Thus, we make the following

assumptions on the partial derivatives of ϕ:

∂ϕ

∂θi
> 0 >

∂ϕ

∂s
.

Timing. The timing of the game is essentially the same as in the baseline model. The one

important difference is that here, in the first stage, the search engine selects quality, s. The game

thus proceeds in the following order.

1. The search engine sets the advertising fee, A and the quality, s.

2. Merchants choose whether to advertise, and users choose whether to search.

3. Each user who searches learns her valuation for the good, vi.

4. The n merchants who advertise compete à la Cournot, to sell to the users who searched.

5. Users who searched either buy or don’t buy the good from an advertising merchant.

3.2 Equilibrium Analysis

As in the previous section, the model can most easily be understood by thinking of the search

engine as directly setting the price of the good. Here, in addition to choosing a price, the search

engine must choose an optimal level of search quality. We can thus write its profit maximization
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problem as,

max
s,p
{m(s, p)D(p)[p− c]− h(s, α)} . (11)

This differs from the previous section’s expression for search engine profits, (1), in two ways.

First, the mass of users who search, m, is both a decreasing function of the equilibrium price of

the good and an increasing function of the chosen search quality.8 Second, the search engine incurs

higher costs, given by h, the higher the search quality it sets.

Looking first at the choice of price, it is apparent that the first-order condition of this prob-

lem with respect to p yields a dual inverse-elasticity pricing rule analogous to the one given by

proposition 1,
p∗ − c
p∗

=
1

εm + εD
,

where, now, the price-elasticity of the mass of users involves a partial derivative,

εm ≡ −
∂m(s∗, p∗)

∂p∗
p∗

m(s∗, p∗)
.

Here, as in the previous section, users take into account the expected price of the good when they

decide whether or not to search. As a result, the search engine brings in competing advertisers and

thus induces price that is below the “industry optimum” for a given mass of demand. Meanwhile,

the optimal search quality, s∗, must satisfy the first-order condition,

∂m(s∗, p∗)
∂s∗

D(p∗)[p∗ − c] =
∂h(s∗, α)
∂s∗

. (12)

Expression (12) states that quality’s marginal contribution of to the mass of users, times the profits

per unit of mass must be equal to the marginal cost of producing quality.

A particularly interesting issue arises when the search engine must set both quality and price,

regarding the co-movement of the two. Are price and quality Edgeworth complements, so that,

when the search engine increases quality it will also want to increase the price at which the good

is sold? Proposition 2a characterizes their relationship.

Proposition 2a. Price and quality are Edgeworth complements as long as a change in quality

does not have too great an effect on the price-elasticity of the mass of users. Precisely, s∗ and p∗

8Note that ∂m(s,p)
∂p

> 0 is implied by the assumption that ∂ϕ(θi,s)
∂s

< 0.
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vary in the same direction if and only if

εm > ε ∂m
∂s∗
. (13)

where ε ∂m
∂s∗
≡ − ∂

∂p∗

{
∂m(s∗,p∗)

∂s∗

}
p∗

∂m(s∗,p∗)/∂s∗ .

Proof: See Appendix.

To understand this result, consider first, the case in which price and quality are complements.

Suppose that α decreases, representing a technological improvement in the quality technology. This

induces the search engine to increase its quality, boosting users’ willingness to query. Due to this

increased query demand, the search engine will increase the fee it charges to merchants, causing

fewer to join. Since fewer merchants join, the price of the good increases.

When price and quality are substitutes, the story is only slightly different. Once again, imagine

that α decreases. Then, as before, the search engine increases quality and users’ query demand

increases. Due to the increased query demand, the search engine increases its advertising fee.

However, in spite of the increase fee, because of the increase in users, more merchants pay to

advertise, causing the price to fall.

As it turns out, either of these two scenarios can potentially occur. Which one does depends on

whether condition (13) holds. This above discussion describes the complementary issue in terms of

the function m(·, ·). The next subsection expands on this issue by relating it to the primitives of

the model.

3.3 Interpretation in Terms of Query Costs

In this subsection, I present proposition 2b. This result enhances our intuition for the co-movement

of price and quality by stating the issue in terms of users’ query costs. Recall that a given user i

chooses to search if and only if the expected net utility from potentially buying the good is at least

as great as the user’s query cost, ∫ v̄

p
D(p̃) dp̃ ≥ ϕ(θi, s).

Let us now define the function ϕ−1(·, ·) such that,

ϕ−1

(∫ v̄

p
D(p̃) dp̃, s

)
= θ∗. (14)

13



where θ∗ is the type of the “threshold user” who is indifferent between searching and not searching,

for a given price-quality pair. Note that the assumptions on the query cost function, ϕ(θi, s), imply

that ϕ−1(·, ·) is decreasing in price9 and increasing in quality.

Using this notation, we can write the mass of users, m(s, p) as,

m(s, p) = F

(
ϕ−1

(∫ v̄

p
D(p̃) dp̃, s

))
.

For the rest of this subsection, let us assume that the types are uniformly distributed over some

positive interval: θi ∼ U
[
θ, θ̄
]
. We can then derive the result given by proposition 2b.

Proposition 2b. When user types, θi, are uniformly distributed, price and quality are Edge-

worth complements as long as the effect of a change in quality is not too concentrated on users with

high query costs. Specifically, s∗ and p∗ vary in the same direction if and only if

εϕ−1 + ε ∂ϕ
∂θ∗

< 0, (15)

where εϕ−1 ≡ −∂ϕ−1

∂s
s∗

ϕ−1
(∫ v̄
p∗ D(p̃)dp̃,s∗

) and where ε ∂ϕ
∂θ
≡ − ∂

∂s

{
∂ϕ
θ

}
s∗

∂ϕ(θ∗,s∗)/∂θ .

Proof: See Appendix.

To interpret (15), note that the first term, εϕ−1 is negative, and that the key issue is whether

the second term, ε ∂ϕ
∂θ

, is sufficiently positive. This depends crucially on the cross derivative of the

query cost function,
∂

∂s

{
∂ϕ(θ∗, s∗)

θ

}
=

∂

∂θ

{
∂ϕ(θ∗, s∗)

s

}
. (16)

When (16) is negative, this means that as the type of the “threshold searcher” increases, the

marginal effect on her query cost of a quality increase becomes more important. For price and

quality not to be Edgeworth complements, this term must be sufficiently negative.

In section 2, I suggest that a natural interpretation of users’ types is as a parameter of their

level of expertise at using a search engine. Following this interpretation, we can think of high types

as “novice” searchers. Thus, proposition 2b shows that unless quality changes disproportionately

affect novice users, quality and price are complements.

A Specific Query Cost Function. Here I give an example to elucidate this interpretation.
9To be more precise, ϕ−1(·, ·) is increasing in the first argument,

∫ v̄
p
D(p̃) dp̃, which itself is decreasing in price.
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Let us assume that the query cost function, ϕ(θi, s) is given by

ϕ(θi, s) =
θi − s1−γ

sγ
,

where γ ∈ [0, 1] is an exogenous parameter. Under this specification, for low values of γ, an increase

in search quality, s, brings about a decrease in query costs that is relatively uniform for users of all

types. Meanwhile, for high values of γ, an increase in s causes a decrease in the cost of querying

that is more sizeable for high-type users than for low-type users.

With this particular form of the query cost function, ϕ, we have,

εϕ−1 + ε ∂ϕ
∂θ

=
2γ − 1

s2γ−1
∫ v̄
p D(p̃) dp̃+ 1

. (17)

As the denominator is clearly positive, the sign of this expression depends wholly on whether γ is

greater than or less than 1/2. Thus we see that for values of γ < 1/2 – cases where an increase in

quality has a relatively uniform effect on users’ query costs – a technological improvement (decrease

in α) causes an increase in the price of the good. On the other hand, for γ > 1/2 – cases where an

increase in quality has a more pronounced effect on high-type users – when technology improves,

the price of the good drops.

3.4 Example: Price and Quality Edgeworth Complements

We look at a case where an increase in quality uniformly reduces users’ query costs and thus the

values of the search engine’s optimal price and quality move in the same direction as one another.

Let us assume that both sets of private values are uniformly distributed over the unit interval:

θi ∼ U[0, 1] and v ∼ U[0, 1]. Furthermore, assume that merchants produce the good at zero

marginal cost, so c = 0. For the search engine, let the cost of producing a quality level s be given

by

h = s2/2.

(Here, for simplicity, let us ignore the technology parameter, α.) Finally, let the users’ query cost,

ϕ, be

ϕ(θi, s) = θi − s.
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Note that this corresponds to the extreme case, where γ = 0, of the query costs function

discussed in the previous subsection. Since, in this case, a change in quality affects all users’

query cost in a uniform manner, we are in a setting where quality can be seen as a tool whose

use encourages the search engine to induce a higher price for the good. This aspect can be further

appreciated by examining the search engine’s profit maximization problem, in terms of s and p,

which writes as,

max
s,p

ΠSE =
(
s+

[1− p]2

2

)
︸ ︷︷ ︸

m(s,p)

(1− p)p− s2

2

 . (18)

The solutions to this problem, p∗ and s∗, are given by,

p∗ =
1
3

and s∗ =
2
9
. (19)

For comparison, note that, here, when s = 0, we are in a special case of the example given at the

end of the previous section, where query costs were exogenous and maximization was done only

with respect to price. Recall that in that section, the search engine’s optimal price was given by

v+3c
4 which equals 1/4 under our current assumptions. The price in the exogenous case is less than

the search engine’s optimal price, here, when it can also affect things via changes in quality.

Turning our attention to the number of advertisers, here we have,

n∗ = 2. (20)

It is thus clear that, in this case, the search engine relies less on competing merchants to attract

users than the case of exogenous query costs. Instead, of needing to lure in all searches by the

promise of positive expected utility from the potential purchase of the good, the search engine

effectively is able to “pay” users to search by offering them a more enjoyable search experience.

This ability then makes it optimal for the search engine to make the market for the good less

competitive.

Indeed, under this setup, there is a portion of users (those who’s θi is on the interval
[
0, 2

9

]
)

who, in equilibrium, have negative query costs. In other words, there is a set of users for whom
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search quality is high enough they would query even if, for some reason, they were told in advance

that it would be impossible for them to purchase the good.

4 Competition from the Left Side

In the previous section, I assume that the search engine must spend its own resources in order to

produce “search quality”. In this section, I modify this assumption. Here, I take into account the

fact that a search engine’s “content” largely consists of “organic results” – links to other, freely

available websites. While high quality organic results draw users to the search engine, they also

compete with sponsored links

This type of competition could come directly, from the presence of non-advertising merchants’

links among the organic, “left side” search results. If the unpaid results do link to merchants’

websites, then a user has less incentive to pay attention to or to click on the paid advertisements

on the “right side” of the page. This sort of competition may seem unlikely, on the basis that the

search engine has little incentive to display links to non-paying merchants. Instead of displaying

links to additional merchants, one might expect the search engine to display links to other types of

sites that are more “informational”.

Doing so, however, does not eliminate the issue of competition from the left side, which can

also arise indirectly, via informational websites. In particular, informational sites that are of high

quality, and thus of value to users, need to make money in order to support themselves.10 Thus

they have a strong incentive to market the good themselves, either by selling it directly, or by

placing advertisement links on their own sites to merchants who sell the good.11

To capture this issue, I modify the model to include left side merchants. Instead of supposing
10Indeed, sometimes seemingly independent informational websites are maintained by merchants, in such a way so

as to appear prominently in organic search results and to direct traffic to the merchant’s site. One such example is the
Internet Movie Database (imdb.com). This site, which maintains painstakingly detailed pages of data and reviews
for nearly every movie ever released, often appears near the top of the organic part of search engine results pages
when one enters a given movie title as a query. It is owned by Amazon, and, in addition to providing information
about each movie, it also features a link to buy the movie on DVD (at amazon.com). Since it is not my goal in this
paper to explain organic sites’ existence, in this section, I do not model this issue of investment in informational sites
but rather take it as given that they exist.

11Websites of all descriptions can be found to have some space devoted to advertising, of which two forms are
most prominent: “display” or “banner” and “contextual”. The former typically uses catchy imagery to draw user
attention, while the latter takes a more subtle, text-based form that is similar in appearance to search advertisement.
An interesting exception is Wikipedia, the online, user-generated encyclopedia, which does not show ads. This
section’s model suggests a reason why Wikipedia entries frequently appear at the top of search engines’ organic
results.
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that the search engine must bear explicit costs in order to provide a certain level of search quality,

I suppose that adding quality imposes an implicit cost – the presence of non-paying merchants that

compete in the Cournot game with the advertisers. Under this assumption, the results change in

two ways. First, as shown in proposition 3, left side merchants serve as an additional force driving

down the price of the good that the search engine induces. Second, unlike the case without left

side merchants, quality and price typically are not Edgeworth complements for the search engine.

4.1 The Model: Left Side Merchants

Technology and Preferences. In this version of the model, the users’ preferences remain un-

changed from those described in section 3.1. The explicit cost to the search engine of producing

quality is zero: h = 0. The key assumption of this section is that quality, s, and the number of

“left-side” merchants, who do not pay to advertise vary in the same direction. More precisely, I

suppose that there are l non-advertising merchants who compete in the final stage of the game,

and that this number is a function of the search engine’s quality choice:

l = l(s),

where l′(s) > 0.

I also assume that the set of n merchants who compete in the final stage of the game is composed

of these l merchants as well as r merchants who pay fee A to the search engine in order to advertise

on the right side. Thus we have, as the total number of merchants,

n = l(s) + r.

Timing.

1. The search engine sets the advertising fee, A and the quality, s.

Links to l(s) merchants are placed on the left side.

2. Merchants choose whether to advertise, and users choose whether to search.

3. Each user who searches learns her valuation for the good, vi.

4. The n = l+r merchants who appear compete à la Cournot, to sell to the users who searched.
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5. Users who searched either buy or don’t buy the good from an advertising merchant.

4.2 Equilibrium Analysis

As in the previous sections, I focus on the search engine’s profit maximization problem. One way

to see this problem is with respect to the variables that the search engine chooses directly, search

quality, s, and the advertising fee, A. As such it can be written,

max
A,s

{
r(A, s)

m(s, p)D(p)(p− c)
l(s) + r(A, s)

}
, (21)

where p is a function of the number of merchants on both sides,

p = p(l(s) + r(A, s)).

From (21), we see the search engine’s profits are equal to the number of advertising merchants,

r, multiplied by the rent each individual merchant (of either side) extracts from users in the final

stage.

As before, the problem can be made more palatable by looking at things as though the search

engine were directly maximizing over price. In order to do this, observe that the proportion of total

“industry” profits that the search engine gets are equal to the proportion of total merchants who

pay to advertise. Thus, define the variable ν such that,

ν ≡ l

l + r
.

Since we have assumed that the function l(s) is a one-to-one correspondence, we can define a new

function for the mass of users who search, m̃, where,

m̃ = m̃(l, p) = m̃(νn(p), p).

We are now in a position to rewrite the search engine’s profit maximization program as the

simpler problem,

max
ν,p
{(1− ν)m̃(νn(p), p)D(p)(p− c)} . (22)
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Here the search engine can be seen to jointly select its desired final-stage price, p∗, and its desired

proportion of the rent from the final stage, given by (1− ν∗).

Taking the first-order condition of this profit function with respect to price gives the familiar-

looking equation,
p∗ − c
p∗

=
1

εtotm̃ + εD
. (23)

Note that here, the first term in the denominator, εtotm̃ , is the total price-elasticity of the mass of

users, defined as,

εtotm̃ ≡ −
d [m̃(νn(p∗), p∗)]

dp

p∗

m̃(νn(p∗), p∗)
.

Meanwhile, the first-order condition with respect to ν gives,

m̃(ν∗n(p), p) = (1− ν∗) ∂m̃

∂{νn(p)}
n(p). (24)

Combining (23) and (24), the two first-order conditions, allows us to derive proposition 3, which

illustrates the effect of left side merchants on the price the search engines induces.

Proposition 3. When increasing search quality implies displaying more unpaid, competing

links on the results page, the optimal price-quality combination for the search engine to induce must

satisfy

p∗ − c
p∗

=
1

ν∗

1−ν∗ εn + εm̃ + εD
, (25)

where

εn ≡ −
dn

dp

p∗

n(p∗)
, εm̃ ≡ −

∂m̃

∂p

p∗

m(ν∗n(p∗), p∗)
and εD ≡ −

dD

dp

p∗

D(p∗)
.

Proof: See Appendix.

This pricing formula highlights the “three-sidedness” of the search engine’s problem. Even with

the Web freely available to display, the search engine will optimally exercise restraint in showing

it. In order to maximize profits, the search engine sometimes connects users with a third type of

non-paying agent in order to have a better opportunity to other times connect them with paying

advertisers. In deciding the relative frequency with which it connects users to each type of merchant,

the search engine must take into account the fact that the presence of merchants on the left cuts

into the price that paying advertisers charge users.
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To see this formally, note that in (25), in addition to εm̃ and εD, whose roles here are unchanged

from earlier discussion (see proposition 1), when left side merchants are present, the term εn – the

elasticity of the total number of merchants with respect to price – also affects the search engine’s

optimal price for the good. This is due to the relationship between search quality and, on the

one hand, users’ query costs, and on the other hand, the number of firms on the left side. This

third elasticity is weighted by ν∗

1−ν∗ , reflecting the fact that the solution to the search engine’s

tradeoff between inducing a high markup and reducing user query costs depends on the proportion

of merchants that are on the left side. The next subsection looks in more detail at the relationship

between price and the number of left side merchants.

4.3 Movement of Price and Quality

In the model of section 3, price and quality are Edgeworth complements, so long as changes in

quality do not have too disproportionate an effect on users with high query costs. The addition

of left side merchants to the model pushes price and quality in the direction of being substitutes.

This is shown in proposition 4.

Proposition 4. When there are non-paying left side merchants, price and quality are Edge-

worth complements only when the increase in the number of non-paying merchants caused by an

increase in quality is optimally met by a compensating decrease of greater size in the number of

advertising merchants. This is the case if and only if

εm̃ > ε ∂m̃
∂l

+ ψ, (26)

where ε ∂m̃
∂l
≡ ∂

∂p

{
∂m̃(l∗,p∗)

∂l

}
p∗

∂m̃(l∗,p∗)/∂l and ψ ≡ −n′(p∗)
∂m̃
∂l
p∗

m̃(l∗,p∗) > 0 .

Proof: See appendix.

This expression contains analogues of the two elements that play a role in proposition 2a as

well as an additional term, ψ. This term, in effect, sets the bar higher for price and quality to be

Edgeworth complements. To see why, imagine that there is an exogenous change causing an increase

in the optimal price of the good but not directly affecting the optimal division of merchants between

the left and right side. Due to the increase in price, the total number of merchants decreases. If,

with this decreased number of total merchants, the search engine were to keep the same proportion

on the left, quality would suffer.
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Thus, in order for a quality increase to accompany such a price increase, the search engine must

meet the decrease in total number of merchants with a corresponding increase in the proportion

that are on the left side. Moreover, this increase in the left side proportion must be large enough to

increase the total number non-paying merchants. Expression (26) shows that for this to be optimal

for the search engine, the direct effect of a change in price on the mass of users must be enough

greater than its indirect effect (via changes in the marginal contribution of quality) to offset the

change in total number of merchants brought on by a shift in price.

4.4 Example: Left and Right Side Merchants

Here we look a simple example that isolates the new force in the model of section 4 that pushes

price and quality to be substitutes. Assume that user i ’s valuations for the good, vi, is uniformly

distributed over the interval [0, 1], and her type, θi, is uniformly distributed over the interval [0, θ̄],

where θ̄ > 0 is sufficiently large to give rise to an interior solution.12 Also, let c = 0, and let the

users’ query cost function, ϕ, be given by

ϕ(θi, s) =
θi
sγ
,

where γ ∈ (0, 1) is an exogenous parameter reflecting the rate at which an increase in quality

reduces users’ query costs.

Under these assumptions, the mass of users, m, takes the form,

m(s, p) =
sγ(1− p)2

2θ̄
. (27)

This implies that

εm = ε ∂m
∂s

=
2p∗

1− p∗
. (28)

Thus, if the cost of producing quality were solely explicit – as in section 3 – and there were no left

side merchants, then, this set of assumptions would imply that the optimal price for the search

engine would not be affected by an independent change in the optimal quality. Here, however, I
12The condition for this is θ̄ > γγ(3 + γ)2+γ/32(1 − γ2)γ . If this condition does not hold, the search engine will

induce all users to search.
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assume that the cost of providing quality is implicit. Specifically, let

l(s) = s.

To write the search engine’s maximization problem directly in terms of ν and p, I use the fact

that the outcome of the n-merchant Cournot game entails

p =
1

n+ 1
⇔ n =

1− p
p

.

This gives that the mass of users who search is

m(s, p) = m̃(νn, p) =
(
ν · 1− p

p

)γ (1− p)2

2θ̄
. (29)

Hence, the search engine’s maximization problem can be written as

max
ν,p

{
1
2θ̄

(1− ν)νγ(1− p)3+γp1−γ
}
.13 (30)

Solving this problem, the optimal price to induce, p∗, and the optimal total number of merchants

to allow, n∗, are given, as functions of γ, by

p∗(γ) =
1− γ

4
and n∗(γ) =

3 + γ

1− γ
. (31)

Note that the intensity of competition among merchants that the search engine induces is increasing

in γ. Turning our attention to the choice of search quality, the optimal proportion of merchants

placed on the left side, ν∗, is

ν∗(γ) =
γ

1 + γ
. (32)

13Note that when this problem is written with p and s as the search engine’s decision variables, it becomes

max
p,s

{
1

2θ̄
sγ(

1 − p

p
− s)(1 − p)2p2

}
.

Thus, an exogenous change in γ affects the first-order condition with respect to p only indirectly through its effect
on the optimal value of s.
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Thus, the optimal search quality, s∗, is

s∗(γ) =
γ(3 + γ)
1− γ2

. (33)

Meanwhile, the optimal number of right-side merchants, r∗, is

r∗(γ) =
3 + γ

1− γ2
. (34)

The expression for the search engine’s equilibrium profits, as a function of γ is

γγ(3 + γ)3+γ(1− γ)1−γ

29θ̄(1 + γ)1+γ
. (35)

Figure 1 plots several of these results.

Figure 1: Left: number of advertisers, r∗, and quality, s∗; Right: price, p∗, and search engine profits
(scaled by θ̄).

A striking feature of this example is the responsiveness, in opposite directions, of price and

quality to the parameter γ. For very small values of γ, quality is not very important for users,14

causing the search engine to set it at a low level. As γ approaches 0 from above, so does the number

of left side merchants, and the outcome of the game resembles that of the example of section 2.3,

in which the search engine’s optimal number of merchants is 3. As γ increases, the search engine

places relatively more weight on drawing in users by providing high quality. In order to implement
14An alternative interpretation of γ involves thinking of it as an inverse measure of the rate at which merchants

appear on the left side as quality increases and holding fixed users’ sensitivity to quality. This view is supported by
the fact that when one lets l(s) = s1/γ and ϕ = θi/s, one obtains the same results.
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this quality increase, the search engine increases both the total number of merchants, n∗, and the

proportion of merchants on the left side, ν∗. Thus, we see that in this example, as left side quality

becomes sufficiently important for users, the incentive for the search engine to induce a high markup

can disappear completely.

5 Google, DoubleClick and Conventional Wisdom

Using the framework developed above, in this section I draw a thumbnail sketch of Google’s recent

acquisition of the ad-serving firm DoubleClick. An issue in the regulatory debate surrounding

that acquisition was whether advertisers consider as substitute goods search ads and non-search

ads on other websites. Parties against the merger argued that these two forms of advertisement

are substitutes, while parties in favor of the merger argued that they are not. For instance, the

“Statement of Federal Trade Comission Concerning Google/DoubleClick”, in which the Commission

explains its decision not to impose any conditions on the merger, contains the assertion that “the

evidence in this case shows that the advertising space sold by search engines is not a substitute for

space sold directly or indirectly by publishers or vice versa” (2007, p. 3). The belief was clearly

that the danger of anti-competitive behavior would be greater if the two forms of advertising were

substitutes.

The models presented in this paper indicate, however, that any ill effects of anticompetitive

behavior may be smaller in the case that these two forms of advertisement are in some ways

substitutes. I show this using the models of section 3 and 4 to compare the likely effects of the

merger when the two forms of advertising are not substitutes and when they are.

First, if search ads and non-search web ads (hereafter just “web” ads) are never substitutes in

the eyes of advertisers, then users will enjoy higher search quality but will be harmed by decreased

competition among search advertisers. In this case, advertisers on the search engine cannot poten-

tially attract consumers for the same good using web advertisement. As a result, there’s no direct

competition between organic results and sponsored links, and in this case, the model of section 3

provides a reasonable approximation the search engine’s incentives.

By merging with a web ad-serving firm, the search engine would benefit from various techno-

logical improvements that reduce the cost of providing users with search quality. In particular,

it would gain access to more data on users’ behavior when interacting with non-search webpages,
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which is useful for determining pages’ relevance. Thus, let us assume that the merger would cause

a decrease in the search engine’s technology parameter, α. As a result of this change, the search

engine would increase the level of search quality. In the most probable case – i.e. where price and

quality are Edgeworth complements for the search (see proposition 2a) – the search engine would

also charge advertisers higher fees, by sufficiently much to induce an increase in the price consumers

pay for the advertisers’ good.

By contrast, in the case where search ads and web ads are substitutes from the perspective

of advertisers, as a result of the merger, users would likely see higher search quality and lower

prices for advertisers’ goods. In this case, there is direct competition in the market for a given

good among search and web advertisers. Under this scenario, the model of section 4 gives a more

accurate depiction of the search engine’s incentives.

To examine the effects of the merger, in this case, let us write the search engine’s profits as a

generalization of expression (22),

(1− λν)m̃(νn(p), p)D(p)(p− c).

In the case prior to the merger, λ = 1, since the search engine makes profits only from the merchants

paying for search advertisements. Post-merger, however, the combined entity also engages in web

ad-serving, and thus recoups some profits from transactions between users and left side merchants.

Accordingly, after the merger, 0 < λ < 1. Given this lowered value of λ, the search engine

would have incentive to provide improved search quality. Meanwhile, in the more likely case – i.e.

where price and quality are not Edgeworth complements for the search engine (see proposition 4)

– the search engine would also have incentive to induce a reduction in the price that advertisers

charge consumers.

6 Related Literature

This work adds to a quite new body of research on Internet search engines and web advertisement.

Much of this literature examines the auction mechanisms that search engines use to sell their paid

links. Several papers that focus on this issue are Borgers, Cox, Pesendorfer and Petricek (2007),

Edelman and Ostrovsky (2007), Edelman, Ostrovsky and Schwarz (2007), Katona and Sarvary
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(2008), Milgrom (2008) and Varian (2007). Another strand of the literature focuses on consumer

search problems that arise when Internet users are uninformed of what lies behind individual links.

Armstrong, Vickers and Zhou (2007), Ellison and Ellison (2007) and Taylor (2008) concentrate on

this issue. A set of papers that incorporate both of these issues into a single theoretical framework

are Athey and Ellison (2008), Chen and He (2006) and Rayo and Segal (2008), while Ghose and

Yang (2007) study empirically the way such interaction depends on the search term entered by the

user. Pollock (2008) and Telang, Rajan and Mukhopadhyay (2004) study the organization of the

search engine industry.

This paper also contributes to the literature on two-sided markets.15 In particular, it considers

a platform with specific control over the interaction between the two sides of the market (Baye &

Morgan (2001), Hagiu (2007), Hagiu and Jullien (2007) and Nocke, Peitz and Stahl (2007)) and

investigates the platform’s incentives to provide quality to consumers. To do so, it proposes two

models, one of which (section 3) is an extension of a classical model of monopoly quality provision

(Sheshinski (1976) and Spence (1975)) to a two-sided environment. The latter of these two models

(section 4) uncovers an additional force governing the relationship between a search engine’s quality

and the profitability of its advertisement.

More generally, search engines are a form of ad-supported media, studies of which include

Anderson and Coate (2005), Ellman and Germano (2006) and Reuter and Zitzewitz (2006). This

additional force, whereby “content” competes with advertisement not only for user attention, but

also directly in the advertisers’ market, has, to the best of my knowledge, not been discussed in

this literature. I believe this to be indicative of the fact that this phenomenon appears much more

likely to affect a search engine than it does traditional forms of media such as a newspaper or a

television channel. An interesting issue is whether it will also be present in the context of other,

constantly developing forms of ad-supported web (and mobile web) media.

7 Conclusion

Increasingly, a single search engine determines what information society sees. It is thus of the

utmost importance that the incentives the search engine faces be understood as clearly as possible.
15For more general coverage of this topic, see Armstrong (2006), Caillaud and Jullien (2003), Evans (2003), Rochet

and Tirole (2003, 2006), Weyl (2008).
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For numerous reasons, however, such clarity does not come easily: the web and the way people

use it are constantly changing, and, even at any given moment, the world of online advertising is

exceedingly complicated. This paper represents a small step towards a sharper understanding of a

search engine’s motives and the likely effects of its behaving in accordance with them.

In particular, this paper explores the costs and benefits to a search engine of providing Internet

users with high quality unpaid (“organic” or “left side”) search results in addition to showing them

paid advertisements. Simply put, a search engine receives queries from users and, in response,

shows lists of results or “links”. Some of the links on these lists are selected to appear by the search

engine’s algorithm, whereas others appear thanks to monetary agreements between the search

engine and the respective linked websites.

A search engine’s profitability thus stems from its ability to sell market power to advertisers.

The reason that a search engine finds it profitable to show better rather than worse results on the

left side is that doing so makes the market power it sells worth more. Since the search engine

is effectively a three-sided platform, the relationship between its choice of quality and its sale of

market power turns out to be particularly interesting, and the paper identifies two key factors that

govern it.

The first such factor is that advertisers who pay the search engine to obtain market power also

compete it away from one another. As a result, while increasing quality allows the search engine to

charge higher advertising fees, it is ambiguous whether this causes advertisers to charge higher or

lower prices in their subsequent interactions with users. The paper shows that when improvements

in search quality benefit all users equally, advertisers will charge a higher price. However, when

improvements in search quality provide a greater benefit to novice searchers, advertisers will charge

a lower price.

The second factor is that advertisers who pay for market power also compete it away with

sites appearing among the organic results. Moreover, in many situations, when the search engine

provides users with higher quality left side results, more of the links on this list point to websites

that sell the same product, or fulfill the same need as the advertisers. Thus, when this is the case,

an increase in quality puts downward pressure on the price that advertisers can charge consumers.

While further research is required to determine which of these effects are most dominant, the

crucial message is that the a search engine’s profits depend highly on the type of organic results it
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shows to users. This issue should be studied in more detail and, in particular, richer models should

be developed to understand the relationship between the effects discussed here and the auctions that

search engines use in practice to allocate their ad slots. Currently, despite the regulatory eyebrows

Google has been raising, there is remarkable silence over the incentives to “manipulate” the left side.

When not a single mention of this issue appears in the “Statement of Federal Trade Commission

Concerning Google/DoubleClick” (2007), nor in the accompanying “Dissenting Statement” (2007),

nor in any of the articles published in Global Competition Policy in response to the FTC’s decision16

– all documents that mull over lists of potentially bad things Google might want to do – one wonders

whether there’s an elephant in the room.

16See Global Competition Policy Magazine, March, 2008, Release One.
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8 Appendix

Lemma 1. The problem facing the search engine when choosing its advertising fee, A, can

be expressed as a problem of choosing the equilibrium price, p∗, of the good. This problem can be

written as

max
p
{m(p)D(p)[p− c]} , (36)

where m(p), the mass of users who search is

m(p) = F

(∫ v̄

p
D(p̃) dp̃

)
. (37)

Proof: The profits of an individual advertiser, πj , can be written as a function of the advertising

fee, A, and the number of merchants, n, as

πj(A,n) =
m(p∗(n))D(p∗(n))(p∗(n)− c)

n
−A. (38)

Suppose the search engine sets a fee Ã > 0 in the first stage. In the equilibrium of the continuation

game, the number of advertiser, ñ, must satisfy

m(p∗(ñ))D(p∗(ñ))(p∗(ñ)− c)
ñ

= Ã

⇔ m(p∗(ñ))D(p∗(ñ))(p∗(ñ)− c) = ñÃ = ΠSE , (39)

where ΠSE denotes the search engines profits.

Since we have assumed that the search engine’s problem has a unique, interior solution, it must

be the case that ñ is a decreasing function of Ã in the neighborhood of the optimal fee, A∗. There-

fore, by setting the fee equal to A∗, the search engine determines, uniquely, the equilibrium number

of advertisers and the equilibrium price, p∗, so as to maximize the left-hand side of expression (39).

To show the second part, we note that, for a given price, user i chooses to search if and only if

[E[vi|vi > p]− p]× Pr[vi > p] ≥ θi. (40)

The user’s valuation is drawn from distribution G(·), and we define the demand function as D(·) ≡
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1 − G(·). The user’s expected valuation for the good, given that he buys – i.e. conditional on his

valuation being higher than the price is given by

∫ v̄
p G

′(p̃)p̃ dp̃

1−G(p)
=
−
∫ v̄
p D

′(p̃)p̃ dp̃

D(p)
. (41)

The numerator can be simplified using integration by parts. Differentiating p̃ and integrating

D′(p̃)dp̃ gives

−
∫ v̄

p
D′(p̃)p̃ dp̃ = −

v̄ D(v̄)︸ ︷︷ ︸
0

−pD(p)−
∫ v̄

p
D(p̃) dp̃

 = pD(p) +
∫ v̄

p
D(p̃) dp̃. (42)

So, applying the result from the integration by parts to the expression in (41) gives

−
∫ v̄
p D

′(p̃)p̃ dp̃

D(p)
= p+

∫ v̄
p D(p̃) dp̃

D(p)
. (43)

Using (43) and the definition of D(·), we can rewrite the condition in (40) as

(
p+

∫ v̄
p D(p̃) dp̃

D(p)
− p

)
D(p) =

∫ v̄

p
D(p̃) dp̃ ≥ θi. (44)

Therefore we have shown that m(p) = F
(∫ v̄

p D(p̃) dp̃
)

. Q.E.D.

Proposition 1. The equilibrium price of the good, p∗, induced by the search engine, must

satisfy the following dual inverse-elasticity rule:

p∗ − c
p∗

=
1

εm + εD
, (45)

where εm is the elasticity of the mass of users who search with respect to price.

Proof: Log-differentiation of the search engine’s maximization problem stated in lemma 1

yields the first-order condition

m′(p∗)
m(p∗)

+
D′(p∗)
D(p∗)

+
1

p∗ − c
= 0. (46)

Multiplying this equation by p∗ and rearranging gives the expression in (45). Q.E.D.

Corollary to Proposition 1. As search demand becomes more elastic with respect to purchas-
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ing demand, the search engine’s optimal number of advertisers increases. Specifically, this number,

n∗, is given by

n∗ = 1 +
εm
εD
. (47)

Proof: We combine the result of proposition 1 with the standard result in symmetric n-player

Cournot that
p∗ − c
p∗

=
1
n
· 1
εD
. (48)

Simplifying, we easily obtain the expression for n∗ given by (47). Q.E.D.

Proposition 2a. Price and quality are Edgeworth complements as long as a change in quality

does not have too great an effect on the price-elasticity of the mass of users. Precisely, s∗ and p∗

vary in the same direction if and only if

εm > ε ∂m
∂s
. (49)

where ε ∂m
∂s
≡ − ∂

∂p

{
∂m(s∗,p∗)

∂s

}
p∗

∂m(s∗,p∗)/∂s .

Proof: Let us define Ψ as the first-order derivative with respect to p of the search engine’s

problem (given in expression (11)). For a given quality level, s, the optimal price, p∗, must satisfy

Ψ(p∗, s) = 0. (50)

Writing p∗ as a function of s∗ and totally differentiating, profit maximization requires that

∂Ψ(p∗(s∗), s∗)
∂p∗

· dp
∗(s∗)
ds∗

+
∂Ψ(p∗(s∗), s∗)

∂s∗
= 0. (51)

Since the second-order condition of the profit maximization problem requires that ∂Ψ/∂p∗ < 0, we

have that

sign

{
dp∗(s∗)
ds∗

}
= sign

{
∂Ψ(p∗, s∗)

∂s∗

}
. (52)

The term on the right-hand side of (52) is

∂Ψ(p∗, s∗)
∂s∗

=
(

∂2m

∂p∗∂s∗
D(p∗) +

∂m

∂s∗
D′(p∗)

)
(p∗ − c) +

∂m

∂s∗
D(p∗), (53)
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and straightforward algebra yields that

∂Ψ(p∗, s∗)
∂s∗

> 0⇔ p∗ − c
p∗

<
1

ε ∂m
∂s

+ εD
(54)

when ε ∂m
∂s

+ εD > 0, and
∂Ψ(p∗, s∗)

∂s∗
> 0⇔ p∗ − c

p∗
>

1
ε ∂m
∂s

+ εD
(55)

when ε ∂m
∂s

+ εD < 0. Since
p∗ − c
p∗

=
1

εm + εD
, (56)

we have that
dp∗(s∗)
ds∗

> 0 if and only if εm > ε ∂m
∂s
. (57)

Therefore, we have the result of proposition 2a. Q.E.D.

Proposition 2b. When user types, θi, are uniformly distributed, price and quality are Edge-

worth complements as long as the effect of a change in quality is not too concentrated on users with

high query costs. Specifically, s∗ and p∗ vary in the same direction if and only if

εϕ−1 + ε ∂ϕ
∂θ
< 0, (58)

where εϕ−1 ≡ −∂ϕ−1

∂s
s∗

ϕ−1
(∫ v̄
p∗ D(p̃)dp̃,s∗

) and where ε ∂ϕ
∂θ
≡ − ∂

∂s

{
∂ϕ
θ

}
s∗

∂ϕ(θ∗,s∗)/∂θ .

Proof: In view of the result shown in proposition 2a, it suffices to show, here, that when

θi ∼ U
[
θ, θ̄
]
, we have

εϕ−1 + ε ∂ϕ
∂θ
< 0⇔ εm > ε ∂m

∂s∗
and εϕ−1 + ε ∂ϕ

∂θ
> 0⇔ ε ∂m

∂s∗
> εm. (59)

Generally, we have

m(s, p) = F

(
ϕ−1

(∫ v̄

p
D(p̃) dp̃, s

))
. (60)

Hence, when θi ∼ U
[
θ, θ̄
]
, we have

m(s, p) =
1

∆θ
· ϕ−1

(∫ v̄

p
D(p̃) dp̃, s

)
, (61)
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∂m

∂p
=

1
∆θ
· −D(p)
∂ϕ/∂θ

, (62)

∂m

∂s
=

1
∆θ
· ∂ϕ

−1

∂s
, (63)

and
∂2m

∂p∂s
=

1
∆θ
·D(p) ·

∂2ϕ
∂θ∂s(
∂ϕ
∂θ

)2 . (64)

Plugging these values into εm and ε ∂m
∂s

and rearranging, one obtains the desired result. Q.E.D.

Proposition 3. When increasing search quality implies displaying more unpaid, competing

links on the results page, the optimal price-quality combination for the search engine to induce must

satisfy

p∗ − c
p∗

=
1

ν∗

1−ν∗ εn + εm̃ + εD
, (65)

where

εn ≡ −
dn

dp

p∗

n(p∗)
, εm̃ ≡ −

∂m̃

∂p

p∗

m(ν∗n(p∗), p∗)
and εD ≡ −

dD

dp

p∗

D(p∗)
.

Proof: The first-order conditions of the search engine’s profit maximization problem are, first,

with respect to p
p∗ − c
p∗

=
1

εtotm̃ + εD
, (66)

and, second, with respect to ν
ν∗

1− ν∗
= εlm̃. (67)

To obtain result of this proposition, we must thus show that εtotm̃ = ν∗

1−ν∗ εn + εm̃. Note that

εtotm̃ = −
[
∂m̃(ν∗n(p∗), s∗)

∂{νn(p)}
ν∗n′(p∗) +

∂m̃(ν∗n(p∗), s∗)
∂p

]
· p∗

m̃(ν∗n(p∗), s∗)
(68)

and that rearranging the first-order condition with respect to ν, (67), gives

∂m̃(ν∗n(p∗), s∗)
∂{νn(p)}

=
m̃(ν∗n(p∗), p∗)
(1− ν∗)n(p∗)

. (69)

Inserting the right-hand side of (69) into (68) and simplifying yields the desired result. Q.E.D.

Proposition 4. When there are non-paying left side merchants, price and quality are Edge-
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worth complements only when the increase in the number of non-paying merchants caused by an

increase in quality is optimally met by a compensating decrease of greater size in the number of

advertising merchants. This is the case if and only if

εm̃ > ε ∂m̃
∂l

+ ψ, (70)

where ε ∂m̃
∂l
≡ ∂

∂p

{
∂m̃(l∗,p∗)

∂l

}
p∗

∂m̃(l∗,p∗)/∂l and ψ ≡ −n′(p∗)
∂m̃
∂l
p∗

m̃(l∗,p∗) > 0 .

Proof: Define Φ as

Φ(l, p) ≡ (n(p)− l)∂m̃(l, p)
∂l

− m̃(l, p). (71)

The first-order condition given in expression (24) implies that, for a given price, the optimal number

of left side merchants for the search engine, l∗(p), is such that

Φ(l∗(p), p) = 0. (72)

By an argument analogous to the one given in the proof of proposition 2a, we have that

sign

{
dl∗(p)
dp

}
= sign

{
∂Φ(l∗(p), p)

∂p

}
. (73)

The partial derivative found on the right-hand side of (73) is

∂Φ(l∗(p), p)
∂p

= (n(p)− l∗(p))∂
2m̃

∂l∂p
+ n′(p)

∂m̃

∂l
− ∂m̃

∂p
. (74)

Since the first-order condition in expression (72), requires that

n(p)− l∗(p) =
m̃(l∗(p), p)
∂m̃/∂l̃

, (75)

we can insert the right-hand side of (75) into (74), yielding

∂Φ(l∗(p), p)
∂p

=
m̃(l∗(p), p)
∂m̃/∂l̃

∂2m̃

∂l∂p
+ n′(p)

∂m̃

∂l
− ∂m̃

∂p
, (76)

which is positive if and only if εm̃ > ε ∂m̃
∂l

+ ψ. Therefore we have our result. Q.E.D
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