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Wklv sdshu vwxglhv wkuhh hfrqrphwulf lvvxhv zklfk dsshdu lq wkh hvwlpd0
wlrq ri g|qdplf glvfuhwh jdphv= +4, wkh lghqwl�fdwlrq ri vwudwhjlf lqwhudfwlrqv
dprqj sod|huv> +5, wkh h{lvwhqfh ri pxowlsoh htxloleuld/ wkdw pdnhv pd{lpxp
olnholkrrg hvwlpdwlrq xqihdvleoh hyhq lq uhodwlyho| vlpsoh prghov> dqg +6, wkh
h{srqhqwldo ghjuhh ri frpsoh{lw| lq wkh vroxwlrq dqg hvwlpdwlrq1 Iluvw/ zh
suhvhqw frqglwlrqv iru qrqsdudphwulf lghqwl�fdwlrq ri sod|huv* sd|r� ixqfwlrqv
zklfk dsso| uhjdugohvv pxowlsolflw| ri htxloleuld1 Vhfrqg/ zh sursrvh d vlpsoh
svhxgr0pd{lpxp olnholkrrg hvwlpdwru +SPOH, dqg suryh lwv frqvlvwhqf| dqg
dv|pswrwlf qrupdolw|1 Zh suhvhqw dovr d yhuvlrq ri wklv hvwlpdwru wkdw h{sorlwv
udqgrpl}dwlrq whfkqltxhv wr dssur{lpdwh ydoxh ixqfwlrqv1 Wklv hvwlpdwru fdq
eh frpsxwhg lq sro|qrpldo wlph/ dqg lw lv dv|pswrwlfdoo| htxlydohqw wr wkh
SPOH li

s
W@U $ 3 dv W $ 4/ zkhuh W lv wkh vdpsoh vl}h dqg U lv wkh

qxpehu ri vlpxodwlrqv1

Nh|zrugv= G|qdplf glvfuhwh jdphv> Pxowlsoh htxloleuld> Lghqwl�fdwlrq> Vlpx0
odwlrq edvhg hvwlpdwlrq> Udqgrpl}dwlrq1

MHO Fodvvl�fdwlrq= F46/ F68/ F96/ F:61

Frqwdfw dgguhvv= Ylfwru Djxluuhjdeluld1 Ervwrq Xqlyhuvlw|1 Ghsduwphqw ri
Hfrqrplfv1 5:3 Ed| Vwdwh Urdg1 Ervwrq/ PD 355481 H0pdlo= ydjxluuhCex1hgx

�Zh zdqw wr wkdqn frpphqwv uhfhlyhg iurp Odqlhu Ehqndug/ Plfkdho Nhdqh/ Plfkdho Pdqryh/

Dqguhd Prur/ Dqwrqlr Phuor/ dqg Vwhyh Vwhuq/ dv zhoo dv iurp vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw|

ri Ylujlqld/ dqg dw wkh frqihuhqfh rq Qxphulfdoo| Lqwhqvlyh Hfrqrplf Srolf| Dqdo|vlv dw Txhhq*v

Xqlyhuvlw|1



4 Lqwurgxfwlrq

Hpslulfdo glvfuhwh jdphv kdyh suryhg wr eh xvhixo hfrqrphwulf wrrov wkdw surylgh

sduvlprqlrxv ghvfulswlrqv ri vwudwhjlf dqg vrfldo lqwhudfwlrqv dprqj hfrqrplf djhqwv1

Wkh udqjh ri uhfhqw dssolfdwlrqv lqfoxghv/ dprqj rwkhuv/ prghov ri �upv* hqwu| +Euhv0

qdkdq dqg Uhlvv/ 4<<3/ Ehuu|/ 4<<5/ Uhlvv/ 4<<9/ Wrlydqhq dqgZdwhuvrq/ 5333,/ �upv*

vsdwldo frpshwlwlrq +Gdylv/ 5333/ dqg Vhlp/ 5333,/ idplo| oderu vxsso| +Nrruhpdq/

4<<7,/ dqg prghov zlwk vrfldo lqwhudfwlrqv +vhh Eurfn dqg Gxuodxi/ 5334,1 Krzhyhu/

wzr pdlq sureohpv kdyh olplwhg wkh vfrsh ri dssolfdwlrqv wr uhodwlyho| vlpsoh vwdwlf

jdphv zlwk d vpdoo qxpehu ri sod|huv dqg fkrlfh dowhuqdwlyhv= wkh sureohp ri pxowl0

soh htxloleuld/ dqg wkh �fxuvh ri glphqvlrqdolw|� dvvrfldwhg zlwk wkh vroxwlrq ri wkhvh

prghov1 Wklv sdshu vwxglhv wkhvh sureohpv lq d fodvv ri g|qdplf glvfuhwh jdphv dqg

ghyhorsv whfkqltxhv iru wkh hvwlpdwlrq ri sod|huv* suhihuhqfhv1 Wkh sdshu dqdo|}hv

dovr wkh lghqwl�fdwlrq ri vwudwhjlf lqwhudfwlrqv +ru vrfldo lqwhudfwlrqv, lq wkhvh jdphv/

l1h1/ wkh vr fdoohg uh hfwlrq sureohp +Pdqvnl/ 4<<6,1 Zh vkrz wkdw fhuwdlq w|shv ri

g|qdplf jdphv surylgh h{foxvlrq uhvwulfwlrqv wkdw fdq eh h{sorlwhg wr lghqwli| qrq0

sdudphwulfdoo| vwudwhjlf lqwhudfwlrqv1 Wkh uhvw ri wklv lqwurgxfwru| vhfwlrq ghvfulehv

suhylrxv zrun rq wkhvh lvvxhv dqg wkh frqwulexwlrq ri wklv sdshu1

Pxowlsoh htxloleuld1 Pxowlsoh htxloleuld lv d suhydohqw ihdwxuh lq prvw hpslulfdo

jdphv/ glvfuhwh ru qrw/ zkhuh ehvw uhvsrqvh ixqfwlrqv duh qrq0olqhdu lq rwkhu sod|0

huv* dfwlrqv1 Prghov zlwk pxowlsoh htxloleuld gr qrw kdyh d xqltxh uhgxfhg irup dqg

wklv lqghwhuplqdf| pd| srvh sudfwlfdo dqg wkhruhwlfdo sureohpv lq wkh hvwlpdwlrq ri

vwuxfwxudo sdudphwhuv1 Lq sduwlfxodu/ h{wuhpxp hvwlpdwruv edvhg rq fulwhulrq ixqf0

wlrqv zklfk ghshqg rq uhgxfhg irup suredelolwlhv/ olnh pd{lpxp olnholkrrg/ fdq eh

xqihdvleoh1 Qhyhuwkhohvv/ lq jdphv zkhuh xqrevhuydeohv dsshdu dgglwlyho| lq ehvw uh0

vsrqvh ixqfwlrqv wkhuh lv d uhodwlyho| vwdqgdug hvwlpdwlrq surfhgxuh= ruwkrjrqdolw|

ehwzhhq xqrevhuydeohv dqg revhuydeoh h{rjhqrxv yduldeohv surylghv prphqw frqgl0

wlrqv wkdw fdq eh xvhg wr rewdlq frqvlvwhqw hvwlpdwhv ri vwuxfwxudo sdudphwhuv1 Lq idfw/

frqwlqxrxv gl�huhqwldelolw| dqg vwulfw prqrwrqlflw| ri xqrevhuydeohv lq ehvw uhvsrqvh

ixqfwlrqv lv d vx!flhqw frqglwlrq wr dsso| wklv dssurdfk14 Krzhyhu/ wkhvh frqglwlrqv

4Xqghu frqwlqxrxv gl�huhqwldelolw| dqg vwulfw prqrwrqlflw| ri xqrevhuydeohv lq ehvw uhvsrqvh
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gr qrw krog lq glvfuhwh jdphv1

Hfrqrphwulfldqv kdyh xvhg wzr pdlq dssurdfkhv wr ghdo zlwk wklv sureohp lq

glvfuhwh jdphv1 D �uvw dssurdfk kdv ehhq wr lpsrvh uhvwulfwlrqv zklfk jxdudqwhh

htxloleulxp xqltxhqhvv1 Lq sduwlfxodu/ li vwudwhjlf lqwhudfwlrqv kdyh d uhfxuvlyh vwuxf0

wxuh +l1h1/ sod|hu 4*v sd|r� grhv qrw ghshqg rq rwkhu sod|huv* dfwlrqv> sod|hu 5*v sd|r�

ghshqgv rq sod|hu 4*v dfwlrq exw qrw rq rwkhu sod|huv* dfwlrqv> hwf, wkh htxloleulxp lv

xqltxh dqg wkh prgho kdv d zhoo0gh�qhg uhgxfhg irup +vhh Khfnpdq/ 4<:;/ Eoxqghoo

dqg Vplwk/ 4<<7/ dqg Nrruhpdq/ 4<<7,1 Krzhyhu/ wklv dvvxpswlrq lpsrvhv vwurqj

uhvwulfwlrqv rq sod|huv* vwudwhjlf lqwhudfwlrqv zklfk duh qrw sodxvleoh lq pdq| dssol0

fdwlrqv1 Ixuwkhupruh/ dv vkrzq e| Wdphu +5333,/ wkhvh uhvwulfwlrqv pd| qrw eh qhf0

hvvdu| iru wkh lghqwl�fdwlrq ri wkh prgho15 D vhfrqg dssurdfk frqvlvwv rq h{sorlwlqj

rqo| wkrvh suhglfwlrqv ri wkh jdph zklfk duh lqyduldqw dfurvv wkh pxowlsoh htxloleuld1

Iru lqvwdqfh/ Euhvqdkdq dqg Uhlvv +4<<3, dqg Ehuu| +4<<5, frqvlghu vwdwlf prghov ri

�upv* hqwu| zkhuh wkh qxpehu ri hqwudqwv +exw qrw wkhlu lghqwlw|, lv frqvwdqw ryhu

wkh pxowlsoh htxloleuld1 Wkhlu hvwlpdwru pd{lpl}hv d olnholkrrg iru wkh qxpehu ri

hqwudqwv/ uhjdugohvv wkhlu lghqwlw|1 Krzhyhu/ wklv vroxwlrq lv sureohp0vshfl�f vlqfh dq

lqyduldqw ixqfwlrq ri wkh rxwfrph pd| qrw dozd|v eh dydlodeoh1 Lw dovr lpsolhv d orvv

ri h!flhqf| vlqfh qrw doo ri wkh lqirupdwlrq frqwdlqhg lq wkh vdpsoh lv xvhg1 Pruh

lpsruwdqwo|/ wklv orvv ri lqirupdwlrq fdq pdnh lpsrvvleoh wr lghqwli| vrph sdudphwhuv

ri lqwhuhvw1

Wkh hvwlpdwlrq dssurdfk wkdw zh sursrvhg lq wklv sdshu lv edvhg rq d uhsuhvhq0

wdwlrq ri htxloleuld lq wkh vsdfh ri sod|huv* fkrlfh suredelolwlhv1 Wkdw lv/ htxloleulxp

fkrlfh suredelolwlhv vroyh dq htxloleulxppdsslqj wkdw zh fdoo ehvw uhvsrqvh suredelolw|

pdsslqj1 Lq d �uvw vwdjh/ zh rewdlq qrqsdudphwulf +ru vhplsdudphwulf, hvwlpdwhv ri

htxloleulxp fkrlfh suredelolwlhv1 Wklv �uvw vwdjh lghqwl�hv wkh htxloleulxp wkdw sod|0

huv lq rxu gdwd duh dfwxdoo| sod|lqj1 Lq d vhfrqg vwdjh/ rxu hvwlpdwru ri vwuxfwxudo

sdudphwhuv pd{lpl}hv d svhxgr olnholkrrg ixqfwlrq zkhuh sod|huv* suredelolwlhv duh

ixqfwlrqv lw lv srvvleoh wr lqyhuw wkhvh ixqfwlrqv wr rewdlq dq h{suhvvlrq zkhuh xqrevhuydeohv dsshdu
dgglwlyho|1 Wklv lv wkh hvwlpdwlrq dssurdfk sursrvhg e| Ehuu| +4<<7, dqg lpsohphqwhg e| Ehuu|/
Ohylqvkrq dqg Sdnhv +4<<8, lq wkh frqwh{w ri Ehuwudqg jdphv lq gl�huhqwldwhg surgxfw pdunhwv1

5Qrwlfh dovr wkdw lq wkh frqwh{w ri g|qdplf jdphv wklv uhfxuvlyh vwuxfwxuh lq rqh0shulrg sd|r�
ixqfwlrqv grhv qrw jxdudqwhh wkh xqltxhqhvv ri Pdunry Shuihfw htxloleulxp1 Wkh uhdvrq lv wkdw
lqwhuwhpsrudo sd|r�v gr qrw kdyh wklv uhfxuvlyh vwuxfwxuh hyhq zkhq rqh0shulrg sd|r�v gr1
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ehvw uhvsrqvhv wr wkh htxloleulxp suredelolwlhv hvwlpdwhg lq wkh �uvw vwdjh1 Zh suryh

frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wklv svhxgr pd{lpxp olnholkrrg +SPO, hv0

wlpdwru1 Wkh surfhgxuh fdq eh dssolhg uhshdwhgo| lq rughu wr jhw d N0vwdjh hvwlpdwru

zlwk ehwwhu vwdwlvwlfdo surshuwlhv wkdq wkh wzr0vwdjh hvwlpdwru1 Wzr dvvxpswlrqv sod|

dq lpsruwdqw uroh lq rxu hfrqrphwulf dssurdfk= +4, sod|huv kdyh lqfrpsohwh lqirupd0

wlrq derxw rwkhu sod|huv* vwdwh yduldeohv/ zklfk doorzv xv wr uhsuhvhqw Pdunry Shuihfw

htxloleuld lq whupv ri sod|huv* fkrlfh suredelolwlhv> dqg +5, sod|huv/ ru qdwxuh/ gr qrw

udqgrpl}h dprqj pxowlsoh htxloleuld/ zklfk lpsolhv wkdw srsxodwlrq fkrlfh suredelo0

lwlhv duh htxloleulxp suredelolwlhv dqg qrw d pl{wxuh ri htxloleulxp suredelolwlhv1

Fxuvh ri glphqvlrqdolw|1 Frpsxwdwlrqdo frvwv lq wkh vroxwlrq dqg hvwlpdwlrq ri

wkhvh prghov kdyh dovr olplwhg wkh udqjh ri hpslulfdo dssolfdwlrqv wr vwdwlf prghov

zlwk d uhodwlyho| vpdoo qxpehu ri sod|huv dqg fkrlfh dowhuqdwlyhv1 Wkh frvw ri frpsxw0

lqj dq htxloleulxp lq wkhvh prghov lqfuhdvhv h{srqhqwldoo| zlwk wkh qxpehu ri sod|huv1

Wkhuhiruh/ wkrxjk vlqjoh0djhqw prghov zlwk glvfuhwh ghflvlrq dqg vwdwh yduldeohv fdq

eh vroyhg lq sro|qrpldo wlph/ wkh vroxwlrq ri glvfuhwh jdphv uhtxluhv h{srqhqwldo wlph

+l1h1/ wkhuh lv d �fxuvh ri glphqvlrqdolw|�,1 Uhfhqw zrun e| Sdnhv dqg PfJxluh +4<<7

dqg 5335, surylghv dq h!flhqw vwrfkdvwlf dojrulwkp wr frpsxwh Pdunry0Shuihfw htxl0

oleuld lq g|qdplf glvfuhwh jdphv1 Krzhyhu/ wkh w|slfdo qhvwhg �{hg0srlqw dojrulwkpv

xvhg wr hvwlpdwh vlqjoh djhqw g|qdplf prghov dqg vwdwlf jdphv +vhh Ehuu|/ 4<<5/

Uxvw/ 4<<7/ ru Vhlp/ 5333, uhtxluh wkh uhshdwhg vroxwlrq ri wkh prgho iru hdfk wuldo

ydoxh ri wkh yhfwru ri sdudphwhuv wr eh hvwlpdwhg1 Wkhuhiruh/ wkh frvw ri hvwlpdwlqj

wkhvh prghov xvlqj wkhvh qhvwhg dojrulwkpv lv vhyhudo rughuv ri pdjqlwxgh odujhu wkdq

vroylqj wkh prgho mxvw rqfh1

Zh vkrz wkdw wkh frvw ri lpsohphqwlqj rxu SPO hvwlpdwru lv ri wkh vdph rughu ri

pdjqlwxgh dv rqh Qhzwrq lwhudwlrq iru vroylqj wkh g|qdplf jdph1 Wkhuhiruh/ wklv frvw

lv vhyhudo rughuv ri pdjqlwxgh vpdoohu wkdq wkh frvw ri d qhvwhg �{hg0srlqw dojrulwkp1

Krzhyhu/ mxvw rqh Qhzwrq lwhudwlrq fdq eh frpsxwdwlrqdoo| yhu| h{shqvlyh iru vrph

g|qdplf jdphv/ dqg lwv ghjuhh ri frpsoh{lw| lv dovr h{srqhqwldo lq wkh qxpehu ri

sod|huv1 Iru wkdw uhdvrq/ zh dovr sursrvh d yhuvlrq ri wkh SPO hvwlpdwru wkdw h{sorlwv

udqgrpl}dwlrq whfkqltxhv wr dssur{lpdwh ydoxh ixqfwlrqv +vhh Uxvw/ 4<<:/ dqg Sdnhv

dqg PfJxluh/ 5335,1 Wklv hvwlpdwru fdq eh fdofxodwhg lq sro|qrpldo wlph/ dqg lw lv
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dv|pswrwlfdoo| htxlydohqw wr wkh SPO hvwlpdwru li
s
A*- $ f dv A $ 4/ zkhuh A

lv wkh vdpsoh vl}h dqg - lv wkh qxpehu ri vlpxodwlrqv1 Lq wklv vhqvh/ wklv phwkrg

euhdnv wkh �fxuvh ri glphqvlrqdolw|� lq wkh hvwlpdwlrq ri wklv fodvv ri prghov1

Lghqwl�fdwlrq dqg uh hfwlrq sureohp1 Zh vkrz wkdw/ jlyhq wkh glvfrxqw idfwru dqg

wkh suredelolw| glvwulexwlrq ri xqrevhuydeohv/ h{shfwhg sd|r�v +l1h1/ sod|huv* sd|r�

ixqfwlrqv lqwhjudwhg ryhu wkh suredelolw| glvwulexwlrq ri rwkhu sod|huv* htxloleulxp

vwudwhjlhv, duh qrqsdudphwulfdoo| lghqwl�hg1 Wklv lghqwl�fdwlrq krogv zlwk ru zlwkrxw

pxowlsoh htxloleuld dv orqj dv sod|huv +ru qdwxuh, gr qrw vzlwfk ryhu wlph dprqj

gl�huhqw htxloleuld1 Jlyhq h{shfwhg sd|r�v/ wkh lghqwl�fdwlrq ri sd|r� ixqfwlrqv +l1h1/

qrw lqwhjudwhg ryhu rwkhu sod|huv* htxloleulxp vwudwhjlhv, lv vxemhfwhg wr wkh vr fdoohg

uh hfwlrq sureohp +Pdqvnl/ 4<<6,/ dqg wkhuhiruh h{foxvlrq uhvwulfwlrqv duh qhhghg1

Zh glvfxvv h{foxvlrq uhvwulfwlrqv wkdw dsshdu lq wkh frqwh{w ri g|qdplf jdphv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh fodvv ri prghov

frqvlghuhg lq wklv sdshu/ suhvhqwv wkh edvlf dvvxpswlrqv/ dqg gh�qhv d Pdunry0shuihfw

htxloleulxp lq wklv fodvv ri prghov1 Vhfwlrq 6 glvfxvvhv wkh lghqwl�fdwlrq ri sulplwlyhv1

Vhfwlrq 7 suhvhqwv rxu svhxgr pd{lpxp olnholkrrg hvwlpdwru +SPOH,1 Lq vhfwlrq 8/

zh dqdo|}h wkh ghjuhh frpsoh{lw| lq wkh lpsohphqwdwlrq ri wkh SPOH dqg sursrvh

d udqgrpl}hg yhuvlrq ri wklv hvwlpdwru1 Zh frqfoxgh dqg vxppdul}h lq vhfwlrq 91

Surriv ri gl�huhqw uhvxowv duh surylghg lq wkh Dsshqgl{1

5 D g|qdplf glvfuhwh jdph

Wklv vhfwlrq suhvhqwv d g|qdplf glvfuhwh jdph zlwk lqfrpsohwh lqirupdwlrq1 Lq rughu

wr pdnh vrph ri wkh glvfxvvlrqv pruh lqwxlwlyh zh frqvlghu d prgho zkhuh d �qlwh

qxpehu ri frpsdqlhv ghflgh wkh qxpehu ri rxwohwv wr rshudwh lq d orfdo pdunhw dqg

wkh vsdwldo orfdwlrq ri wkhvh rxwohwv16

514 Iudphzrun dqg edvlf dvvxpswlrqv

Wkh pdunhw lv d flw| glylghg lqwr d �qlwh qxpehu ri qrq0ryhuodsslqj orfdwlrqv ru

fhoov1 Orfdwlrqv duh fkdudfwhul}hg e| ghpdqg frqglwlrqv zklfk fdq fkdqjh ryhu wlph

6Gdylv +5333, dqg Vhlp +5333, frqvlghu vlplodu prghov lq d vwdwlf frqwh{w1
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+h1j1/ qxpehu ri krxvhkrogv/ glvwulexwlrq ri krxvhkrog lqfrph/ djh/ hwf,1 Ohw _| eh

wkh yhfwru zlwk wkh fkdudfwhulvwlfv ri doo orfdwlrqv dw shulrg |1 Wkhuh duh � �upv

rshudwlqj lq wkh pdunhw/ zklfk zh lqgh{ e| � 5 U ' i�c 2c ����j1 Dw hyhu| glvfuhwh

shulrg | �upv ghflgh vlpxowdqhrxvo| krz pdq| vwruhv wr rshudwh dqg wkhlu orfdwlrqv1

Sur�wv duh erxqghg iurp deryh vxfk wkdw wkh pd{lpxp qxpehu ri vwruhv lv �qlwh1

Wkhuhiruh/ d �up*v vhw ri fkrlfh dowhuqdwlyhv/ �/ lv glvfuhwh dqg �qlwh1 Zh uhsuhvhqw

wkh ghflvlrq ri �up � dw shulrg | e| wkh yduldeoh @�| 5 � ' i�c ���c aj1
Dw wkh ehjlqqlqj ri shulrg | d �up lv fkdudfwhul}hg e| wzr yhfwruv ri vwdwh ydul0

deohv/ %�| dqg 0�|/ zklfk d�hfw lwv sur�wdelolw|1 Yduldeohv lq %�| duh frpprq nqrzohgjh

iru doo �upv lq wkh pdunhw/ exw wkh yhfwru 0�| lv sulydwh lqirupdwlrq ri �up �17 Ohw

%| � E_|c %�|c %2|c ���c %�|� dqg 0| � E0�|c 02|c ���c 0�|� eh wkh yhfwruv ri frpprq nqrzo0

hgjh dqg sulydwh lqirupdwlrq yduldeohv/ uhvshfwlyho|1 D �up*v fxuuhqw sur�wv ghshqgv

rq %|/ rq lwv rzq sulydwh lqirupdwlrq 0�|/ dqg rq wkh yhfwru ri �upv* fxuuhqw ghfl0

vlrqv/ @| � E@�|c @2|c ���c @�|�1 Ohw ���E@|c %|c 0�|� eh �up �*v fxuuhqw sur�w ixqfwlrq1 Zh

dvvxph wkdw i%|c 0|j iroorzv d frqwuroohg Pdunry surfhvv zlwk wudqvlwlrq suredelolw|

RE%|n�c 0|n�m@|c %|c 0|�1 Wklv wudqvlwlrq suredelolw| lv frpprq nqrzohgjh1

D �up ghflghv lwv qhwzrun ri vwruhv wr pd{lpl}h h{shfwhg glvfrxqwhg lqwhuwhpsr0

udo sur�wv=

.

+
"[
r'|

qr3| ���E@rc %rc 0�r� m %|c 0�|
,

+4,

zkhuh q 5 Efc �� lv wkh glvfrxqw idfwru1 Wkh sulplwlyhv ri wkh prgho duh wkh sur�wv

ixqfwlrqv i���E�� G � ' �c 2c ����j/ wkh wudqvlwlrq suredelolw| RE�m��/ dqg wkh glvfrxqw

idfwru q1 Zh frqvlghu wkh iroorzlqj dvvxpswlrqv rq wkhvh sulplwlyhv1

DVVXPSWLRQ 4= Sulydwh lqirupdwlrq dsshduv dgglwlyho| lq wkh sur�w ixqfwlrq1 Wkdw

lv/

���E@|c %|c 0�|� ' ��E@|c %|� n 0�|E@�|�

zkhuh ��E�� lv d uhdo ydoxhg ixqfwlrq/ dqg 0�| � i0�|E��c 0�|E2�c ���c 0�|Ea�j 5 -a lv d

yhfwru ri uhdo ydoxhg udqgrp yduldeohv1

7Iru lqvwdqfh/ vrph yduldeohv zklfk frxog hqwhu lq {lw duh wkh �up*v qhwzrun ri rxwohwv dw suh0

ylrxv shulrg ru wkh �up*v suhylrxv pdunhw vkduh1 Pdqdjhuldo delolw| dw gl�huhqw rxwohwv frxog eh d

frpsrqhqw ri %lw1

8



DVVXPSWLRQ 5= Wkh wudqvlwlrq suredelolw| RE%|n�c 0|n�m@|c %|c 0|� idfwruv dv=

RE%|n�c 0|n�m@|c %|c 0|� ' R0E0|n�� sE%|n� m @|c %|�

Wkdw lv= +4, jlyhq �upv* ghflvlrqv dw shulrg |/ sulydwh lqirupdwlrq yduldeohv gr qrw

d�hfw wkh wudqvlwlrq ri frpprq nqrzohgjh yduldeohv> +5, ixwxuh uhdol}dwlrqv ri sulydwh

lqirupdwlrq yduldeohv duh lqghshqghqw ri fxuuhqw ghflvlrqv dqg frpprq nqrzohgjh

yduldeohv> dqg +6, sulydwh lqirupdwlrq yduldeohv duh lqghshqghqwo| dqg lghqwlfdoo|

glvwulexwhg ryhu wlph1 Zh dovr dvvxph wkdw sulydwh lqirupdwlrq lv lqghshqghqwo|

glvwulexwhg dfurvv �upv= R0E0|� '
\�

�'�
}�E0�|�/ zkhuh/ iru dq| �up �/ }�E�� lv d ghqvlw|

ixqfwlrq zklfk lv devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh1

DVVXPSWLRQ 6= Frpprq nqrzohgjh yduldeohv kdyh d glvfuhwh dqg �qlwh vxssruw=

%| 5 f � i%�c %2c ���c %�f�j zkhuh mfm lv d �qlwh qxpehu1

515 Vwudwhjlhv dqg Ehoopdq htxdwlrqv

Wkh jdph kdv d Pdunry vwuxfwxuh/ dqg zh dvvxph wkdw �upv sod| Pdunry vwudwhjlhv1

Wkdw lv/ li i%|c 0�|j ' i%rc 0�rj wkhq �up ��v ghflvlrqv dw shulrgv | dqg r duh wkh vdph1

Wkhuhiruh/ zh fdq rplw wkh wlph vxelqgh{ dqg xvh %� dqg 0� wr ghqrwh qh{w shulrg

vwdwh yduldeohv1 Ohw k ' ik�E%c 0��j eh d vhw ri vwudwhj| ixqfwlrqv ru ghflvlrq uxohv/

rqh iru hdfk �up/ zlwk k� G f �-a $ �1 Dvvrfldwhg zlwk d vhw ri vwudwhj| ixqfwlrqv

k zh fdq gh�qh d vhw ri frqglwlrqdo fkrlfh suredelolwlhv �k ' i�k

�
E@�m%�j vxfk wkdw/

�k

�
E@�m%� � �h dk�E%c 0�� ' @� m%o '

]
U ik�E%c 0�� ' @�j }�E0�� _0� +5,

zkhuh Ui�j lv wkh lqglfdwru ixqfwlrq1 Wkh suredelolwlhv i�k

�
E@�m%� G @� 5 �j uhsuhvhqw

wkh h{shfwhg ehkdylru ri �up � iurp wkh srlqw ri ylhz ri wkh uhvw ri wkh �upv zkhq

�up � iroorzv lwv vwudwhj| lq k1

Ohw Z�E@�c %(�
k

3�� eh �up �*v h{shfwhg sur�w li lw fkrrvhv dowhuqdwlyh @� dqg wkh rwkhu

�upv ehkdyh dffruglqj wr wkhlu uhvshfwlyh vwudwhjlhv lq k�8 Vlqfh sulydwh lqirupdwlrq

8Lq wkh whuplqrorj| ri Kduvdq|l +4<<8,/ wkh sur�wv ixqfwlrqv �l+d4> d5> ===> dQ > {, duh frqglwlrqdo

sd|r� ixqfwlrqv/ dqg wkh h{shfwhg sur�wv �l+dl> {>S
�

�l
, duh vhpl0frqglwlrqdo sd|r� ixqfwlrqv1

9



yduldeohv duh lqghshqghqw dfurvv �upv/ lw lv fohdu wkdw=9

Z�E@�c %(�
k
3�� '

[
@
3�M��3�

3
C\
� �'�

�k
� E@�m%�

4
D��E@�c @3�c %� +6,

Ohw �T�E%c 0�(�
k

3�
�eh wkh ydoxh ri �up � li wklv �up ehkdyhv rswlpdoo| qrz dqg lq wkh

ixwxuh jlyhq wkdw wkh rwkhu �upv iroorz wkhlu vwudwhjlhv lq k1 E| Ehoopdq*v sulqflsoh

ri rswlpdolw|/ zh fdq zulwh=

�T�E%c 0�(�
k

3�
� ' 4@ 

@�M�

;?
=Z�E@�c %(�k

3�
� n 0�E@�� n q

[
%�Mf

�]
�T�E%

�c 0�
�
(�k

3�
� }E0�

�
� _0�

�

�
7s�E%

�m%c @�(�k

3�
�

<@
>

+7,

zkhuh 7s�E%
�m%c @�(�k

3�
� lv wkh wudqvlwlrq suredelolw| ri % frqglwlrqdo rq �up � fkrrvlqj

@� dqg wkh rwkhu �upv ehkdylqj dffruglqj wr k=

7s�E%
�m%c @�(�k

3�
� '

[
@
3�M�

�3�

3
C\

� �'�

�k
� E@�m%�

4
D sE%�m%c @�c @3�� +8,

Lw lv frqyhqlhqw wr gh�qh ydoxh ixqfwlrqv lqwhjudwhg ryhu sulydwh lqirupdwlrq ydul0

deohv1 Ohw T�E%(�
k
3�� eh wkh lqwhjudwhg ydoxh ixqfwlrq

U �T�E%c 0�(�
k
3�� }E_0��1 Edvhg rq

wklv gh�qlwlrq dqg htxdwlrq +7,/ zh fdq rewdlq wkh lqwhjudwhg Ehoopdq htxdwlrq=

T�E%(�
k
3�� '

]
4@ 
@�M�

;?
=Z�E@�c %(�

k

3�
� n 0�E@�� n q

[
%�Mf

T�E%
�(�k

3�
� 7s�E%

�m%c @�(�k

3�
�

<@
> }�E_0��

+9,

Wkh uljkw kdqg vlgh ri htxdwlrq +9, lv d frqwudfwlrq pdsslqj lq wkh vsdfh ri ydoxh

ixqfwlrqv +vhh Uxvw hw do/ 5335/ dqg Djxluuhjdeluld dqg Plud/ 5335,1 Wkhuhiruh/ iru

hdfk �up/ wkhuh lv d xqltxh ixqfwlrq T�E%(�
k

3�
� wkdw vroyhv wklv ixqfwlrqdo htxdwlrq

iru jlyhq k1

516 Pdunry0shuihfw htxloleuld

Ohw ��E%c 0�(�
k

3�
�eh wkh ehvw uhvsrqvh ri �up � li rwkhu sod|huv iroorz wkhlu vwudwhjlhv

lq k1 Wkdw lv/

��E%c 0�(�
k

3�
� ' @h}4@ 

@�M�

q
��E@�c %(�

k

3�
� n 0�E@��

r
+:,

9Lq d vwdwlf jdph/ �up l*v ehvw uhvsrqvh wr rwkhu �upv* vwudwhjlhv lq � lv dujpd{dl5D
i�l+dl> {>S

�
�l
, . %l+dl,j/ dqg zh fdq xvh wkhvh ehvw uhvsrqvh ixqfwlrqv wr gh�qh +Ed|hvldq, Qdvk

htxloleuld1

:



zkhuh i��E@�c %(�k

3�
�j duh wkh frqglwlrqdo fkrlfh ydoxh ixqfwlrqv=

��E@�c %(�
k

3�
� � Z�E@�c %(�

k

3�
� n q

[

%�Mf

T�E%
�(�k

3�
� 7s�E%

�m%c @�(�k

3�
� +;,

Vr idu k lv duelwudu| dqg grhv qrw qhfhvvdulo| ghvfuleh wkh htxloleulxp ehkdylru ri

rwkhu �upv1 Wkh iroorzlqj gh�qlwlrq fkdudfwhul}hv htxloleulxp vwudwhjlhv ri doo �upv

dv ehvw uhvsrqvhv wr rqh dqrwkhu1

GHILQLWLRQ= D vwdwlrqdu| Pdunry0shuihfw Htxloleulxp +PSH, lq wklv jdph lv d vhw

ri vwudwhj| ixqfwlrqv kW vxfk wkdw iru dq| �up � dqg iru dq| E%c 0�� 5 f � -a /

kW� E%c 0�� ' ��E%c 0�(�
kW
3� � +<,

Iroorzlqj Plojurp dqg Zhehu +4<;8, zh fdq dovr uhsuhvhqw d PSH lq suredelolw|

vsdfh1: Ohw kW eh d vhw ri PSH vwudwhjlhv/ dqg ohw � W eh wkh vhw ri frqglwlrqdo fkrlfh

suredelolwlhv dvvrfldwhg zlwk wkhvh vwudwhjlhv1 Wkhq/ � W ' xE� W�/ zkhuh iru dq|

yhfwru ri suredelolwlhv � / xE� � ' ix�E@�m%(�3��j/ dqg=

x�E@�m%(�3�� ' \�E@�mi��E�c %(�3�� G � 5 �j� +43,

zkhuh \�E@�miS� G � 5 �j� lv wkh rshudwru U
U E@� ' @h}4@ �M� dS� n 0�E��o� }�E_0��1 Zh

fdoo wkh ixqfwlrqv x� ehvw uhvsrqvh suredelolw| ixqfwlrqv1 Jlyhq rxu dvvxpswlrqv rq wkh

glvwulexwlrq ri sulydwh lqirupdwlrq/ ehvw uhvsrqvh suredelolw| ixqfwlrqv duh frqwlqxrxv

lq � / dqg wkhuhiruh dq htxloleulxp lq suredelolwlhv h{lwv1 Lq jhqhudo/ wkh htxloleulxp

lv qrw xqltxh1

Htxloleulxp suredelolwlhv vroyh wkh frxsohg �{hg0srlqw sureohp gh�qhg e| +9, dqg

+43,1 Jlyhq d vhw ri suredelolwlhv � zh rewdlq ydoxh ixqfwlrqv T� dv vroxwlrqv ri wkh �

�{hg srlqw sureohpv lq +9,> dqg jlyhq wkhvh ydoxh ixqfwlrqv zh rewdlq ehvw uhvsrqvh

suredelolwlhv xvlqj wkh uljkw kdqg0vlgh ri htxdwlrq +43,1

517 Dq dowhuqdwlyh htxloleulxp pdsslqj

Edvhg rq uhvxowv lq Djxluuhjdeluld dqg Plud +5335,/ zh qrz gh�qh dq htxloleulxp

pdsslqj wkdw dyrlgv wkh vroxwlrq ri wkh � �{hg srlqw sureohpv lq +9,1 Wklv dowhuqd0

wlyh htxloleulxp pdsslqj lv dq lpsruwdqw exloglqj eorfn lq rxu hvwlpdwlrq phwkrg1

:Plojurp dqg Zhehu frqvlghu erwk glvfuhwh0fkrlfh dqg frqwlqxrxv0fkrlfh jdphv1 Lq wkhlu whupl0

qrorj| iS�

l
j duh fdoohg glvwulexwlrqdo vwudwhjlhv/ dqg S � lv dq htxloleulxp lq glvwulexwlrqdo vwudwhjlhv1

;



Ohw � W � i��E@�m%�j eh dq htxloleulxp lq fkrlfh suredelolwlhv/ dqg ohw T W

�
/ T W

2
/ 111/

T W

�
eh wkh �upv* ydoxh ixqfwlrqv dvvrfldwhg zlwk wklv htxloleulxp1 Vlqfh htxloleulxp

suredelolwlhv duh ehvw uhvsrqvhv/ zh fdq uhzulwh wkh Ehoopdq htxdwlrq +9, dv/

T W

� E%� '
[

@�M�

� W

� E@�m%�
k
Z�E@�c %(�

W

3�� n e�E@�(�
W

� E%��
l
n q

[
%�Mf

T W

� E%
�� 7sE%�m%(� W� +44,

zkhuh 7sE%�m%(� W� lv wkh wudqvlwlrq suredelolw| ri % lqgxfhg e| � W�; Wkh whup e�E@�(�
W

�
E%��

lv wkh h{shfwdwlrq ri 0�E@� frqglwlrqdo rq % dqg rq dowhuqdwlyh @� ehlqj wkh rswlpdo

uhvsrqvh iru sod|hu �1 E| Krw}0Ploohu sursrvlwlrq +Krw} dqg Ploohu/ 4<<6,/ wkhvh

frqglwlrqdo h{shfwdwlrqv duh rqo| ixqfwlrqv ri @� dqg � W
�
E%�1

Wdnlqj htxloleulxp suredelolwlhv dv jlyhq/ h{suhvvlrq +44, ghvfulehv wkh yhfwru ri

ydoxhv T W
� dv wkh vroxwlrq ri d v|vwhp ri olqhdu htxdwlrqv1 Lq yhfwru irup=

k
U�f� � q 8 E� W�

l
T W
�
'
[
@�M�

� W
�
E@�� �

k
Z�E@�(�

W
3�� n e�E@�(�

W
�
�
l

+45,

zkhuh U�f� lv wkh lghqwlw| pdwul{> 8 E� W� lv d pdwul{ zlwk wudqvlwlrq suredelolwlhv

�sE%
�m%(� W�> dqg � W

�
E@��/ Z�E@�(�

W
3�� dqg e�E@�(�

W
�
� duh yhfwruv ri glphqvlrq mfm zlwk

wkh reylrxv gh�qlwlrqv1 Ohw K�E�
W� � iK�E%(� W� G % 5 fj eh wkh vroxwlrq wr wklv

v|vwhp ri olqhdu htxdwlrqv/ vxfk wkdw T W
�
E%� ' K�E%(�

W�1 Iru duelwudu| suredelolwlhv

� / qrw qhfhvvdulo| lq htxloleulxp/ K�E�� fdq eh lqwhusuhwhg dv d ydoxdwlrq rshudwru=

wkdw lv/ K�E%(� � lv wkh h{shfwhg ydoxh ri �up � li doo �upv +lqfoxglqj �up �, ehkdyh

wrgd| dqg lq wkh ixwxuh dffruglqj wr wkhlu fkrlfh suredelolwlhv lq � 1 Wkhuhiruh/ zh

fdq uhsuhvhqw wkh htxloleulxp frqglwlrq dv � W ' [E� W�/ zkhuh [E� � � i[�E@�m%(� �j
dqg=

[�E@�m%(� � ' \�E@�mi	��E�c %(� �j� +46,

zkhuh qrz wkh frqglwlrqdo fkrlfh ydoxhv 	�� duh edvhg rq wkh rshudwru K�E%(� � lqvwhdg

ri rq wkh ydoxhv T�E%(�3��/ l1h1/ 	��E�c %(� � � Z�E�c %(�3��nq
S

%�Mf K�E%(� � 7s�E%
�m%c �(�3��1

Wkh rqo| gl�huhqfh ehwzhhq htxloleulxp pdsslqjv x� dqg [� lv wkdw lq wkh vhfrqg

pdsslqj zh xvh wkh ydoxdwlrq rshudwruv K�E%(� � lqvwhdg ri wkh ydoxhv T�E%(�3��1 Wr

hydoxdwh x� rqh kdv wr vroyh � g|qdplf surjudpplqj sureohpv/ exw wr rewdlq K� rqh

;Wkdw lv/ �i+{3m{>S �, @
[

d5DQ

�\Q

l@4
S�

l
+dlm{,

�
i+{3m{> d, @

[
dl5D

S �

l
+dlm{, �il+{

3m{> dl,=

<



kdv wr vroyh � v|vwhpv ri olqhdu htxdwlrqv1 Ri frxuvh/ wklv grhv qrw qhfhvvdulo| phdq

wkdw vroylqj iru dq htxloleulxp xvlqj pdsslqj [ lv fkhdshu wkdw xvlqj pdsslqj x/

ehfdxvh wkh qxpehu ri lwhudwlrqv qhhghg zlwk hdfk ri wkhvh rshudwruv fdq eh gl�huhqw1

Krzhyhu/ lq wkh frqwh{w ri wkh hvwlpdwlrq ri wkh prgho/ zh zloo vhh wkdw xvlqj pdsslqj

[ lqvwhdg ri x fdq surylgh vljql�fdqw frpsxwdwlrqdo jdlqv1

518 Dq h{dpsoh= D frqglwlrqdo orjlw g|qdplf jdph

Zh looxvwudwh wkh suhylrxv gh�qlwlrqv dqg uhvxowv lq wkh frqwh{w ri d g|qdplf jdph

yhuvlrq ri PfIdgghq*v frqglwlrqdo orjlw +PfIdgghq/ 4<;7,1 Sd|r� ixqfwlrqv kdyh wkh

iroorzlqj irup=

���E@c %c 0�� ' +�E@�c %�� w� n +2E@�c %3�� w2 n +�E@�c @3�� w� n 0�E@�� +47,

zkhuh w�/ w2/ dqg w� duh froxpq yhfwruv ri vwuxfwxudo sdudphwhuv/ dqg +�E��/ +2E��/

dqg +�E�� duh urz yhfwruv ri ixqfwlrqv ri ghflvlrq dqg vwdwh yduldeohv1 Iroorzlqj

Pdqvnl*v whuplqrorj|= +4, wkh whup +�E@�c %��w� fdswxuhv fruuhodwhg h�hfwv> +5, wkh

frpsrqhqw +2E@�c %3��w2 uhsuhvhqwv frqwh{wxdo h�hfwv> dqg +6, wkh whup +�E@�c @3��w�

fdswxuhv vwudwhjlf lqwhudfwlrqv ru hqgrjhqrxv h�hfwv1 Sulydwh lqirupdwlrq yduldeohv

i0�E@� G @ 5 �j duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg ryhu wlph/ ryhu lqglylg0

xdov dqg ryhu fkrlfh dowhuqdwlyhv zlwk H{wuhph ydoxh w|sh 4 glvwulexwlrq1

H{shfwhg sd|r�v lqgxfhg e| d yhfwru ri suredelolwlhv � duh=

Z�E@�c %(�3�� ' +�E@�c %�� w� n +2E@�c %3�� w2 n r� d@�(�3�E%�o w� +48,

zkhuh r� d@�(�3�E%�o '
[

@
3�

�\
� �'�

��E@�m%�
�
+�E@�c @3��1 Jlyhq wkh h{wuhph ydoxh

glvwulexwlrq ri 0/ wkh +lqwhjudwhg, Ehoopdq htxdwlrq lv=

T�E%(�3�� ' *?

5
7 a[
�'�

i T
q
Z�E�c %(�3�� n q

[
%�
T�E%

�(�3�� 7s�E%
�m%c �(�3��

r68 +49,

Dqg ehvw uhvsrqvh suredelolw| ixqfwlrqv duh=

x�E@�m%(�3�� '
i T

q
Z�E@�c %(�3�� n q

S
%� T�E%

�(�3�� 7s�E%
�m%c @�(�3��

r

[a

�'�
i T

q
Z�E�c %(�3�� n q

S
%� T�E%�(�3�� 7s�E%�m%c �(�3��

r +4:,
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Zh vkrz lq wkh Dsshqgl{ wkdw lq wklv prgho wkh htxloleulxp pdsslqj [� kdv wkh

iroorzlqj irup=

[�E@m%(� � ' i T i �+��E@c %(� � w� n �+2�E@c %(� � w2 n �r�E@c %(� � w� n �e�E@c %(� � j[a

�'�
i T i �+��E�c %(� � w� n �+2�E�c %(� � w2 n �r�E�c %(� � w� n �e�E�c %(� �j

+4;,

zkhuh wkh ydoxhv �+��/ �+2�/ �r� dqg �e� fdq eh rewdlqhg iurp fkrlfh dqg wudqvlwlrq sure0

delolwlhv/ zlwkrxw nqrzlqj wkh vwuxfwxudo sdudphwhuv iw�c w2c w�j1 Lq Vhfwlrq 7/ zh

h{sorlw wklv surshuw| wr rewdlq d vlpsoh hvwlpdwru ri vwuxfwxudo sdudphwhuv1

6 Hfrqrphwulf lghqwl�fdwlrq ri sulplwlyhv

614 Gdwd dqg gdwd jhqhudwlqj surfhvv

D uhvhdufkhu revhuyhv �upv* dfwlrqv dqg frpprq nqrzohgjh vwdwh yduldeohv dw A

lqghshqghqw pdunhwv= i@6c %6c %�

6
G 6 ' �c 2c ���c Aj zkhuh 6 lv wkh pdunhw vxelqgh{/

dqg A lv wkh qxpehu ri pdunhwv/ zklfk lv odujh1< Iru wkh prphqw/ zh frqvlghu wkdw

wkh hfrqrphwulfldq revhuyhv doo frpprq nqrzohgjh vwdwh yduldeohv/ exw zh uhod{ wklv

dvvxpswlrq odwhu lq wklv vhfwlrq1 Wkh uhvhdufkhu lv lqwhuhvwhg lq wkh hvwlpdwlrq ri wkh

sulplwlyhv ri wkh prgho w � i��c }�c sc q G � 5 Uj1 Xqghu Dvvxpswlrq 5 wkh wudqvlwlrq

suredelolw| s fdq eh lghqwl�hg iurp wudqvlwlrq gdwd= sE%�m%c @� ' �hE%�

6
' %�m%6 '

%c @6 ' @�1 Wkhuhiruh/ lq wklv vhfwlrq zh wuhdw s dv nqrzq dqg vwxg| wkh lghqwl�fdwlrq

ri wkh uhvw ri wkh sulplwlyhv iurp wkh frqglwlrqdo glvwulexwlrq �hE@6m%6�1
Ohw � f � i�hE@6 ' @m%6 ' %� G E@c %� 5 �� � fj eh wkh wuxh frqglwlrqdo glv0

wulexwlrq ri @6 lq wkh srsxodwlrq1 Ohw ( eh d pdsslqj iurp wkh vsdfh ri sulplwlyhv

X wr wkh vsdfh ri glvwulexwlrqv l vxfk wkdw (Ew� lv wkh vhw ri Pdunry0shuihfw htxl0

oleuld +lq fkrlfh suredelolwlhv, dvvrfldwhg zlwk w1 Lq jhqhudo/ wkhuh zloo eh ydoxhv ri

wkh sulplwlyhv iru zklfk wkh prgho kdv pxowlsoh htxloleuld1 Wklv lpsolhv wkdw ( lv

qrw d ixqfwlrq exw d fruuhvsrqghqfh1 Lq wklv frqwh{w/ krz wkh srsxodwlrq � f kdv

ehhq jhqhudwhgB Lv lw wkh uhvxow ri udqgrpl}dwlrq ryhu wkh gl�huhqw htxloleuld lq vrph

<
Zh frqvlghu dv|pswrwlfv lq wkh qxpehu ri pdunhwv ehfdxvh wklv lv wkh prvw frpprq iudphzrun

lq hpslulfdo dssolfdwlrqv lq lqgxvwuldo rujdql}dwlrq1 Krzhyhu/ doo wkh uhvxowv lq wkh sdshu fdq eh

h{whqghg wr wkh fdvh ri dv|pswrwlfv lq wkh qxpehu ri wlph shulrgv zlwk d vpdoo qxpehu ri sod|huv

dqg rqh pdunhw1
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sduwlfxodu vhw (Ewf�B Gr sod|huv +ru qdwxuh, vhohfw gl�huhqw hohphqwv ri (Ewf� dw gli0

ihuhqw pdunhwv ru dw gl�huhqw shulrgv ri wlphB Zh frqvlghu wkh iroorzlqj dvvxpswlrq

derxw wkh gdwd jhqhudwlqj surfhvv ru htxloleulxp vhohfwlrq ghylfh1

DVVXPSWLRQ 7 +Qr vxqvsrwv,= Jlyhq d ydoxh iru wkh sulplwlyhv ri wkh prgho/ w '

i��c }�c sc q G � 5 Uj/ sod|huv +ru qdwxuh, vhohfw rqo| rqh htxloleulxp lq (Ew� dqg wkh|

gr qrw vzlwfk wr rwkhu htxloleuld dv orqj dv w grhv qrw fkdqjh1

Wklv dvvxpswlrq lpsolhv wkdw wkhuh lv dw ohdvw rqh ydoxh wf vxfk wkdw � f 5 (Ewf�1

Lq frqwudvw/ zkhq sod|huv vzlwfk ru udqgrpl}h dprqj gl�huhqw htxloleuld/ � f lv d

pl{wxuh ri wkh htxloleuld lq (Ewf� dqg wklv pl{wxuh grhv qrw ehorqj wr (Ewf�1 Dv0

vxpswlrq 7 sod|v dq lpsruwdqw uroh lq wkh lghqwl�fdwlrq uhvxowv dqg lq wkh hvwlpdwlrq

phwkrg wkdw zh suhvhqw lq wklv sdshu1

615 Lghqwl�fdwlrq ri sd|r� ixqfwlrqv

Zh suhvhqw vx!flhqw frqglwlrqv iru wkh qrqsdudphwulf lghqwl�fdwlrq ri sd|r� ixqf0

wlrqv i��E@c %�j wdnlqj wkh glvfrxqw idfwru dqg wkh glvwulexwlrq ri sod|huv* sulydwh

lqirupdwlrq dv jlyhq1 Zh surfhhg lq wzr sduwv1 Iluvw/ Sursrvlwlrq 4 hvwdeolvkhv

vx!flhqw frqglwlrqv iru qrqsdudphwulf lghqwl�fdwlrq ri h{shfwhg sd|r� ixqfwlrqv

iZ�E@�c %(�
f

3�
�j1 Wkhq/ zh frqvlghu wkh lghqwl�fdwlrq ri sd|r�v i��E@c %�j wdnlqj

h{shfwhg sur�wv dv jlyhq1

SURSRVLWLRQ 4= Frqvlghu wkh iroorzlqj frqglwlrqv= +4, Dvvxpswlrqv 4 wr 7>

+5, � f � i�hE@6 ' @m%6 ' %� G E@c %� 5 �� � fj lv qrqsdudphwulfdoo| lghq0

wl�hg> +6, i}� G � 5 Uj dqg q duh nqrzq> dqg +7, Zh lpsrvh wkh qrupdol}dwlrq

��E@� ' ac @
3�c %� ' f iru dq| E�c @

3�c %�� Xqghu wkhvh frqglwlrqv/ h{shfwhg sd|r�v

iZ�E@�c %(� f

3��j duh qrqsdudphwulfdoo| lghqwl�hg1

Qrwlfh wkdw wklv Sursrvlwlrq krogv zlwk ru zlwkrxw pxowlsoh htxloleuld1 Wkdw lv/

xqghu Dvvxpswlrq 7 wkh frqglwlrqv iru wkh lghqwl�fdwlrq ri h{shfwhg sd|r�v +dqg iru

wkdw pdwwhu/ ri sd|r�v, gr qrw ghshqg rq zkhwkhu wkh prgho kdv pxowlsoh htxloleuld

ru qrw1

Frqglwlrq +5, krogv li wkh hfrqrphwulfldq revhuyhv i@c %j ryhu lwv ixoo vxssruw

�� �f1 Krzhyhu/ � f fdq eh qrqsdudphwulfdoo| lghqwl�hg xqghu zhdnhu frqglwlrqv1
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Lq sduwlfxodu/ � f fdq eh lghqwl�hg zkhq wkh hfrqrphwulfldq grhv qrw revhuyh vrph

frpprq nqrzohgjh vwdwh yduldeohv1 Ohw %6 ' i56c 16j/ zkhuh 56 lv revhuydeoh wr

wkh uhvhdufkhu dqg 16 lv xqrevhuydeoh1

DVVXPSWLRQ 8= 16 lv lqghshqghqw ri 56 dqg lv lqghshqghqwo| dqg lghqwlfdoo| glv0

wulexwhg ryhu pdunhwv zlwk suredelolw| glvwulexwlrq bE1�1 Ixuwkhupruh/ 16 kdv glvfuhwh

dqg �qlwh vxssruw C ' i1�c 12c ���c 1uj/ zkhuh bE1� : f iru dq| 1 5 C�

Lw lv fohdu wkdw �� f � i�hE@6 ' @m56 ' 5� G E@c %� 5 �� � ~j lv lghqwl�hg iurp

wkh gdwd1 Exw Sursrvlwlrq 4 uhtxluhv wkh lghqwl�fdwlrq ri � f1 Wr xqghuvwdqg zk| � f

fdq eh lghqwl�hg lq wklv prgho/ qrwlfh wkdw wkh lqghshqghqfh ri sulydwh lqirupdwlrq

yduldeohv lpsrvhv uhvwulfwlrqv rq wkh suredelolwlhv � f= l1h1/ frqglwlrqdo rq frpprq

nqrzohgjh yduldeohv/ sod|huv* dfwlrqv vkrxog eh lqghshqghqw1 Wkhuhiruh/ rqfh zh

frqglwlrq rq revhuydeoh vwdwh yduldeohv 56/ wkh vsdwldo fruuhodwlrq ehwzhhq wkh dfwlrqv

ri dq| wzr sod|huv vkrxog eh h{sodlqhg e| xqrevhuydeoh pdunhw fkdudfwhulvwlfv1 Pruh

irupdoo|/ dvvxpswlrqv 5 dqg 8 lpso| wkh iroorzlqj uhodwlrqvkls ehwzhhq �� f dqg � f

dqg b=

�� fE@m5� '[
1MC

bE1�

%
�\
�'�

� f

� E@�m%c 1�
&

+4<,

Wkhvh uhvwulfwlrqv fdq eh xvhg wr lghqwli| � f dqg b iurp �� f1 Zh hvwdeolvk vx!flhqw

frqglwlrqv iru lghqwl�fdwlrq lq wkh iroorzlqj Ohppd1

OHPPD 4= Frqvlghu wkh iroorzlqj frqglwlrqv= +4, Dvvxpswlrqv 4/ 5/ 6 dqg 8> +5,

�� f � i�hE@6 ' @m56 ' 5� G E@c 5� 5 �� � ~j lv qrqsdudphwulfdoo| lghqwl�hg> +6,

Rughu frqglwlrq/ u � �?|
�
a�* d�Ea � �� n �o

�
> dqg +7, Udqn frqglwlrq/ iru dq|

E@�c 5� 5 � � ~ dqg dq| 1 dqg 1� lq C/ � f

�
E@�m5c 1� 9' � f

�
E@�m5c 1��1 Xqghu wkhvh

frqglwlrqv b dqg � f duh qrqsdudphwulfdoo| lghqwl�hg1

Wkh frqglwlrqv lq Ohppd 4 gr qrw lpsrvh dq| uhvwulfwlrq rq wkh vxssruw ri 5143

Frqglwlrqv +6, dqg +7, fdq eh uhod{hg li zh lqfrusrudwh dvvxpswlrqv rq ~ dqg rq wkh

yduldelolw| ri �� f ryhu ~1 Qrwlfh/ wkdw wkh rughu frqglwlrq iru lghqwl�fdwlrq lpsolhv

wkdw zkhq wkh qxpehu ri sod|huv lqfuhdvhv zh fdq doorz iru pruh srlqwv lq wkh vxssruw

ri xqrevhuydeoh pdunhw fkdudfwhulvwlfv1 Iru lqvwdqfh/ lq d elqdu| fkrlfh jdph zh qhhg

43Lq idfw/ wklv Ohppd dssolhv dovr zkhq wkhuh duh qrw revhuydeoh yduldeohv }1
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dw ohdvw wkuhh sod|huv wr lghqwli| � f dqg b zkhq u ' 2> zh qhhg irxu sod|huv zkhq

u ' �> dqg zh fdq lghqwli| d vxssruw C zlwk qlqh srlqwv zkhq wkh qxpehu ri sod|huv

lv vl{1

Zh qrz frqvlghu wkh lghqwl�fdwlrq ri sd|r� ixqfwlrqv �� jlyhq fkrlfh suredelolwlhv

dqg h{shfwhg sd|r�v1 Uhphpehu wkdw=

Zf

�
E@�c 5c 1� � Z�E@�c 5c 1(�

f

3�
� '
[

@
3�

� f

3�E@3�m5c 1� ��E@�c @3�c 5c 1� +53,

Iru hdfk ydoxh E@�c 5c 1� zh kdyh rqo| rqh htxdwlrq dqg a�3� xqnqrzq sd|r�v ��1

Lw lv fohdu wkdw zlwkrxw ixuwkhu uhvwulfwlrqv zh fdqqrw lghqwli| �� iurp � f dqg Zf

�
1

Iluvw/ zh qhhg dq rughu frqglwlrq wr lghqwli| ��= wkh qxpehu ri sd|r� ydoxhv lq

i��j vkrxog qrw eh odujhu wkdq wkh qxpehu ri h{shfwhg sd|r�v iZf

� j1 Krzhyhu/ wkh
sureohp ri lghqwli|lqj�� lv pruh frpsolfdwhg wkdq mxvw lpsrvlqj wklv rughu frqglwlrq1

Lw lv uhodwhg wr wkh vr fdoohg uh hfwlrq sureohp zklfk dsshduv lq prghov zlwk vrfldo

lqwhudfwlrqv +vhh Pdqvnl/ 4<<6 dqg 4<<8,1

Wr looxvwudwh wklv srlqw/ zh frqvlghu wkh vshfl�fdwlrq ri sd|r�v lq wkh h{dpsoh lq

vhfwlrq 5181 Iru vlpsolflw|/ zh lqfrusrudwh wkh xqrevhuydeoh yduldeoh 1 dgglwlyho|1

��E@c 5c 1� ' +�E@�c 5�� w� n +2E@�c 53�� w2 n +�E@�c @3�� w� n +eE@�� 1 +54,

Vlqfh Zf

�
E@�c 5c 1� ' .E��E@c 5c 1�m@�c 5c 1�/ zh fdq zulwh Zf

�
E@�c 5c 1� ' ��E@c 5c 1� n

��/ zkhuh �� lv ruwkrjrqdo wr 5 dqg 11 Wkhuhiruh/ zh kdyh wkh iroorzlqj uhjuhvvlrq

htxdwlrq=

Zf

�
E5c 1� ' +�E5�� w� n +2E53�� w2 n +�E@3�� w� n 1 n �� +55,

zkhuh zh kdyh rplwwhg @� dv dq dujxphqw iru qrwdwlrqdo vlpsolflw|11 Zh nqrz Zf

�
E5c 1�/

+�E5��/ +2E53��/ +�E@3�� dqg wkh suredelolw| glvwulexwlrq ri 1/ dqg zh zdqw wr hvwlpdwh

w ' iw�c w2c w�j1 Lq wklv uhjuhvvlrq +�E@3�� lv hqgrjhqrxv ehfdxvh sod|huv* dfwlrqv gh0

shqg rq wkh xqrevhuydeohv 1 dqg ��1 Qrwlfh wkdw @3� lv hqgrjhqrxv lq wklv uhjuhvvlrq

hyhq li wkhuh lv qrw xqrevhuydeoh frpprq nqrzohgjh vwdwh yduldeohv/ l1h1/ 1 ' f zlwk

suredelolw| rqh1 Lq sulqflsoh/ zh gr qrw kdyh h{foxvlrq uhvwulfwlrqv wr lqvwuxphqw

+�E@3�� ehfdxvh 5 lv dq dujxphqw lq wkh uhjuhvvlrq1 Wkhuhiruh/ zlwkrxw ixuwkhu uh0

vwulfwlrqv/ wkh lghqwl�fdwlrq ri w� uholhv rq ixqfwlrqdo irup dvvxpswlrqv rq +�E�� dqg
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+2E��1
44

Vxssrvh wkdw zh fdq sduwlwlrqhg 5� lq wzr vxe0yhfwruv/ 5�
�
dqg 5�

�
/ vxfk wkdw= +4,

Sod|hu ��r sd|r� ghshqgv rq 5� ' i5�
�
c 5�

2
c ���c 5��j dqg rq lwv rzq 5�� exw qrw rq

5�
3�/ l1h1/ +2E53�� ' +2E5

�
3��> dqg +5, wkh pdwul{ .E5�

3� +�E@3��� kdv ixoo0froxpq udqn1

Xqghu wkhvh frqglwlrqv/ w lv lghqwl�hg iru dq| vshfl�fdwlrq ri +�E��/ +2E��/ dqg +�E��1

Wklv h{foxvlrq uhvwulfwlrq dssolhv erwk wr vwdwlf dqg g|qdplf jdphv1 Krzhyhu/ wkhuh

duh vrph g|qdplf jdphv zkhuh wklv w|sh ri uhvwulfwlrq vhhpv pruh sodxvleoh1 Iru

lqvwdqfh/ frqvlghu d g|qdplf jdph zkhuh �upv idfh frvwv ri fkdqjlqj wkhlu ghflvlrq

iurp shulrg | � � wr shulrg |1 Wkdw lv wkh fdvh lq prghov zlwk dgmxvwphqw frvwv ru

vzlwfklqj frvwv1 Vxssrvh wkdw d �up*v sd|r� ixqfwlrq ghshqgv rq wkh fxuuhqw dfwlrqv

ri doo �upv +l1h1/ frqwhpsrudqhrxv vwudwhjlf lqwhudfwlrqv, dqg rq lwv rzq suhylrxv

dfwlrq +l1h1/ dgmxvwphqw frvwv,/ exw qrw rq rwkhu �upv suhylrxv dfwlrqv +l1h1/ qrw odjjhg

vwudwhjlf lqwhudfwlrqv,1 Lq wklv frqwh{w/ li .E@3�c|3�+�E@3�|�� lv ixoo0froxpq udqn/ dqg

vwudwhjlf lqwhudfwlrqv duh lghqwl�hg1

7 Hvwlpdwlrq

Frqvlghu wkdw wkh sulplwlyhv ri wkh prgho duh nqrzq xs wr d yhfwru ri vwuxfwxudo

sdudphwhuv w/ dqg wkdw sulplwlyhv duh frqwlqxrxvo| gl�huhqwldeoh lq w1 Dvvxpswlrq 7

lpsolhv wkdw wkhuh lv dw ohdvw rqh ydoxh wf vxfk wkdw � f lv dq htxloleulxp dvvrfldwhg

zlwk wf1 Ixuwkhupruh/ xqghu wkh frqglwlrqv lq Sursrvlwlrq 4 dqg wkh h{foxvlrq uhvwulf0

wlrqv ghvfulehg lq suhylrxv vhfwlrq/ wf lv xqltxh1 Wkh uhvhdufkhu zdqwv wr hvwlpdwh wf

jlyhq d vdpsoh i@6c 56 G 6 ' �c 2c ���c Aj1 Iluvw/ zh ghvfuleh d pd{lpxp olnholkrrg

hvwlpdwru ri wf dqg glvfxvv lwv wkhruhwlfdo dqg sudfwlfdo olplwdwlrqv1

714 Pd{lpxp olnholkrrg hvwlpdwlrq

Lq sulqflsoh/ zh frxog iroorz d pd{lpxp olnholkrrg dssurdfk wr hvwlpdwh wf1 Ohw

X � -g eh wkh vsdfh ri wkh sdudphwhu yhfwru w/ zkhuh X lv frpsdfw1 Iru w 5 X/

ohw (Ew� eh wkh vhw ri htxloleuld/ lq suredelolw| vsdfh/ dvvrfldwhg zlwk w= l1h1/ (Ew� '

44
Qrwlfh wkdw d ixqfwlrqdo irup dvvxpswlrq rq |6+d�l, +h1j1/ |6+d�l, @

S
m 9@l dm, grhv qrw khos wr

vroyh wklv lghqwl�fdwlrq sureohp1
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i� W�Ew�c � W2Ew�c ���j1
GHILQLWLRQ +Htxloleulxp w|sh,= Ohw w dqg w� eh wzr hohphqwv ri X1 Dqg ohw � Ew� 5
(Ew� dqg � �Ew�� 5 (Ew�� eh wzr htxloleuld dvvrfldwhg zlwk w dqg w�/ uhvshfwlyho|1 Zh

vd| wkdw � Ew� dqg � �Ew�� ehorqj wr wkh vdph htxloleulxp w|sh li *�4w�
<w �

�Ew�� ' � Ew�1

Iru vlpsolflw|/ vxssrvh wkdw wkhuh lv d �qlwh qxpehu ' ri htxloleulxp w|shv/ zklfk

zh lqgh{ e| ^1 Lq jhqhudo/ qrw doo wkh htxloleulxp w|shv h{lvw iru hyhu| w 5 X1 ohw

X^ � X eh wkh vxevhw ri sdudphwhu yhfwruv iru zklfk htxloleulxp ^ h{lvwv1

Iru dq| w|sh ^/ gh�qh wkh iroorzlqj htxloleulxp w|sh0vshfl�f orj0olnholkrrg ixqf0

wlrqv=

,^Ew� '

;?
=

�

A

[A

6'�

[�

�'�
*?� W^

� E@�6m%6( w� �s w 5 X^

�4 �s w *5 X^

� +56,

Xqghu dvvxpswlrq 7/ wkh srsxodwlrq suredelolwlhv � f ehorqj wr vrph htxloleulxp w|sh1

Li zh nqhz wklv htxloleulxp w|sh/ vd| ^f/ zh zrxog pd{lpl}h ,^fEw� zlwk uhvshfw wr

w dqg rewdlq wkh POH ri wf1 Dvvxpswlrqv 4 wr 7 dqg wkh gl�huhqwldelolw| ri sulpl0

wlyhv zlwk uhvshfw wr w jxdudqwhh wkdw ,^fEw� lv d frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq1

Wkhuhiruh/ li X^f lv d frpsdfw vhw/ wklv hvwlpdwru lv frqvlvwhqw/ dv|pswrwlfdoo| qrupdo

dqg h!flhqw1

Dowkrxjk zh gr qrw nqrz wkh htxloleulxp w|sh ri � f/ zh fdq rewdlq wkh POH ri wf

xvlqj wkh iroorzlqj surfhgxuh1 Iluvw/ iru dq| w|sh ^/ ohw 	w
^
eh wkh pd{lpxp olnholkrrg

hvwlpdwru ri wf frqglwlrqdo rq � f ehlqj w|sh ^= wkdw lv/ 	w
^
' @h}4@ wMX^

,^Ew�1 Wkhq/

wkh pd{lpxp olnholkrrg hvwlpdwru lv gh�qhg dv=

	w�u. ' 	w
^ / ,^E	w

^
� ' 4@ 

^�Mt�c2c��c'�
,^

�

E	w
^�

� +57,

Lw lv vwudljkwiruzdug wr suryh wkdw/ xqghu Dvvxpswlrqv 4 wr 7 dqg wkh dgglwlrqdo dv0

vxpswlrq wkdw doo wkh vhwv X^ duh frpsdfw/ wklv hvwlpdwru lv frqvlvwhqw/ dv|pswrwlfdoo|

qrupdo dqg h!flhqw1 Wkdw lv/ xqghu wkhvh frqglwlrqv zh fkrrvh 	w
^f
dv|pswrwlfdoo|

zlwk suredelolw| rqh/ dqg 	w
^f
lv FDQ dqg DH1

Krzhyhu/ wklv hvwlpdwru kdv lpsruwdqw wkhruhwlfdo dqg sudfwlfdo olplwdwlrqv1 Iluvw/

lq prghov zlwk pxowlsoh htxloleuld vrph vhwv X^ +lqfoxglqj X^f, pd| qrw eh frpsdfw

dqg wklv fdq uhvxow lq wkh lqfrqvlvwhqf| ri wklv hvwlpdwru1 Vhfrqg/ iru wkh lpsohphq0

wdwlrq ri wklv phwkrg zh vkrxog nqrz doo wkh htxloleulxp w|shv wkdw wkh prgho kdv rq
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X1 Wklv lv frpsxwdwlrqdoo| lpsudfwlfdo hyhq iru uhodwlyho| vlpsoh prghov1 Dqg wklug/

wr rewdlq dq htxloleulxp w|sh0vshfl�f hvwlpdwru/ vd| 	w
^
/ zh qhhg dq dojrulwkp wkdw

jxdudqwhhv wkdw iru gl�huhqw ydoxhv ri w zh dozd|v vhohfw htxloleulxp w|sh ^1 Wklv fdq

eh d yhu| gl!fxow wdvn iru vrph w|shv ri htxloleuld +vhh PfNhoyh| dqg PfOhqqdq/

4<<9,1

Jlyhq wkhvh lpsruwdqw frpsxwdwlrqdo sureohpv/ wkh suhylrxv PO hvwlpdwru kdv

qrw ehhq xvhg lq hpslulfdo dssolfdwlrqv1 Lqvwhdg/ wkh dssurdfk lq vrph dssolfdwlrqv

kdv ehhq wr pd{lpl}h d �olnholkrrg ixqfwlrq� zkhuh/ iru hyhu| wuldo ydoxh ri w/ wkh uh0

vhdufkhu ohwv wkh dojrulwkp wkdw vhdufkhv iru dq htxloleulxp �ghflgh� wkh suredelolwlhv

wkdw vkrxog hqwhu lq wkh olnholkrrg1 Lq jhqhudo/ wkh vdpsoh fulwhulrq rewdlqhg lq wklv

zd| lv qrw d zhoo gh�qhg olnholkrrg ixqfwlrq dqg lw grhv qrw kdyh d fohdu vwdwlvwlfdo

lqwhusuhwdwlrq1 Wkh vwdwlvwlfdo surshuwlhv ri wkh hvwlpdwru wkdw pd{lpl}hv wklv fulwh0

ulrq ixqfwlrq duh xqnqrzq1 Lq idfw/ jlyhq wkdw zkhq w fkdqjhv wkh dojrulwkp pd|

�mxps� ehwzhhq htxloleulxp w|shv/ wklv fulwhulrq ixqfwlrq fdq eh yhu| glvfrqwlqxrxv

dqg w|slfdo wkhruhpv iru h{wuhpxp hvwlpdwruv gr qrw dsso|1

715 Svhxgr pd{lpxp olnholkrrg hvwlpdwru

Frqvlghu wkh iroorzlqj svhxgr olnholkrrg ixqfwlrq=

�,A E�
fc w� '

�

A

[A

6'�

[�

�'�
*?[�E@�6m%6(� fc w� +58,

zkhuh [ lv wkh htxloleulxp pdsslqj gh�qhg lq vhfwlrq 51 Iru duelwudu| w wklv svhxgr

olnholkrrg lv qrw htxdo wr wkh olnholkrrg dvvrfldwhg zlwk wkh htxloleulxp w|sh ri � f/

l1h1/ �,A E�
fc w� 9' ,^fA Ew�1 Krzhyhu/ wkh wuxh dqg wkh svhxgr olnholkrrgv duh htxdo dw

w ' wf= l1h1/ e| wkh htxloleulxp frqglwlrq dqg Dvvxpswlrq 7/ [E� fc wf� ' � W^fEwf�1

Edvhg rq wklv surshuw|/ zh gh�qh wkh iroorzlqj svhxgr0pd{lpxp olnholkrrg hvwlpdwru1

Ohw 	� f eh dq lqlwldo qrqsdudphwulf hvwlpdwru ri � f1 Wkh svhxgr pd{lpxp olnholkrrg

hvwlpdwru ri wf lv wkh ydoxh ri w wkdw pd{lpl}hv wkh svhxgr olnholkrrg �,A Ewc 	�
f�=

	w��u. ' @h}4@ 
wMX

�,A E 	�
fc w� +59,

Wkh iroorzlqj Sursrvlwlrq vkrzv wkdw wklv hvwlpdwru lv frqvlvwhqw dqg dv|pswrwlfdoo|

qrupdo xqghu plog uhjxodulw| frqglwlrqv1
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SURSRVLWLRQ 5= Frqvlghu wkdw X lv d frpsdfw vhw dqg wkdw wf xqltxho| pd{lpl}hv

�,"E�
fc w� � . E

S
� *?[�E@�6m%6(� fc w�� lq X1 Ohw 	� f

A
eh d urrw0W frqvlvwhqw dqg dv0

|pswrwlfdoo| qrupdo hvwlpdwru ri � f vxfk wkdw
ks

A E 	� f

A
� � f�� (

s
A Y�,A Ew

fc � f�*Yw�
l
$_

�Efclf�/ zkhuh lf �
%
lf

��
lf

�w

lf

w�
lf

ww

&
/ lf

��
lv fryduldqfh pdwul{ lq wkh dv|pswrwlf glv0

wulexwlrq ri 	� f

A
/ dqg lf

ww
� Y2�,"E�

fc wf�*YwYw�1 Xqghu wkhvh frqglwlrqv dqg Dvvxps0

wlrqv 4 wr 7 wkh hvwlpdwru 	w��u. frqyhujhv d1v1 wr wf/ lw lv dv|pswrwlfdoo| qrupdo/

dqg wkh yduldqfh ri lwv dv|pswrwlf glvwulexwlrq lv

T f ' Elf

ww
�3� n Elf

ww
�3�

k
{f

w�
lf

��
{f�

w�
nlf

w�
{f�

w�
n{f

w�
lf

�w

l
Elf

ww
�3�

zkhuh {f

w�
� Y2�,"E�

fc wf�*YwY� �1

Urrw0W frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh �uvw vwdjh qrqsdudphwulf

hvwlpdwru +wrjhwkhu zlwk uhjxodulw| frqglwlrqv, duh vx!flhqw wr jxdudqwhh urrw0W

frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh svhxgr pd{lpxp olnholkrrg hvwlpd0

wru1 D vx!flhqw frqglwlrq iru dv|pswrwlf h!flhqf| lv wkdw wkh Mdfreldq pdwul{

Y2[�E@�6m%6(� fc wf�*YwY� � lv }hur1 Wr vhh wklv/ qrwlfh wkdw wklv frqglwlrq lpsolhv

wkdw= +4, {f

w� ' f/ dqg wkhuhiruh T f ' Elf

ww�
3�> dqg +5, e| wkh lpsolflw ixqfwlrq

wkhruhp/ Y[�E@�6m%6(� fc wf�*Yw ' Y� W^f
� E@�6m%6( wf�*Yw/ dqg wkhuhiruh vfruh dqg

svhxgr0vfruh duh htxdo dw wf dqg T f ' Elf

ww�
3� ' EY2,^f

"
Ewf�*YwYw��3�/ zklfk lv wkh

fryduldqfh pdwul{ ri wkh POH1 Lq rwkhu zrugv/ xqghu wkh }hur Mdfreldq pdwul{ frq0

glwlrq Ilvkhu*v lqirupdwlrq pdwul{ lv eorfn gldjrqdo dqg wkh dv|pswrwlf yduldqfh ri

wkh �uvw vwdjh hvwlpdwru grhv qrw d�hfw wkh dv|pswrwlf yduldqfh ri wkh vhfrqg vwdjh

hvwlpdwru1 Lq Djxluuhjdeluld dqg Plud +5335, zh suryhg wkdw wklv frqglwlrq lv vdwlv0

�hg iru wkh fodvv ri glvfuhwh fkrlfh g|qdplf surjudpplqj prghov frqvlghuhg lq Uxvw

+4<;:/ 4<<7,/ dprqj rwkhuv1 Krzhyhu/ lq jhqhudo wklv frqglwlrq grhv qrw krog iru wkh

pdsslqj [� lq wkh fodvv ri g|qdplf jdphv wkdw zh frqvlghu lq wklv sdshu1

Wkhuh duh vhyhudo uhdvrqv zk| wklv hvwlpdwru lv ri lqwhuhvw1 Iluvw/ lw vroyhv wkh

sureohp ri lqghwhuplqdf| dvvrfldwhg zlwk pxowlsoh htxloleuld1 Vhfrqg/ uhshdwhg vrox0

wlrqv ri wkh g|qdplf jdph duh dyrlghg dqg wklv fdq uhvxow lq vljql�fdqw frpsxwdwlrqdo

jdlqv1 Ixuwkhupruh/ iru vrph prghov wkh svhxgr olnholkrrg ixqfwlrq �,A E�
fc w� lv jore0

doo| frqfdyh lq w/ zklfk lq jhqhudo lw lv qrw wkh fdvh iru wkh olnholkrrg ixqfwlrq1 Wkdw

4;



lv wkh fdvh lq wkh frqglwlrqdo orjlw jdph suhvhqwhg lq Vhfwlrq 5181 Wklv fdq dovr uhgxfh

vljql�fdqwo| wkh frpsxwdwlrqdo frvw lq wkh hvwlpdwlrq1

H{dpsoh= Frqvlghu wkh frqglwlrqdo orjlw prgho lq vhfwlrq 5181 Lq wklv prgho/ wkh sure0

delolwlhv [�E@m%( 	� fc w� wkdw hqwhu lq wkh svhxgr0olnholkrrg ixqfwlrq kdyh wkh iroorzlqj

orjlvwlf irup=

[�E@�m%6( 	� fc w� '
i T i �+f��6E@�� w� n �+f2�6E@�� w2 n �rf�6E@�� w� n �ef�6E@�� j[a

�'�
i T i �+f��6E�� w� n �+f2�6E�� w2 n �rf�6E�� w� n �ef�6E��j

zkhuh/ jlyhq 	� f/ wkh ydoxhv �+f
��6/ �+

f

2�6/ �r
f

�6/ dqg �ef�6 fdq eh rewdlqhg e| vroylqj d

v|vwhp ri olqhdu htxdwlrqv zlwk glphqvlrq mfmEa � �� +vhh wkh Dsshqgl{,1 Wkhuhiruh/

wkh svhxgr olnholkrrg ixqfwlrq lv mxvw wkh olnholkrrg ri d vwdqgdug frqglwlrqdo orjlw

prgho1 Lw lv vlpsoh wr lqfrusrudwh xqrevhuydeoh frpprq nqrzohgjh vwdwh yduldeohv

lq wklv prgho1 Iru lqvwdqfh/ frqvlghu wkdw w�/ w2 dqg w� duh yhfwruv ri udqgrp frhi0

�flhqwv zklfk ghshqg rq 1/ vxfk wkdw w�6 ' 7w� n j�16/ zkhuh 7w� dqg j� duh yhfwruv

ri sdudphwhuv1 Zh fdq hvwlpdwh wklv udqgrp frh!flhqwv orjlw prgho e| vlpxodwhg

pd{lpxp olnholkrrg dv lq PfIdgghq dqg Wudlq +5333,1

D srwhqwldoo| lpsruwdqw olplwdwlrq ri wklv SPOH lv wkdw lqlwldo qrqsdudphwulf

hvwlpdwhv ri � f fdq eh yhu| lpsuhflvh/ dqg wklv zloo lpso| odujh dv|pswrwlf ydul0

dqfhv dqg vljql�fdqw �qlwh vdpsoh eldvhv lq wkh hvwlpdwhv ri vwuxfwxudo sdudphwhuv1

Zh sursrvh wzr zd|v ri ghdolqj zlwk wklv sureohp1 Iluvw/ lw lv srvvleoh wr h{sorlw

wkh sdudphwulf dvvxpswlrq derxw wkh glvwulexwlrq ri 0�r wr rewdlq lqlwldo vhplsdud0

phwulf hvwlpdwhv ri � f1 Wkhvh hvwlpdwhv zloo eh pruh suhflvh wkdq qrqsdudphwulf

hvwlpdwhv1 Vhfrqg/ zh fdq dsso| rxu surfhgxuh uhfxuvlyho| wr rewdlq d vhtxhqfh ri

frqvlvwhqw hvwlpdwruv wkdw pd| kdyh ehwwhu dv|pswrwlf dqg �qlwh vdpsoh surshuwlhv

wkdq wkh lqlwldo hvwlpdwru1 Ohw 	w
�

��u. eh rxu lqlwldo hvwlpdwru1 Dvvrfldwhg zlwk

wklv hvwlpdwru zh fdq rewdlq frqvlvwhqw hvwlpdwhv ri fkrlfh suredelolwlhv wkdw h{sorlw

wkh vwuxfwxuh ri wkh prgho1 Ohw 	� � eh wklv yhfwru ri hvwlpdwhg suredelolwlhv/ zkhuh

	� �

� E@�m%� ' [�E@�m%( 	� fc 	w
�

��u.�1 Wkhq/ zh fdq rewdlq d qhz svhxgr0pd{lpxp olnhol0

krrg hvwlpdwru dv 	w
2

��u. ' @h}4@ wMX �,A Ewc 	�
��1 Lq jhqhudo/ zh fdq rewdlq d N0vwdjh

SPO hvwlpdwru dv=

	w
g

��u.
' @h}4@ 

wMX

�,A E 	�
g3�c w� +5:,

4<



zkhuh/ iru g � �/ 	�g
�
E@�m%� ' [�E@�m%( 	�g3�c 	w

g

��u.
�1

8 Frpsoh{lw| dqg d udqgrpl}hg SPO hvwlpdwru

814 Ghjuhh ri frpsoh{lw| ri wkh SPO hvwlpdwru

Wkh glphqvlrq ru vl}h ri d g|qdplf glvfuhwh jdph fdq eh ghvfulehg lq whupv ri wkuhh

lqwhjhuv= wkh qxpehu ri sod|huv/ � / wkh qxpehu ri dfwlrqv shu sod|hu a / dqg wkh

qxpehu ri srvvleoh vwdwhv/ mfm1 Qrwlfh wkdw % ' i%�c %2c ���c %�j zkhuh %� lv d sod|hu0

vshfl�f vwdwh yduldeoh1 Wkhuhiruh/ wkh glphqvlrq ri wkh vwdwh vsdfh ghshqgv rq wkh

qxpehu ri sod|huv/ dqg zh fdq zulwh mfm ' 7� / zkhuh 7 lv wkh glphqvlrq ri wkh vsdfh

zkhuh %� olyhv1 Wkh vl}h ri wkh hvwlpdwlrq sureohp ghshqgv dovr rq wkh qxpehu ri

revhuydwlrqv/ A 1

Iluvw/ zh phdvxuh wkh frpsxwdwlrqdo frvw ri lpsohphqwlqj wkh SPO hvwlpdwru

lq d sureohp ri vl}h i�c ac 7c Aj1 Iroorzlqj wkh olwhudwxuh ri frpsoh{lw| wkhru|/ wkh

zruvw fdvh frpsoh{lw| ri d sureohp ri vl}h ?/ ghqrwhg e| SJ6RE?�/ lv wkh plqlpdo

qxpehu ri vlpsoh dojheudlf rshudwlrqv +l1h1/ vxpv ru pxowlsolfdwlrqv ri wzr qxpehuv,

qhfhvvdu| wr vroyhg wkh kdughvw srvvleoh sureohp zlwk wkdw vl}h1 Wklv phdvxuh ri frp0

soh{lw| lv jhqhudoo| uhsuhvhqwhg e| dv|pswrwlf orzhu ru xsshu erxqgv1 Iru lqvwdqfh/

SJ6RE?� ' �E�E?�� phdqv wkdw wkh ixqfwlrq �E?� lv dq dv|pswrwlf xsshu erxqg iru

wkh frpsoh{lw| ri d sureohp zlwk vl}h ?/ wkdw lv/ *�4?<" mSJ6RE?�*�E?�m 	 41

Wdeoh 4 suhvhqwv wkh ghjuhh ri frpsoh{lw| ri gl�huhqw frpsxwdwlrqdo wdvnv zklfk

vkrxog eh shuiruphg lq wkh lpsohphqwdwlrq ri wkh SPO hvwlpdwru1 Iru doo wkhvh wdvnv/

frpsoh{lw| lv h{srqhqwldo lq wkh qxpehu ri sod|huv1 Wkhuhiruh/ wkhuh lv d �fxuvh ri

glphqvlrqdolw|� lq wkh hvwlpdwlrq ri glvfuhwh jdphv zlwk d uhodwlyho| odujh qxpehu

ri sod|huv1 Qrwlfh wkdw wklv sureohp h{lvwv hyhq zkhq wkh jdph lv vwdwlf ehfdxvh iru

vwdwlf prghov zh vkrxog dovr frpsxwh h{shfwhg sd|r�v Z�/ dqg wklv frpsxwdwlrq lv

vxemhfw wr d fxuvh ri glphqvlrqdolw|1

815 Udqgrpl}hg SPO hvwlpdwru

Zh suhvhqw khuh d yhuvlrq ri wkh SPO hvwlpdwru wkdw h{sorlwv Prqwh Fduor whfkqltxhv

wr dssur{lpdwh h{shfwhg sur�wv dqg wkh ydoxdwlrq rshudwruv K�E� �1 Wklv hvwlpdwru
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h{sorlwv wkh udqgrpl}dwlrq phwkrg sursrvhg e| Uxvw +4<<:, lq wkh frqwh{w ri vroylqj

vlqjoh djhqw g|qdplf surjudpplqj prghov145 Zh vkrz wkdw wklv hvwlpdwru fdq eh

fdofxodwhg lq sro|qrpldo wlph/ dqg wkdw lw lv dv|pswrwlfdoo| htxlydohqw wr wkh SPOH

zkhq wkh qxpehu ri Prqwh Fduor vlpxodwlrqv dqg wkh vdpsoh vl}h jr wr lq�qlw|1 Lq

wklv vhqvh/ wklv hvwlpdwru euhdnv wkh fxuvh ri glphqvlrqdolw| lq wkh hvwlpdwlrq ri wklv

fodvv ri g|qdplf glvfuhwh jdphv1

Iluvw/ zh iroorz Uxvw +4<<:, wr gh�qh d udqgrpl}hg yhuvlrq ri rxu htxloleulxp

pdsslqj [1 Ohw �� ' i��c �2c ���j eh dq lq�qlwh vhtxhqfh ri lqghshqghqw udqgrp gudzv

iurp d LEfc ��1 Wklv vhtxhqfh lv �{hg dqg lw grhv qrw ghshqg rq dq| ri wkh sulplwlyhv

ri wkh prgho ru rq wkh vdpsoh1 Ohw ��- ghqrwh wkh �uvw - hohphqwv ri wkh vhtxhqfh ��1

Jlyhq wudqvlwlrq suredelolwlhv s ' isE%�m%c @�j/ fkrlfh suredelolwlhv � ' i��E@�m%�j
dqg ��-/ zh jhqhudwh - lqghshqghqw udqgrp gudzv iurp wkh xqfrqglwlrqdo +hujrglf,

glvwulexwlrq ri wkh vwdwh yduldeohv %146 Ohw �f- ' i�%o G o ' �c 2c ���c -j eh wklv vhw ri

udqgrp gudzv1 Iru hyhu| �% 5 �f- zh rewdlq - lqghshqghqw udqgrp gudzv ri sod|huv*

ghflvlrqv xvlqj wkh frqglwlrqdo fkrlfh suredelolwlhv i��E�m�%�j dqg ��-1
47 Ohw i�@oE�%� G

o ' �c 2c ���c -j eh wklv vhw ri vlpxodwlrqv/ zkhuh �@oE�%� ' i�@�oE�%�c �@2oE�%�c ���c �@�oE�%�j1
Wkh vhtxhqfh ��- lv dq dujxphqw lq doo wkh vlpxodwruv wkdw zh gh�qh ehorz1 Krzhyhu/

iru qrwdwlrqdo vlpsolflw|/ zh rplw ��- dv dujxphqw dqg lqvwhdg zh xvh d vxelqgh{ -=

l1h1/ iru dq| ixqfwlrq �E��/ �-E�� � �E�( ��-�1

Jlyhq wkhvh udqgrp gudzv/ zh gh�qh wkh iroorzlqj vlpxodwruv ri h{shfwhg sur�wv

dqg wudqvlwlrq suredelolwlhv1 Iru hyhu| E@�c �%� 5 ��f-=

�Z�c-E@�c �%(�c w� '
�

-

-[

o'�

��E@�c �@3�oE�%�c �%( w� +5;,

45
Uxvw vkrzv wkdw klv udqgrpl}dwlrq whkqltxh vroyhv wkh fxuvh ri glphqvlrqdolw| lq wkh vroxwlrq ri

glvfuhwh fkrlfh g|qdplf surjudpplqj sureohpv zlwk frqwlqxrxv vwdwh yduldeohv1 Khuh wkh sureohp

lv voljkwo| gl�huhqw ehfdxvh rxu vwdwh vsdfh lv glvfuhwh/ wkrxjk wkhuh lv d fxuvh ri glphqvlrqdolw|

dvvrfldwhg zlwk wkh qxpehu ri sod|huv1 Dovr/ rxu pdlq frqfhuq khuh lv hvwlpdwlrq1
46Lq sulqflsoh/ wkhuh lv d fxuvh ri glphqvlrqdolw| lq wkh frpsxwdwlrq ri suredelolwlhv lq i dqg S /

dqg lq wkh fdofxodwlrq ri wkh xqfrqglwlrqdo glvwulexwlrq ri { jlyhq i dqg S 1 Krzhyhu/ zh vkrz

ehorz wkdw iru wkh lpsohphqwdwlrq ri rxu hvwlpdwru zh qhhg hvwlpdwhv ri wkhvh suredelolwlhv dw rqo|

U ydoxhv ri {/ zkhuh U grhv qrw lqfuhdvh h{srqhqwldoo| zlwk wkh vl}h ri wkh sureohp1
47E| wkh frqglwlrqdo lqghshqghqfh ri sod|huv* dfwlrqv/ wkh frpsxwdwlrq ri wkhvh gudzv lv qrw

vxemhfw wr d fxuvh ri glphqvlrqdolw|1
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Dqg iru hyhu| E@�c �%c �%
�� 5 ��f- �f-=

	s�c-E�%
�m�%c @�(� � ' �

-

-[

o'�

sE�%�m�%c @�c �@3�oE�%�� +5<,

Vlqfh
[

�%�Mf-

	s�c-E�%
�m�%c @�(� � grhv qrw qhfhvvdulo| vxp wr rqh/ zh frqvlghu wkh iro0

orzlqj vlpsoh qrupdol}dwlrq +Uxvw/ 4<<:,=

�s�c-E�%
�m�%c @�(� � '

	s�c-E�%
�m�%c @�(� �

[-

o'�
	s�c-E�%om�%c @�(� �

+63,

Qrz/ zh xvh wkh suhylrxv vlpxodwruv wr gh�qh udqgrpl}hg yhuvlrqv ri wkh pdsslqjv

K�E� ( w� dqg [�E�c w�1 Wkh udqgrpl}hg rshudwru +ru vlpxodwru, �K�c-E�c w� lv wkh -� �

yhfwru ri ydoxhv �T� wkdw vroyhv wkh v|vwhp ri olqhdu htxdwlrqv=

k
U- � q �8-E� �

l
�T� '

[
@�M�

��E@�� � d�Z�c-E@�(�c w� n e�E@�(���o +64,

zkhuh �8-E� � lv wkh -�- pdwul{ ri wudqvlwlrq suredelolwlhv wkdw zh rewdlq xvlqj wkh

vlpxodwruv �s�c-E�%
�m�%c @�(� �1 Ilqdoo|/ wkh vlpxodwru ri wkh htxloleulxp pdsslqj [� lvG

�[�c-E@�m%(�c w� ' \�E@� m i���c-E�c %(�c w�j� +65,

zkhuh i���c-E�c %(�c w�j duh vlpxodwruv ri frqglwlrqdo fkrlfh ydoxh ixqfwlrqv/

���c-E�c %(�c w� � �Z�c-E�c %(�c w� n q
-[
o'�

�K�c-E�%o(�c w� �s�c-E�%om%c @�(� � +66,

Lw lv fohdu wkdw/ e| d vwurqj odz ri odujh qxpehuv/ doo wkhvh vlpxodwruv duh xq0

eldvhg dv - jrhv wr lq�qlw|1 Wkh| duh dovr frqwlqxrxvo| gl�huhqwldeoh lq w dqg � 1

Ixuwkhupruh/ jlyhq wkdw wkh udqgrp gudzv ��- gr qrw fkdqjh zlwk w dqg � / wkhvh vlp0

xodwruv duh vwrfkdvwlfdoo| htxlfrqwlqxrxv lq w1 Wkh ghjuhh ri frpsoh{lw| ri fdofxodwlqj

vlpxodwhg h{shfwhg sur�wv dqg wudqvlwlrq suredelolwlhv lv �E�a-2� dqg �E�a-��/

uhvshfwlyho|1 Dqg wkh frpsxwdwlrqdo frvw ri vroylqj wkh v|vwhp ri htxdwlrqv wkdw

gh�qhv �K�c- kdv rughu ri pdjqlwxgh �E-��1

Ohw 	� f eh d frqvlvwhqw hvwlpdwru ri � f1 Wkh vlpxodwhg SPO hvwlpdwru ri wf lv

wkh ydoxh ri w wkdw pd{lpl}hv lq X wkh vlpxodwhg svhxgr olnholkrrg ixqfwlrq/

'Ac-E 	�
fc w� '

�

A

[A

6'�

[�

�'�
*? �[�c-E@�6m%6( 	� fc w� +67,
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Qrwlfh wkdw wr frqvwuxfw wklv vlpxodwhg olnholkrrg zh qhhg wr hydoxdwh wkh pdsslqj

�[� dw wkh vdpsoh srlqwv i%6 G 6 ' �c 2c ���c Aj1 Wkhuhiruh/ wkhvh vdpsoh ydoxhv

vkrxog ehorqj wr f-/ dqg - vkrxog eh juhdwhu ru htxdo wkdq A 148 Wkh uhpdlqlqj

-�A udqgrp gudzv duh jhqhudwhg xvlqj wkh wudqvlwlrq suredelolw| sE�m%c @� iru ydoxhv
E%c @� wdnhq udqgrpo| iurp wkh vdpsoh1 Dovr/ qrwlfh wkdw wr rewdlq doo wkh suhylrxv

vlpxodwruv zh gr qrw kdyh wr hvwlpdwh fkrlfh suredelolwlhv dw hyhu| srlqw lq wkh vsdfh

f1 Zh rqo| qhhg wr hvwlpdwh wkhvh suredelolwlhv dw wkh - ydoxhv lq f-1 Wkhuhiruh/

wkh ghjuhh ri frpsoh{lw| ri hydoxdwlqj wkh vlpxodwhg svhxgr olnholkrrg lv �E-��1

Wkh iroorzlqj sursrvlwlrq hvwdeolvkhv wkh dv|pswrwlf surshuwlhv ri wklv hvwlpdwru1

SURSRVLWLRQ 6= Xqghu wkh frqglwlrqv lq Sursrvlwlrq 5 wkh vlpxodwhg svhxgr0

pd{lpxp olnholkrrg hvwlpdwru +V0SPOH, lv dv|pswrwlfdoo| htxlydohqw wr wkh SPOH

li
s
A*- jrhv wr }hur dv A jrhv wr lq�qlw|1

9 Frqfoxvlrqv

Lq wklv sdshu zh kdyh suhvhqwhg vhyhudo uhvxowv dqg whfkqltxhv wr ghdo zlwk vrph

frpprq sureohpv zklfk dsshdu lq wkh hvwlpdwlrq ri g|qdplf glvfuhwh jdphv1

Iluvw/ zh vkrzhg wkdw/ li sod|huv gr qrw udqgrpl}h dprqj pxowlsoh htxloleuld/ wkh

hfrqrphwulf lghqwl�fdwlrq ri sd|r� ixqfwlrqv grhv qrw ghshqg rq zkhwkhu wkh prgho

kdv pxowlsoh ru xqltxh htxloleuld1 Dowkrxjk lw lv zhoo nqrzq wkdw wkhuh lv qrw d qhfhv0

vdu| uhodwlrqvkls ehwzhhq pxowlsoh htxloleuld dqg xqghu0lghqwl�fdwlrq/ qrq0xqltxhqhvv

pdnhv d prgho pruh vxvfhswleoh ri ehlqj xqghu0lghqwl�hg +Mrydqrylf/ 4<;<,1 Wkhuh0

iruh/ �qglqj frqglwlrqv iru lghqwl�fdwlrq lv sduwlfxoduo| uhohydqw lq prghov zlwk pxo0

wlsoh htxloleuld1

Vhfrqg/ zh looxvwudwhg wkh dqdorj| ehwzhhq wkh sureohp ri lghqwli|lqj vwudwhjlf

lqwhudfwlrqv lq rxu prgho dqg Pdqvnl*v uh hfwlrq sureohp1 Zh suhvhqwhg h{foxvlrq

uhvwulfwlrqv wkdw lghqwli| vwudwhjlf lqwhudfwlrq1 Wkhvh h{foxvlrq uhvwulfwlrqv duh edvhg

rq wzr hfrqrplf dvvxpswlrqv= +4, sod|huv idfh dgmxvwphqw frvwv zkhq fkdqjlqj wkhlu

ghflvlrqv> dqg +5, vwudwhjlf lqwhudfwlrqv rffxu frqwhpsrudqhrxvo| dqg qrw zlwk d odj1

48Vlqfh zh kdyh d udqgrp vdpsoh/ zh fdq dozd|v frqvlghu vdpsoh ydoxhv dv udqgrp gudzv iurp

wkh xqfrqglwlrqdo glvwulexwlrq ri {1
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Zh wklqn wkdw wkhvh duh sodxvleoh dvvxpswlrqv lq vrph dssolfdwlrqv1

Wklug/ zh sursrvh d svhxgr pd{lpxp olnholkrrg hvwlpdwru +SPOH, dqg rewdlqhg

lwv dv|pswrwlf surshuwlhv1 Wklv phwkrg kdv vhyhudo dwwudfwlyh ihdwxuhv= lw vroyhv wkh

sureohp ri lqghwhuplqdf| dvvrfldwhg zlwk pxowlsoh htxloleuld/ dqg lw lv frpsxwdwlrq0

doo| fkhdshu wkdq vroylqj wkh prgho mxvw rqfh1 Lq Djxluuhjdeluld dqg Plud +5335,

zh vkrzhg wkdw lq wkh frqwh{w ri vlqjoh djhqw g|qdplf glvfuhwh prghov wklv SPOH lv

dv|pswrwlfdoo| h!flhqw1 Krzhyhu/ zh vkrz khuh wkdw wklv surshuw| grhv qrw krog lq

wkh fdvh ri vwdwlf ru g|qdplf glvfuhwh jdphv1 Iru wkdw uhdvrq/ wkh vhtxhqwldo N0vwdjh

yhuvlrq ri wklv hvwlpdwru pljkw eh sduwlfxoduo| xvhixo iru wklv w|sh ri prghov1

Wkh frvw ri lpsohphqwlqj wkh SPOH lqfuhdvhv h{srqhqwldoo| zlwk wkh qxpehu ri

sod|huv1 Wklv fdq pdnh wklv phwkrg xqihdvleoh hyhq zkhq wkh qxpehu ri sod|huv lv

uhodwlyho| vpdoo/ olnh 53 ru 63 sod|huv1 Iru wkdw uhdvrq/ zh sursrvh d vlpxodwhg yhuvlrq

ri wklv hvwlpdwru wkdw h{sorlwv udqgrpl}dwlrq whfkqltxhv sursrvhg e| Uxvw +4<<:,1 Zh

vkrz wkdw wklv vlpxodwhg SPOH lv dv|pswrwlfdoo| htxlydohqw wr wkh SPOH dv orqj dv

wkh qxpehu ri Prqwh Fduor vlpxodwlrqv jurz idvwhu wkdq wkh vdpsoh vl}h1 Suholplqdu|

h{shulphqwv zlwk wklv hvwlpdwru +qrw uhsruwhg khuh, vkrz hqfrxudjlqj uhvxowv1
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DSSHQGL[

^D14` PDSSLQJ [� LQ D FRQGLWLRQDO ORJLW JDPH

Jlyhq wkh H{wuhph ydoxh glvwulexwlrq ri 0�/ wkh pdsslqj [� kdv wkh iroorzlqj

irup=

[�E@�m%(� � '
i T

q
Z�E@�c %(�3�� n q

S
%� K�E%

�(�3�� 7s�E%
�m%c @�(�3��

r

[a

�'�
i T

q
Z�E�c %(�3�� n q

S
%� K�E%�(�3�� 7s�E%�m%c �(�3��

r +D1414,

Lq jhqhudo/ wkh pdsslqj K�E� � kdv wkh iroorzlqj yhfwru irup=

K�E� � ' dU � q 8 E� �o3�
[
@�M�

��E@�� � dZ�E@�(�3�� n e�E@�(���o +D1415,

zkhuh 8 E� � lv wkh mfm � mfm pdwul{ ri wudqvlwlrqv �sE%
� m%(� �1 Jlyhq rxu vshfl�fdwlrq

ri sd|r� ixqfwlrq lq wkh frqglwlrqdo orjlw prgho/ zh kdyh wkdw wkh mfm � � yhfwruv ri

h{shfwhg sd|r�v Z�E@�(�3�� fdq eh zulwwhq dv=

Z�E@�(�3�� ' t�E@��w� n t2E@��w2 n 7E@�c �3��w�

zkhuh t�E@�� lv d mfm �g� pdwul{ zlwk urzv +�E@c %�> dqg 7�E� � lv d mfm �g� pdwul{

zlwk urzv r�E@c �3�E%��1 Dovr/ jlyhq wkh h{wuhph ydoxh glvwulexwlrq ri 0=

e�E@�(��� ' � � *?E��E@���/

zkhuh � lv Hxohu*v frqvwdqw1 Wkhuhiruh/ zh fdq zulwh/

K�E� � ' ` �

�
E� � w� n` 2

�
E� � w2 n`7

� E� � w� n` e
� E� � +D1416,

zkhuh=
` �

� E� � ' dU � q 8 E� �o3�
[

@�M�
��E@�� � t�E@��

`7
� E� � ' dU � q 8 E� �o3�

[
@�M�

��E@�� � 7E@�c �3��

` e
� E� � ' dU � q 8 E� �o3�

[
@�M�

��E@�� � e�E@�(���
Wkh pdwulfhv ` kdyh wkh iroorzlqj lqwhusuhwdwlrq1 Wkh 6� |� urz ri ` �

� E� � lv wkh

h{shfwhg dqg glvfrxqwhg ydoxh ri fxuuhqw dqg ixwxuh uhdol}dwlrqv ri +� iru sod|hu � jlyhq

wkdw wkh fxuuhqw vwdwh lv %6 dqg wkdw djhqwv ehkdyh/ qrz dqg lq wkh ixwxuh/ dffruglqj

wr fkrlfh suredelolwlhv lq � 1 Wkh rwkhu pdwulfhv kdyh wkh vdph lqwhusuhwdwlrq iru wkh

rwkhu frpsrqhqwv ri wkh sd|r� ixqfwlrq1
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Vroylqj wkh suhylrxv h{suhvvlrq ri K�E� � lq wkh pdsslqj [� zh jhw=

[�E@m%(� � ' i T i �+��E@c %(� � w� n �+2�E@c %(� � w2 n �r�E@c %(� � w� n �e�E@c %(� � j
[a

�'�
i T i �+��E�c %(� � w� n �+2�E�c %(� � w2 n �r�E�c %(� � w� n �e�E�c %(� �j

+D1417,

zkhuh=
�+��E@c %(� � ' +�E@c %�� n q

[
%�

7s�E%
�m%c @(�3�� `

�
� E%

�(� �

�r�E@(� � ' r�E@c %(�3�E%�� n q
[

%�

7s�E%
�m%c @(�3�� `

7
� E%

�(� �

�e�E@c %(� � ' q
[

%�

7s�E%
�m%c @(�3�� `

e
� E%

�(� �

^D15` SURRI RI SURSRVLWLRQ 4

Ohw � f eh wkh wuxh srsxodwlrq fkrlfh suredelolwlhv1 Wkh prgho lpsrvhv wzr vhwv

ri uhvwulfwlrqv rq � f= +4, fkrlfh suredelolwlhv duh ehvw uhvsrqvhv wr rqh dqrwkhu=

� f

�
E@�m%� ' x�E@�m%(� f

3�
�> dqg +5, wkh Ehoopdq htxdwlrq lpsolhv d uhodwlrqvkls eh0

wzhhq ydoxh ixqfwlrqv dqg fkrlfh suredelolwlhv= T�E%(�
f

3�
� ' K�E%(�

f�1 Qrwlfh wkdw

wkh pdsslqj [�E@�m%(� � lv mxvw wkh pdsslqj x�E@�m%(�3�� zkhuh zh kdyh vroyhg wkh

frqglwlrq T�E%(�3�� ' K�E%(� �1 Wkhuhiruh/ wkh wzr vhwv ri frqglwlrqv fdq eh vxppd0

ul}hg lq mxvw rqh= � f

�
E@�m%� ' [�E@�m%(� f�1 Zh suryh khuh wkdw wklv vhw ri htxdwlrqv

lghqwl�hv h{shfwhg sur�wv Z�E@�c %(�
f

3�
�1

Iru qrwdwlrqdo vlpsolflw|/ zh xvh wkh vxshulqgh{ f lq wkrvh ixqfwlrqv zklfk ghshqg

rq � f dqg zh rplw wklv yhfwru dv dq h{solflw dujxphqw/ h1j1/ Zf

�
E@�c %� ' Z�E@�c %(�

f

3�
�1

Gh�qh wkh frqglwlrqdo fkrlfh ydoxh ixqfwlrqv=

�f
�
E@�c %� � Zf

�
E@�c %� n q

[

%�Mf

Kf

� E%
�� 7sf

� E%
�m%c @�� +D1514,

Qrwlfh wkdw e| wkh htxloleulxp frqglwlrq dqg e| wkh gh�qlwlrq ri pdsslqj [� zh fdq

zulwh=

� f

� E@�m%� ' [f

� E@�m%� �
]
U
�
@� ' @h}4@ 

�M�

k
�f� E�c %� n 0�E��

l�
}�E_0�� +D1515,

Xqghu Dvvxpswlrq 4 dqg 5/ wkh v|vwhp ri htxdwlrqv rq +D1515, lpsolhv d rqh0wr0

rqh uhodwlrqvkls ehwzhhq � f

�
dqg wkh vhw ri ydoxh gl�huhqfhv i�f

�
E@c %� � �f

�
Eac %�j

+vhh Sursrvlwlrq 4 lq Krw} dqg Ploohu/ 4<<6,1 Ohw '� eh wklv pdsslqj/ vxfk wkdw

�f
�
E@c %�� �f

�
Eac %� ' '�E@c %(�

f

�
�1 Dq lpsruwdqw surshuw| ri wkh pdsslqj '� lv wkdw

lw rqo| ghshqgv rq wkh glvwulexwlrq ri wkh xqrevhuydeohv 0�1 Lq sduwlfxodu/ lw grhv qrw
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ghshqg rq wkh rwkhu sulplwlyhv ri wkh prgho/ l1h1/ glvfrxqw idfwru/ sur�wv ru wudqvlwlrq

suredelolwlhv ri frpprq nqrzohgjh yduldeohv1 Wkhuhiruh/ zh fdq wuhdw '�E@c %(�
f

�
� dv

nqrzq ydoxhv1

Wdnlqj lqwr dffrxqw wkh gh�qlwlrq ri frqglwlrqdo fkrlfh ydoxh ixqfwlrq zh fdq

zulwh=

Zf

�
E@�c %� n q

[
%�Mf

k
7s�E%

�m%c @��� 7s�E%
�m%c a�

l
Kf

� E%
�� ' '�E@c %(�

f

� � +D1516,

zkhuh zh kdyh xvhg wkdw Zf

� Eac %� ' f e| rxu qrupdol}dwlrq dvvxpswlrq1 Qrwlfh wkdw

Kf

� E%� ghshqgv rq h{shfwhg sur�wv/ dqg wkhuhiruh lw lv qrw reylrxv wkdw wkhvh sur�wv

duh lghqwl�hg iurp wkh suhylrxv v|vwhp ri htxdwlrqv1 Lq sduwlfxodu/ wkhuh pljkw eh

pruh wkdq rqh vhw ri h{shfwhg sur�w ixqfwlrqv wkdw vroyh wklv v|vwhp ri htxdwlrqv1

Zulwlqj wkh v|vwhp ri htxdwlrqv +D1516, lq yhfwru irup/ dqg wdnlqj lqwr dffrxqw

wkdw Kf

� ' dU � q8 fo
3�

�[a

�'�
� f

� E�� � EZf� E�� n ef� E���
�
/ zh fdq zulwh=

Zf

�
E@��nq

k
8 f

�
E@��� 8 f

�
Ea�
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l
3�
�[a

�'�
� f

� E�� �
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Zf� E�� n ef� E��

��
' '�E@�(�

f
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+D1517,

zkhuh Zf� E@�/ K
f

� dqg '�E@�(�
f

� � duh mfm� � yhfwruv/ dqg 8 f

� E@� duh mfm� mfm pdwulfhv1
Uhduudqjlqj whupv zh kdyh wkdw=

��E@c �� Z
f

� E�� n��E@c 2� Z
f

� E2� n ���n��E@c a � �� Zf� Ea � �� ' ��E@� +D1518,

zkhuh ��E@� lv d mfm�� yhfwru/ dqg i��E@c ��j duh mfm�mfmpdwulfhv zlwk wkh iroorzlqj
irup=

��E@� ' '�E@�(�
f

� �� q
k
8 f

� E@��� 8 f

� Ea�
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U � q 8 f

l
3�
�[a
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� f

� E�� � ef� E��
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+D1519,

dqg/

��E@c �� '

;A?
A=

U n q d8 f

�
E@�� 8 f

�
Ea�o

k
U�f� � q8 f

l3�
_�@}i� f

�
E@�j �s @ ' �

q d8 f
�
E@�� 8 f

�
Ea�o

k
U�f� � q8 f

l3�
_�@}i� f

�
E��j �s @ 9' �

+D151:,

Erwk wkh pdwulfhv i��E@c ��j dqg wkh yhfwruv ��E@� rqo| ghshqg rq isc qc }�c � f
�
G � 5

Uj/ l1h1/ wkh| gr qrw ghshqg rq sur�w ixqfwlrqv1
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Vlqfh zh kdyh rqh ri wkhvh h{suhvvlrqv iru hdfk ydoxh @ 5 �3a / zh kdyh d olqhdu

v|vwhp zlwk mfmEa � �� htxdwlrqv dqg xqnqrzqv/ zkhuh wkh xqnqrzqv duh wkh rqh0

shulrg h{shfwhg sur�wv1 Zh fdq zulwh wklv v|vwhp iru �up � dv= �� Z
f
�
' ��/ zkhuh

Zf
�
� iZf

�
E���c Zf

�
E2��c ���c Zf

�
Ea � ���j�/ dqg �� lv wkh mfmEa � ��� mfmEa � �� pdwul{=

�� ' U�f�Ea3�� n q

3
EEC��a3� 
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EEC

d8 f
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E��� 8 f
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111

d8 f
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Ea � ��� 8 f
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FFD

4
FFD _�@}i� f

�
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+D151;,

zkhuh ��a3� lv d � � Ea � �� yhfwru ri rqhv1 Lw lv vlpsoh wr vkrz wkdw wklv pdwul{

lv lqyhuwleoh1 Wkhuhiruh/ wkhuh lv d xqltxh yhfwru ri h{shfwhg sur�wv Zf

�
zklfk lv

frqvlvwhqw zlwk � f/ s / }� dqg q1

^D16` SURRI RI OHPPD 4=

Zh frqvlghu khuh wkh zruvw fdvh vfhqdulr lq zklfk wkhuh duh qrw revhuydeoh ydul0

deohv 51 Ohw �� f ' i�hE@6 ' @� G @ 5 ��j eh wkh glvwulexwlrq ri @6/ zklfk lv lghqwl�hg
iurp wkh gdwd1 Ohw b � ibE1� G 1 5 Cj eh wkh suredelolw| glvwulexwlrq ri 1/ dqg ohw

� f � i� f

� E@�m1� G @� 5 �/ 1 5 C/ � 5 Uj uhsuhvhqw sod|hu*v fkrlfh suredelolwlhv1 Zh

zdqw wr lghqwli| b dqg � f iurp �� f1 Lqghshqghqfh ri sulydwh lqirupdwlrq yduldeohv

lpsolhv wkdw iru dq| @ 5 �� = �� fE@� '
S
1MC bE1�

kT�
�'� �

f

� E@�m1�
l
1 Ru lq yhfwru irup/

�� f ' MEbc � f�1 Wkh rughu frqglwlrq iru lghqwl�fdwlrq lv _�4E �� f� � _�4Eb�n_�4E� f�/

zklfk lpsolhv= a� � � � Eu� ��n�Ea � ��u/ ru u � �?|
�
a�* d�Ea � �� n �o

�
1 Wkh

udqn frqglwlrq iru lghqwl�fdwlrq uhtxluhv wkh Mdfreldq pdwul{ ri MEbc � f� wr eh ixoo0

froxpq udqn1 Frqglwlrq +9, lq Ohppd 4 dqg bE1� : f iru dq| 1 5 C jxdudqwhh wkdw

wklv udqn frqglwlrq krogv1

^D17` SURRI RI SURSRVLWLRQ 5

Frqvlvwhqf| ri SPOH= Qrwlfh wkdw= +d, �,"E�c w� lv frqwlqxrxv rq d frpsdfw vhw/

vr lw lv xqlirupo| frqwlqxrxv> +e, �,A E�c w� frqyhujhv d1v1 dqg xqlirupo| lq E�c w� wr

�,"E�c w�> dqg +f, 	� f

A frqyhujhv d1v1 wr � f1 Xqghu +d,0+f,/ �,A E 	�
f

A c w� frqyhujhv d1v1

dqg xqlirupo| lq w wr �,"E�
fc w� +Ohppd 5714 lq Jrxulhurx{ dqg Prqiruw/ yro1 LL/

sdjh 6<5,1 Wkhq/ jlyhq wkdw �,"E�
fc w� kdv d xqltxh pd{lpxp lq X dw wf/ 	wA �

@h}4@ wMX �,A E 	�
f

A c w� frqyhujhv d1v1 wr wf +Surshuw| 5715 lq Jrxulhurx{ dqg Prqiruw/

5;



yro1 LL/ sdjh 6;:,1

Dv|pswrwlf glvwulexwlrq ri SPOH= Iluvw rughu frqglwlrqv ri rswlpdolw| lp0

so| wkdw zlwk suredelolw| dssurdfklqj rqh Y�,A E 	�
f

A c
	wA �*Yw ' f1 Vlqfh �,A E�c w� lv

wzlfh frqwlqxrxvo| gl�huhqwldeoh/ zh fdq dsso| wkh vwrfkdvwlf phdq ydoxh wkhruhp wr

Y�,A E�c ��*Yw ehwzhhq E 	� f
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^D18` SURRI RI SURSRVLWLRQ 6

Frqvlvwhqf| ri V0SPOH +dv A $ 4 dqg + $ 4,= Iluvw/ e| d vwurqj odz ri odujh

qxpehuv dqg iru duelwudu| E�c w�/ 'Ac-E�c w� frqyhujhv wr '"c"E�c w� ' �,"E�c w� dv

A $ 4 dqg - $ 41 Ixuwkhupruh/ vlqfh 'Ac-E�c w� lv frqwlqxrxvo| gl�huhqwldeoh lq

E�c w� dqg erxqghg/ lw frqyhujhv d1v1 dqg xqlirupo| lq E�c w� wr �,"E�c w�1 Wkhuhiruh/

jlyhq wkdw �,"E�c w� lv xqlirupo| frqwlqxrxv dqg wkdw 	� f
A frqyhujhv d1v1 wr � f/ zh kdyh

wkdw 'Ac-E 	�
f
A c w� frqyhujhv d1v1 dqg xqlirupo| lq w wr �,"E�

fc w�1 Ilqdoo|/ jlyhq wkdw

�,"E�
fc w� kdv d xqltxh pd{lpxp lq X dw wf/ 	wAc- � @h}4@ wMX'Ac-E 	�

f

A c w� frqyhujhv

d1v1 wr wf1

Dv|pswrwlf glvwulexwlrq ri V0SPOH +dv A $ 4 dqg
s
A*+ $ f,= Iluvw rughu

frqglwlrqv ri rswlpdolw| lpso| wkdw zlwk suredelolw| dssurdfklqj rqh Y'Ac-E 	�
f

A c w�*Yw '

5<



f1 Vlqfh 'Ac-E�c w� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh/ zh fdq dsso| wkh vwrfkdvwlf

phdq ydoxh wkhruhp wr Y'Ac-E�c w�*Yw ehwzhhq E 	�
f

A c
	wAc-� dqg E�

fc wf�1 Ohw E 7�A c 7wAc-�

eh wkh yhfwru ri phdq ydoxhv1 E| frqvlvwhqf| ri E 	� f

A c
	wA �/ wkhvh phdq ydoxhv dovr frq0

yhujh d1v1 wr E� fc wf� dv A $ 4 dqg - $ 41 E| wkh phdq ydoxh wkhruhp/

f '
Y'Ac-E 	�

f

A c
	wAc-�

Yw
'

Y'Ac-E�
fc wf�

Yw
n
Y'Ac-E 7�A c 7wAc-�

YwY� �
E 	� f

A�� f�n
Y'Ac-E 7�A c 7wAc-�

YwYw�
E	wA�wf�

+D1814,

Uhduudqjlqj whupv/

s
A E	wAc-�wf� ' �

%
Y'Ac-E 7�A c 7wAc-�

YwYw�

&
3�+

Y'Ac-E 7�A c 7wAc-�

YwY� �

s
A E 	� f

A � � f� n
s
A
Y'Ac-E�

fc wf�

Yw

,

+D1815,

zkhuh Y2'Ac-E 7�A c 7wAc-�*YE�c w�E�
�c w�� $R Y2�,"E�

fc wf�*YE�c w�E� �c w��/ dv A $ 4
dqg - $ 41 Wkhuhiruh/ dv erwk A dqg - jr wr lq�qlw|/ wkh rqo| gl�huhqfh ehwzhhq

wkh dv|pswrwlf glvwulexwlrq ri wkh V0SPOH dqg wkh rqh ri wkh SPOH lv lq wkh odvw

whup ri htxdwlrq +D1815,1 Zh fdq zulwh wklv whup dv=

s
A
Y'Ac-E�

fc wf�

Yw
'

s
A
Y'Ac"E�

fc wf�

Yw
n

%s
A
Y'Ac-E�

fc wf�

Yw
�
s
A
Y'Ac"E�

fc wf�

Yw

&

'
s
A
Y�,A E�

fc wf�

Yw
n

%s
A
Y'Ac-E�

fc wf�

Yw
�
s
A
Y�,A E�

fc wf�

Yw

&

Wkh whup ehwzhhq eudfnhwv frqyhujhv lq suredelolw| wr }hur dv A $ 4 dqg
s
A*- $ f

+vhh iru lqvwdqfh Jrxulhurx{ dqg Prqiruw/ 4<<6,1 Wkhuhiruh/ lw lv vwudljkwiruzdug wkdw

dv A $ 4 dqg
s
A*- $ f wkh dv|pswrwlf glvwulexwlrqv ri V0SPOH dqg SPOH duh

wkh vdph1
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UHIHUHQFHV=

Djxluuhjdeluld dqg Plud +5335,= �Vzdsslqj wkh qhvwhg �{hg srlqw dojrulwkp= D fodvv

ri hvwlpdwruv iru Pdunry ghflvlrq prghov�/ Hfrqrphwulfd/ iruwkfrplqj1

Dkq dqg Pdqvnl +4<<6,= �Glvwulexwlrq wkhru| iru wkh dqdo|vlv ri elqdu| fkrlfh xqghu

xqfhuwdlqw| zlwk qrq0sdudphwulf hvwlpdwlrq ri h{shfwdwlrqv�/ Mrxuqdo ri Hfrqrphw0

ulfv 89/ 5<40654

Ehuu|/ V1 +4<<5,= �Hvwlpdwlrq ri d prgho ri hqwu| lq wkh dluolqh lqgxvwu|�/ Hfrqrphw0

ulfd/ 93+7,/ ;;<0<4:1

Ehuu|/ V1 +4<<7,= �Hvwlpdwlqj Glvfuhwh0Fkrlfh Prghov ri Surgxfw Gl�huhqwldwlrq�/

Udqg Mrxuqdo ri Hfrqrplfv/ 58/ 57505951

Ehuu|/ V1/ M1 Ohylqvrkq/ dqg D1 Sdnhv +4<<8,= �Dxwrpreloh Sulfhv lq Pdunhw Htxlole0

ulxp�/ Hfrqrphwulfd/ 96/ ;740;<31

Eoxqghoo/ U1/ dqg U1 Vplwk +4<<7,= �Vlpxowdqhrxv plfurhfrqrphwulf prghov zlwk

fhqvruhg ru txdolwdwlyh ghshqghqw yduldeohv/� lq J1V1 Pdggdod/ F1 U1 Udr/ dqg K1 G1

Ylqrg +hgv1, Kdqgerrn ri Vwdwlvwlfv/ Yro1 44/ 44:04761 Hovhylhu Vflhqfh Sxeolvkhuv1

Euhvqdkdq/ W1/ dqg S1 Uhlvv +4<<3,= �Hqwu| lq prqrsro| pdunhwv�/ Uhylhz ri Hfr0

qrplf Vwxglhv/ 8:/ 86408861

Euhvqdkdq/ W1/ dqg S1 Uhlvv +4<<4,= �Hpslulfdo prghov ri glvfuhwh jdphv�/ Mrxuqdo

ri Hfrqrphwulfv 7;/ 8:0;41

Eurfn/ Z1/ dqg V1 Gxuodxi +5334,= �Glvfuhwh fkrlfh zlwk vrfldo lqwhudfwlrqv�/ Uhylhz

ri Hfrqrplfv Vwxglhv/ 9;/ 56805931

Gdylv/ S1 +5333,= �Vsdwldo frpshwlwlrq lq uhwdlo pdunhwv= Prylh wkhwhuv/� plphr/

Vordq Vfkrro ri Exvlqhvv/ PLW/ Fdpeulgjh/ PD1

Hulfvrq/ U1/ dqg D1 Sdnhv +4<<8,= �Pdunry0Shuihfw lqgxvwu| g|qdplfv= D iudphzrun

iru hpslulfdo zrun�/ Uhylhz ri Hfrqrplf Vwxglhv/ 95/ 860;51

Jrxulhurx{/ F1/ dqg D1 Prqiruw= +4<<6, �Vlpxodwlrq0edvhg lqihuhqfh= D vxuyh| zlwk

vshfldo uhihuhqfh wr sdqho gdwd prghov�/ Mrxuqdo ri Hfrqrphwulfv/ 8</ 80661

Jrxulhurx{/ F1/ dqg D1 Prqiruw +4<<8,= �Vwdwlvwlfv dqg Hfrqrphwulf Prghov= Yroxph

L�/ Fdpeulgjh Xqlyhuvlw| Suhvv1
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Kduvdq|l/ M1 +4<<8,= �Jdphv zlwk lqfrpsohwh lqirupdwlrq/� Dphulfdq Hfrqrplf Uh0

ylhz/ ;8/ 5<406361

Khfnpdq M1 +4<:;,= �Gxpp| hqgrjhqrxv yduldeohv lq d vlpxowdqhrxv htxdwlrq v|v0

whp�/ Hfrqrphwulfd/ 79/ <640<8<1

Krw}/ M1/ dqg U1D1 Ploohu +4<<6,= �Frqglwlrqdo fkrlfh suredelolwlhv dqg wkh hvwlpdwlrq

ri g|qdplf prghov�/ Uhylhz ri Hfrqrplf Vwxglhv/ 93/ 7<:085<1

Krw}/ M1/ U1D1 Ploohu/ V1 Vdqghuv/ dqg M1 Vplwk +4<<7,= �D vlpxodwlrq hvwlpdwru iru

g|qdplf prghov ri glvfuhwh fkrlfh/� Uhylhz ri Hfrqrplf Vwxglhv/ 94/ 5980;<1

Mrydqrylf/ E1 +4<;<,= �Revhuydeoh lpsolfdwlrqv ri prghov zlwk pxowlsoh htxloleuld�/

Hfrqrphwulfd/ 8:/ 47640476:1

Nrruhpdq/ S1 +4<<7,= �Hvwlpdwlrq ri hfrqrphwulf prghov ri vrph glvfuhwh jdphv�/

Mrxuqdo ri Dssolhg Hfrqrphwulfv/ <+6,/ 588059;1

Pdqvnl/ F1 +4<<6,= �Lghqwl�fdwlrq ri hqgrjhqrxv vrfldo h�hfwv= wkh uh hfwlrq sure0

ohp/� Uhylhz ri Hfrqrplf Vwxglhv/ 93/ 86408751

Pdqvnl/ F1 +4<<8,= �Lghqwl�fdwlrq Sureohpv lq wkh Vrfldo Vflhqfhv�/ Kduydug Xqlyhu0

vlw| Suhvv1

PfIdgghq/ G1 +4<;7,= �Hfrqrphwulf Dqdo|vlv ri Txdolwdwlyh Uhvsrqvh Prghov� lq

Juloolfkhv/ ]1/ dqg P1 Lqwuloljdwru +hgv1, Kdqgerrn ri Hfrqrphwulfv/ Yro 51

PfIdgghq/ G1/ dqg N1 Wudlq +5333,= �Pl{hg PQO Prghov iru Glvfuhwh Uhvsrqvh/�

Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 48/ 77:07:31

PfNhoyh|/ U1/ dqg D1 PfOhqqdq +4<<9,= �Frpsxwdwlrq ri Htxloleuld lq Ilqlwh Jdphv/�

lq U1 H1 Hqjoh dqg PfIdgghq +hgv1, Kdqgerrn ri Hfrqrphwulfv Yroxph 7/ Qruwk0

Kroodqg1

Plojurp/ S1/ dqg U1 Zhehu +4<;8,= �Glvwulexwlrqdo vwudwhjlhv iru jdphv zlwk lqfrp0

sohwh lqirupdwlrq/� Pdwkhpdwlfv dqg Rshudwlrqv Uhvhdufk/ 43/94<09651

Sdnhv/ D1 +4<<7,= �G|qdplf vwuxfwxudo prghov/ sureohpv dqg survshfwv�/ lq F1 Vlpv

+hg1, Dgydqfhv lq Hfrqrphwulfv1 Vl{wk Zruog Frqjuhvv/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Sdnhv/ D1 dqg S1 PfJxluh +4<<7,= �Frpsxwlqj Pdunry0Shuihfw Qdvk htxloleuld= Qx0

phulfdo lpsolfdwlrqv ri d g|qdplf gl�huhqwldwhg surgxfw prgho/ Udqg Mrxuqdo ri
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Hfrqrplfv/ 88808;<1

Sdnhv/ D1 dqg S1 PfJxluh +5335,= �Vwrfkdvwlf dojrulwkpv iru g|qdplf prghov= Pdunry

shuihfw htxloleulxp dqg wkh fxuvh ri glphqvlrqdolw|/� Hfrqrphwulfd/ iruwkfrplqj1

Sdnhv/ D1 dqg G1 Sroodug +4<;<,= �Vlpxodwlrq dqg wkh Dv|pswrwlfv ri Rswlpl}dwlrq

Hvwlpdwruv/� Hfrqrphwulfd/ 8:/ 435:0438:/

Uhlvv/ S1 +4<<9,= �Hpslulfdo prghov ri glvfuhwh vwudwhjlf fkrlfhv�/ Dphulfdq Hfrqrplf

Uhylhz/ ;9+5,/ 75407591

Uxvw/ M1 +4<<7,= �Hvwlpdwlrq ri g|qdplf vwuxfwxudo prghov/ sureohpv dqg survshfwv=

glvfuhwh ghflvlrq surfhvvhv�/ lq F1 Vlpv +hg1, Dgydqfhv lq Hfrqrphwulfv1 Vl{wk Zruog

Frqjuhvv/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Uxvw/ M1 +4<<:,= �Xvlqj Udqgrpl}dwlrq wr Euhdn wkh Fxuvh ri Glphqvlrqdolw|/�

Hfrqrphwulfd/ 98/ 7;:08491

Uxvw/ M1/ M1 Wudxe/ dqg K1 Zr}qldnrzvnl +5335,= �Lv Wkhuh d Fxuvh ri Glphqvlrqdolw|

iru Frqwudfwlrq Il{hg Srlqwv lq wkh Zruvw FdvhB/� Hfrqrphwulfd/ iruwkfrplqj1

Vhlp/ N1 +5333,= �Jhrjudsklf Gl�huhqwldwlrq dqg Ilupv* Hqwu| Ghflvlrqv= Wkh Ylghr

Uhwdlo Lqgxvwu|�/ pdqxvfulsw/ JVE/ Vwdqirug1

Wdphu/ H1 +5333,= �Lqfrpsohwh vlpxowdqhrxv glvfuhwh uhvsrqvh prgho zlwk pxowlsoh

htxloleuld/� plphr/ Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|1

Wrlydqhq/ R1/ dqg P1 Zdwhuvrq +5333,= �Hpslulfdo uhvhdufk rq glvfuhwh fkrlfh jdph

wkhru| prghov ri hqwu|= Dq looxvwudwlrq�/ Hxurshdq Hfrqrplf Uhylhz/ 77/ <;80<<51
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Wdeoh 4
Zruvw0fdvh frpsoh{lw| ri gl�huhqw frpsxwdwlrqdo wdvnv

lq wkh lpsohphqwdwlrq ri wkh SPO hvwlpdwru
Wdvn frps+Q/M/V/W,

Qrqsdudphwulf hvwlpdwlrq ri i� f

�
E@�m%�j �EA � a 7��

H{shfwhg sd|r�v= Z�E@�c %� '
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3
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D��E@�c @3�c %� �Ea� 7��

Wudqvlwlrq suredelolwlhv= 7s�E%
�m%c @�� '
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3
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D sE%�m%c @�c @3�� �Ea� 72��

V|vwhp ri olqhdu htxdwlrqv +OX ghfrpsrvlwlrq,E@�= dU � q 8 E� �o` �
� ' t �

� �E7�� ng 72� �

Frpsxwdwlrq ri= 	��E@�c %� � Z�E@�c %� n q
S

%�Mf K�E%� 7s�E%
�m%c �� �EA g a 7� �

Qrwh +@�= g lv wkh qxpehu ri vwuxfwxudo sdudphwhuv lq wkh vshfl�fdwlrq ri ��
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